Mathematical

. Z
and Computational m\DP|
Applications P

Article

Reduced-Order Modelling and Homogenisation in
Magneto-Mechanics: A Numerical Comparison of
Established Hyper-Reduction Methods

Benjamin Brands *'*, Denis Davydov'”, Julia Mergheim and Paul Steinmann

Chair of Applied Mechanics, Friedrich-Alexander Universitdt Erlangen-Ntirnberg, Egerlandstrafie 5,
91058 Erlangen, Germany; denis.davydov@fau.de (D.D.); julia.mergheim@fau.de (J.M.);
paul.steinmann@fau.de (P.S.)

* Correspondence: benjamin.brands@fau.de; Tel.: +49-(0)9131-85-64406

check for
Received: 10 December 2018; Accepted: 29 January 2019; Published: 1 February 2019 updates

Abstract: The simulation of complex engineering structures built from magneto-rheological
elastomers is a computationally challenging task. Using the FE? method, which is based on
computational homogenisation, leads to the repetitive solution of micro-scale FE problems, causing
excessive computational effort. In this paper, the micro-scale FE problems are replaced by
POD reduced models of comparable accuracy. As these models do not deliver the required
reductions in computational effort, they are combined with hyper-reduction methods like the
Discrete Empirical Interpolation Method (DEIM), Gappy POD, Gauss-Newton Approximated
Tensors (GNAT), Empirical Cubature (EC) and Reduced Integration Domain (RID). The goal of
this work is the comparison of the aforementioned hyper-reduction techniques focusing on accuracy
and robustness. For the application in the FE? framework, EC and RID are favourable due to their
robustness, whereas Gappy POD rendered both the most accurate and efficient reduced models. The
well-known DEIM is discarded for this application as it suffers from serious robustness deficiencies.

Keywords: model order reduction; POD; DEIM; gappy POD; GNAT; ECSW; empirical cubature;
hyper-reduction; reduced integration domain; computational homogenisation

1. Introduction

The ongoing development of so-called smart materials over the last decades has given rise to
the quest for numerical models which enable predictive, fast and accurate simulations of engineering
structures. For smart materials, the desired constitutive behaviour is frequently architectured by
tailoring the microstructure of said material, e.g., fibre-reinforced composites, auxetic materials, metal
foams and many more. An established approach to model such structures is denoted multiscale
modelling for which commonly two scales, the micro- and macro-scale, are introduced. The geometric
complexities and advanced boundary conditions of engineering structures are modelled on the
macro-scale, whereas the microstructure is represented on the micro-scale. One way to consistently
couple micro- and macro-scale is the so-called FE? method [1]. FE? is a multi-level finite element
method that derives the constitutive response in every quadrature point of the macro-scale from an FE
simulation incorporating the microstructure using the framework of computational homogenisation [2].

Even though the everlasting increase in computational resources following Moore’s law has
enabled scientists to solve FE problems with 10'® DoFs [3], the numerical cost of FE? simulations is
still prohibitive for most realistic problems. The idea of replacing the micro-scale FE simulation by a
less expensive model has brought together the fields of multiscale and reduced-order modelling.

In the last several years, several viable models targeted at reducing the multiscale FE simulation
have been developed. In this contribution, we focus on projection-based models using a reduced
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basis, but there are also alternatives like the Nonuniform Transformation Field Analysis [4,5] and
Proper Generalized Decomposition [6,7]. In projection-based reduced models, the reduced basis is
a set of few functions with global support that is constructed to approximate the solution manifold
of the problem in question. Projecting the governing equations onto the reduced basis yields a
considerable reduction in the number of unknowns compared to using the locally supported FE basis
functions. The most commonly used methods to construct the reduced basis are Proper Orthogonal
Decomposition (POD) [8-11] and the Reduced Basis Method [12-15]. Both rely on solutions of the
parametrised partial differential equation (pPDE), for POD, the pPDE is solved for a set of given
parameters, whereas the Reduced Basis Method employs a greedy algorithm equipped with an
a posteriori error estimator to determine the parameters adaptively. As there are hardly any efficient
and reliable error estimators for coupled nonlinear multi-physic problems, POD is the method of
choice in this work. In [16], a POD reduced basis was used for the first time in multiscale analysis of
nonlinear elasticity at finite strains, namely by reducing the micro-scale model. This was extended
in [17] by introducing the computation of a consistent tangent operator based on the reduced model.

For problems with nonlinearities or non-affine parameter dependence, the sole application of a
reduced basis does not render the desired computational savings as the nonlinearity or non-affine
parameter dependence has to be evaluated for the original model and subsequently projected onto
the reduced basis. A widely used method accelerating the computation of the nonlinearity is the
(Discrete) Empirical Interpolation Method (D)EIM [18,19]. DEIM approximates the nonlinearity by
a linear combination of collateral basis functions. The coefficients are computed using interpolation
based on values of the nonlinearity sampled at a relatively small number of points. In order to
improve the approximation, interpolation is replaced by linear regression for Gappy POD [20].
In [21], Petrov—Galerkin projection is used to increase the stability of reduced models. Together
with Gappy POD and possibly differing approximations of the reduced system matrix, this is referred
to as GNAT (Gauss-Newton Approximated Tensors). As DEIM, Gappy POD and GNAT use collateral
basis functions to approximate the nonlinearity, they are classified as collateral basis methods. Both
POD and DEIM have been applied previously to various mechanical problems: a simplified beam
model for multiscale modelling at small strains including damage [22], strain-softening viscoplasticity
at small strains [23] and structural mechanics using a variant of DEIM based on the unassembled
nonlinearity [24]. A collateral basis for the stresses instead of the nonlinearity was used in [25] for
homogenisation of elasto-plastic materials at small strains, together with Gappy POD and a tailored
method to determine the locations at which the stresses are evaluated in the reduced model. A detailed
survey of DEIM, Gappy POD and GNAT for homogenisation of hyper-elastic materials at finite strains
that focus on accuracy and robustness was performed in [26].

Cubature methods are another possibility of reducing the cost of computing the nonlinearity.
In this sense, a problem specific quadrature rule replaces the quadrature used to integrate the weak
form, e.g., Gaussian quadrature. This empirically determined quadrature uses only a subset of
the support points or elements of the original FE model and computes the weights accordingly.
This idea was put forward in [27] and later introduced to the field of computational homogenisation
as Energy-Conserving Sampling and Weighting (ECSW) [28]. A possibility to reduce the cost of
constructing the cubature was introduced in [29] together with the term Empirical Cubature (EC).
The accuracy and efficiency of EC was compared to a variant of DEIM/Gappy POD used in [25] for
homogenisation of elasto-viscoplastic materials in small strains [30].

The Hyper-Reduction method [31] makes use of a reduced integration domain (RID) to speed
up the computation of the nonlinearity. It defines test functions with support confined to the RID,
which in combination with trial functions obtained by POD results in a Petrov—Galerkin projection.
The expression hyper-reduction was coined in [31] but is now used as a term encompassing all
methods aiming at accelerating the computation of nonlinearities in the field of model reduction.
Therefore, we will refer to the Hyper-Reduction method [31] as RID to avoid any notational confusion.
The RID was used for the simulation of elasto-plasticity [32], the simulation of nonlinear thermal and
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mechanical problems involving internal variables [33] and the lifetime assessment of elasto-plastic
structures [34]. An algorithmic comparison with DEIM for the nonlinear heat equation was carried out
in [35]. Similarly, the Missing Point Estimation (MPE) method [36] computes the Galerkin projection
in a small subset of the computational domain to accelerate the assembly of the reduced problem.
An investigation of the MPE method is beyond the scope of this article and accordingly we refer the
interested reader to [37], where a detailed comparison of MPE, DEIM and Gappy POD was performed
for a predator—prey model.

In this contribution, we will show the first application of reduced-order modelling for
computational homogenisation in magneto-mechanics at finite strains. We will focus on reducing
the problem at the micro-scale, using POD to compute the reduced basis and applying following
hyper-reduction methods: DEIM, Gappy POD, GNAT, EC and RID. Through various numerical
studies, a thorough comparison between the techniques with emphasis on accuracy and robustness
will be drawn.

2. Homogenisation in Magneto-Mechanics

The simulation of engineering structures requires evaluations of a material law at the
engineering /macro-scale (*mm-m). For magneto-rheological elastomers (MREs), the constitutive
behaviour on the macro-scale is determined by the underlying microstructure (~nm-um). Usually,
MREs are composite materials consisting of an elastomeric matrix with embedded magneto-active
particles [38] which induce changes in stiffness or deformations due to applied magnetic fields. Due to
the scale separation, a resolution of the microstructure in the discretisation of the macrostructure is
computationally not feasible. The tools of computational homogenisation offer an expedient to the
issue as the constitutive behaviour for any point on the macro-scale is computed from the solution of a
boundary value problem (BVP) representative for the microstructure. The material composition of the
microstructure is described by an RVE (Representative Volume Element) for which the constitutive
behaviour of the constituents is prescribed. In the context of magneto-mechanics, the macroscopic
deformation gradient F and the magnetic field H are the input variables for the microstructural
BVP [39,40]. In the remainder, we use an over-bar to denote macro variables m

As is common in homogenisation, the micro displacement and scalar magnetic potential are
additively split into two parts, the macroscopic fields and the fluctuations:

u=F - X+a y=H-X+7¥. (1)

The macroscopic fields depend linearly on the macroscopic deformation gradient F, the
macroscopic magnetic field H and the position vector X.

We use linear boundary conditions to fulfill the Hill-Mandel condition. Using the fluctuations #
and § as primary variables allows us to transform the linear into homogeneous boundary conditions.
The RVE occupies the domain By C RY with its boundary 913y, where d denotes the space dimension.
The energy density ¥ (F,H) is expressed in terms of the deformation gradient F and the magnetic
field H and used to define the constitutive relations for the Piola stress P and the magnetic induction IB.
The balance of linear momentum and Gauss’s law for magnetism (also known as conservation of
magnetic flux) complete the strong form of magneto-mechanics on the micro-scale [41]:

F = Vxu = F+ Vxii H:VXy:ﬁ+Vx§’ in By,

_aY (F,H) Y (F,H) .
P=—F B=—"m in Bo, 2)
DivP =0 DivB = in By,

=0 ¥ = on dB.
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For the sake of an FE solution, the weak form

/vx(sa:pdvzo vo ¢ {oi € H'(By) : 6 = 0 on a8 |
By

and/vxay.lsdv:o Vo5 € {63 € H'(By) : 65 = 0 on a8y |
By

®)

is derived using the test functions i and J§.
For the spatial discretisation, the standard Bubnov—Galerkin FEM is used. The continuum body

M
is approximated by a mesh By ~ 7 = [ Q. with O;NQ); = @ fori # jandi,j € [1,...,M],

e=1
where M denotes the number of elements. The displacement and potential fields in any finite

element (), are approximated by the piecewise continuous vector-valued polynomials N*(X) and
scalar polynomials N7 (X), respectively:

4 s
i, = Y #;N}(X), o, = Y 6a;N!(X),
¢ =l ¢ =1 4
o & )
Yo, = Y §iNT(X), 05, = Y 05Ny (X).
¢ =1 ¢ =1

The scalars d” and d; are the numbers of mechanical and magnetic DoFs in the element (). Using
these approximations results in the discrete weak form

‘R*[i] = [ VxN!:PdV

=0 with |, Q for Q. € T.
with 1,5, i = [ VxNY - BdV orQ.€7T. (5
Qe

eRu c R
RY ¢ R¥

R* € RNu
RY € RNy

R = = o

e=1

The sub-/superscripts (¢)”/(e), and ()" / (o)y encode whether a variable is associated with
the mechanical or magnetic component and are used throughout the remainder of the paper.
The notation (;) is consistently used to differentiate between a continuous field and its discrete FE
counterpart, e.g., i is the displacement fluctuation and 11 is the vector containing the nodal coefficients
for the FE discretisation. To refer to single elements of any vector/first-order tensor X and of any

M
matrix/second-order tensor Y, the notation X[i] and Y[i, j] are used. The operator ¢/ represents the
e=1

assembly of the element contributions and the scalars N, Ny and N = N,, + Ny, are the numbers of
DoFs employed in the FE discretisation.

The numerical solution of the system of nonlinear Equations (5) using the iterative
Newton-Raphson scheme requires its linearisation

S A . 2 2 2 2 fl
KAy = =Ry with §p1 = Y + Ay and yx = l§’i] , (6)
introducing the iteration count k.

For the sake of notational clarity, the dependences of Ry (f/k :F, ﬁ) and K; (f/k :F, ﬁ) are dropped.
The tangent stiffness matrix K is given as
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Ko K" ¢ RNuxNy  guy & RNuxNy M |egun ¢ RAExdE  eguy ¢ Rd?xdg'
T |KY* € RNy *Nu  Kyy ¢ RNy xNy i{ KU ¢ ]Rd xdf  egyY ¢ Rd?’ xdy
JP
e uu u . . u
K Z ] f VxN aF . VxN] dv
K" [i,j] = f VxN! : % - VxN/ dv @)
with , OB forQ, € T.
epyu _ 9P u
K [l,]] —Qf VxNi oF : VxN] dv
.. 0B
Q.

Once the solution of (5) is obtained, the output quantities P and B are computed using

T’:—/Pdv and E:V/de' ®)

where the volume of the RVE is denoted by V.
3. Reduced-Order Modelling

3.1. Reduced Basis

Instead of using a large number N of compact trial functions, projection-based ROMs are built
upon a small number n of global functions spanning the space in which the solution manifold of
the pPDE resides. Consequently, the unknown fluctuation fields # and § are expressed as linear
combinations of the global trial functions with the reduced coefficients i} and §!:

=]

u

=) ¢ and y—):fpzyl ©)
1 i=1

The reducibility of the problem, namely the conditions n, < N, and ny < Ny, is accepted
implicitly but has to be confirmed by numerical studies. To avoid scaling issues due to differently
chosen units, separate reduced bases are used for the mechanical and the magnetic fluctuation
fields. The numbers n,, ny and n = n, + ny are the numbers of reduced basis functions to be
taken into account.

A common method to compute the reduced basis for a pPDE is POD [9,42]. In order to do so, we
define the parameter domain of the microscopic problem

P = (F™1,1, F*™[1,1]) x - x (F™"[d, d], F"™[d,d])

x (B (1, B™ (1)) x - x (H™"(d], B™(d]) c R+ "

with reasonably chosen limits for the components of the macroscopic loading parameters. Each element
p; = (f i ﬁi) € P comprises an instance of the macroscopic deformation gradient and magnetic field.
The parameter domain P is sampled using ns parameters gathered in the set

sz{pl,...,pm}cp (11)

and the full-order model (FOM) (5) is solved for all elements in S. The solutions are collected in the
snapshot matrices

Su=|

=

(P1),i(py,)| € RN and Sy = [#(py), -, F(py)| € RN (12)
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and the subsequent application of
POD (S,) — By = [@l{,...,@;@u} € RNoxtw  and  POD (S,) — By = [qﬁ’q)ﬁy} € RNy, (13)

gives the discrete reduced bases contained in the matrices B, and By,. For details on POD, we refer
to [9,43].

3.2. Galerkin ROM
In the Galerkin reduced model, the same ansatz (9) as for the solution is used for the test functions

Ny Ny
si =) oilg} and 0§ =) 65i¢). (14)
i=1 i=1

Inserting (9) and (14) into (5) results in the weak form of the Galerkin reduced model

/vx(p;':pdvzo ¥i=1,...,n, and /VX¢§’.IBdV:o Vi=1,...ny, (15
By By

where the dependences P (ﬁ, ¥, F, ﬁ) and B (ﬁ, ¥, F, ﬁ) are dropped for notational brevity.
Analogously, the discrete weak (16) form and its linearisation (17) are derived:

B, 0

B'R=0 withB:=
By

e RNxn, (16)

il € R

¥y € R 47

B'KiBAj, = —B'R  with 7, = #i; + Ay} and ¥} = [

Even though the size of the system of linear Equations (17) is significantly smaller than in
Equation (6) and hence the cost of the linear solver reduces from O(N?) to O(n3), the speed-up is only
marginal as the assembly of (17) depends on the original problem size. The cost for evaluating the
%, is the number of
quadrature points per element. The computational complexities of assembling and projecting B' Ry
and B' K;B are proportional to O(nN) and O(n*N + nN), respectively. Therefore, the application of

hyper-reduction methods is imperative.

constitutive law for every quadrature point is roughly O(Nn + nﬁllpM), where n

4. Hyper-Reduction

4.1. Discrete Empirical Interpolation Method

The Discrete Empirical Interpolation Method [19] is the standard hyper-reduction method for
non-affine or nonlinear pPDEs, for some problems even equipped with a posteriori and a priori error
estimators [44,45]. The first step is to approximate the discrete residuum

-~ HRu 0 ry
“lo Hgy | |1y

with Ho = [$F",.., 8] € RN™, Hpy = [$F,..., ¢ | € RN,

ﬁu
Ry

N

= HRT,

(18)

ry € R™, ry, e R, Hg € RN*Tand r € R*

by a linear combination of collateral basis vectors contained in Hgr with r being the vector of coefficients.
Due to a different number range, it is advisable to approximate the mechanical and magnetic residua
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by two separate collateral bases Hg« and Hgy. The collateral basis is computed based on snapshots of
the residuum. For that purpose, (16) is solved for every parameter p; € S and the residua

T = [Ri (p), - RY, (p)] and TV =[RY (p),..., R (p))] (19)
are collected in the course of the Newton—-Raphson process to build the matrices
S = [T, Th] and Spv = [T7,..., T]. (20)

As R;‘ (p;) and R}y (p;) converge to the null vector during the iterative solution of (16), only residua

fulfilling ‘R}‘(Pi)H/ ‘ RY(p;)| > tol and R?’(Pi)H/ Hﬁﬁ’(pi) > tol are taken into account. The subsequent
application of POD (Sgu«) — Hg« and POD (Sgy) — Hpgv gives the collateral bases.
The coefficients in (18) are determined using interpolation

Pl—lg—uRu = P;gruHRuru with Pru = [epi’""’epﬁt} e NNuxtu,
(21)
.,e

P;lz—y Ry = P;gy HRyT'y Wlth PRy g |:e :| c NNy Xry,

[CEARRRAT"S

meaning the approximation has to be equal to the residuum at the interpolation indices. The matrices

Pg: and Pgy are sampling matrices, where epu fori=1,...,r, and epy forj=1,...,ry are unit vectors
i j

with only one non-zero component in the p¥-th and p/y—th entry.

Ty

Application of the DEIM Algorithm A1, provided in Appendix A, to the collateral bases {([A)lRu } -
1=

~ I . . . . .
and { RY } 7 . returns the interpolation indices and guarantees the matrix products |:P£u H Ru:| and
1=

{PEM H R“} to be non-singular. Consequently, the interpolation coefficients are calculated by

—1 R -1 N
ry = (PIL, HRu) PLR* and r, = (ng HRy) PL RY. (22)
Introducing (18) and (21) into (16) gives the hyper-reduced weak form

0

P | € NN (23)

-1 . Pgru
¢ = BT Hg(PRHg) PRR, =0 with P = l .

and its linearisation becomes

-1 -1
T T T v T T TP
B HR<PRHR) PyKiBAj, = — B' Hg (PRHR) PLR,. o

precomputed: R"** precomputed: R"**

The cost for evaluating the constitutive law for every quadrature point in elements containing
interpolation indices is reduced to approximately O(Ngyan + n%)m), where m is the number of
elements containing DEIM indices and Ngy, the number of DoFs associated with this elements.
The computational complexities of computing the residuum and tangent stiffness matrix are
proportional to O(rNeya ) and O(nrNeya + Neya ), respectively. It is to be noted that an efficient
computation of the stiffness matrix utilises the sparsity of the FE matrix. Consequently, the assembly
and solution of (24) do not depend on the size of the FOM and should therefore result in the desired
speed-ups.

4.2. Gappy POD

Instead of interpolation, Gappy POD uses linear regression to determine the collateral basis
coefficients, meaning the residual is evaluated at more indices than coefficients. This is particularly
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beneficial for hyper-reduced models originating from FE models, as for the calculation of R* or RY at
each evaluation index p¥ or p?" the solution (i, ¥) and the respective constitutive components have
to be computed for every finite element containing the index. Hence, it is more economical to use all
DoFs attached to a node instead of possibly only one as for DEIM. The collateral basis coefficients are
computed solving

N . T Su _ T 2 . _ Ny Xpud
ry = argmin ||Pr« R Pr«HRua with Pgu = €ptt, ..., Epu eN
acRru 2 1 pud (25)

R 2
and ry = argminHPngyRy — PITQyHRyaHz with Pgry = {ep"{’""fepg’ } e NNy xPy
acR'Y y

The integers p, and py are the numbers of FE nodes at which the residua R* and RY are
computed and N,, and Ny, are the dimensions of the underlying FE model. For (25) to have unique
solutions, p,d > r, and py > ry have to hold. The solutions of (25) are obtained by computing the

+ +
pseudo-inverses (PITQM H Ru> and (PITQy Hgy ) rendering the explicit expressions

+ A + N
fu = (PIZ,,HRu) PrLR* and r, = (P,ZyHRy) PL, RY (26)

for the collateral basis coefficients.
Inserting (26) into (16) gives the Gappy POD hyper-reduced weak form

T
R = BTHR(PIIHR) PLR, =0 (27)
and the linearisation becomes
T T\ T y T Trr \ bl
B HR(PRHR) PyKBAjJ. = — B HR<PRHR) PLR,,

R —
precomputed: R**P precomputed: R"*P

(28)

introducing p = p,d + py. In (28), the only difference to the DEIM hyper-reduced system (24) is
the appearance of the pseudo-inverse ()" instead of the inverse (0)71. The cost for evaluating
the constitutive law is the same as for DEIM O(Ngyan + na})m). The computational complexities
of computing the residuum and tangent stiffness matrix are proportional to O(pNeya) and
O(npNeval + pNeval)-

To determine the FE nodes/indices, Algorithm A2, given in Appendix B, which is an advancement
of the algorithm proposed in [21] for multi-physic problems, is applied. Algorithm A2 uses normalised
maxima to cope with distinct domains and different units in multi-physic problems. Algorithm A2
is applied to {(f)f“, R } and {(ﬁfy, PR } either separately or combined. In the latter case,

the same FE nodes are used for the gappy reconstruction of the residua R* and RY, resulting in more
efficient reduced models.

4.3. GNAT

To improve the accuracy and stability [21] of reduced models, the GNAT hyper-reduced model is
not based on Galerkin but on Petrov—Galerkin projection and therefore adopts different spaces for the
test and trial functions.

For accuracy reasons, the state-dependent test functions K(By") B are chosen and the discrete
weak form

B'K'R=0 (29)
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and its linearisation

aZR[ ]

B'K] KiBAy = —B'R; with ZR 55

~ 0 (30)
are obtained. Equation (30) is the normal equation for the associated least-squares problem

.12
Ay = argmin HKkBa + RkH (31)
acRn 2

and therefore the solution of (29) is equivalent to solving the minimisation problem

minimise HR (Ba) H (32)
acRn 2
with the Gauss—Newton method.

As the computation of (31) still depends on the original problem size, GNAT similarly to
Gappy POD uses collateral bases to approximate the nonlinearities and linear regression to determine
the coefficients: .

R = Higr and KB = Hgk,
+ - (33)
with 7 = (P,ZHR) PLR and k= (P,IHK) PL [KB].

Numerical experiments have shown that the choice Hr = Hg and consequently PR = Pk
renders reduced models of superior accuracy compared to models employing a separate basis for Hk.
Putting (33) into (31) and multiplying from the left with H} renders the least-squares problem to be
solved in every Gauss—-Newton iteration

Rr
—_—
r . T toT T o
Al = argmin (PRHR) Pk [KiB] a + (PRHR) PLR; (34)
acRn ———— —_——— 2
precomputed: R**P precomputed: R"™*P

and recalling p = p,d + py.

The complexity of assembling and solving (34) is similar to (28). As the Gauss-Newton method
does not converge quadratically like the classical Newton-Raphson scheme, more iterations are
necessary to minimise (32).

The computation of the collateral basis is similar to DEIM except that the residua are gathered
during the solution of (31). The matrix Pg is determined using Algorithm A2 with the collateral bases
as input.

4.4. Empirical Cubature

Cubature methods aim at reducing the cost of computing the nonlinearity in (15) by defining an
empirical quadrature, which evaluates the integrand only in a limited number of quadrature points or
elements. Instead of summing up all element contributions, the nonlinearities are computed only in
the elements of the so-called reduced meshes &, and £ and multiplied by positive weights:

{BTR” ] Z /thpl PdV ~ /VX(,)Z PdV fori—1,.
e= 105 eeé‘
35
and {BTRy} i /qu)y IBdV~ we /VX(Py BdV fori=1,...,ny, (39)
e= 1Qe ecéy

with & ={ee{l,... M}:w} >0} and & ={ec{l,....M}:wl >0}.
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In (35), each element e in &, or &y is equipped with a positive weight w? or w; , whereas all the
other elements are assigned weights w? = w; =
The approximation in (35) induces the errors

— / Vgl : PrdV — 2 / Vxg! : PjdV
ec&y e= 1Q
(36)
and Y= ¥ w? /VX(Py B;dV — E/VXq)f’ B;dV
ecy e= 103

for snapshots of the stress field {P] }ns .

j=
and &y equipped with the weights {w¥}™ and {w} } 7. are constructed by minimising the errors (36),
with m, and my being the number of elements in the reduced meshes. Different algorithms for the
minimisation of (36) are discussed in [46].

Since this minimisation is numerically expensive, collateral bases [29]

and the magnetic induction {IB j }ns . The reduced meshes &,
=1

L P P i B B
= =

for the stress and induction fields are introduced, where np < ng and ng < ng should hold. For that
reason, (15) is solved for the parameters in S (11) and the snapshots of the stress and induction fields
are gathered in the matrices Sp and Sp. A successive application of POD gives the collateral bases Hp
and Hp:

POD (Sp) — Hp = {tﬁf,,tfbfp} € RhedXme  with §p = [P(pl),. ..,P(pns)} € Rnapd®xns
A A (38)
POD (Sp) —+ His = [$,..., ¢8| € R ™5 with S = [B(py),..., B(p,, )| € Rhwrdn

The column vectors {151- }Zl and {lf% ; }::1 contain the components of P and B at the ngp
quadrature points of the FE model.

By introducing (37) to (36) and recalling that the coefficients in (37) do not depend on the position
of the elements in the reduced meshes, we obtain alternative errors

g = / Vel : pPdV — Z / Vel : g dV
665,, e= 1Q
‘ (39)
and V&= ) w; /quo, ¢ dv - E/VX% g7 dv.
ec&y = 105

For the details on minimisation of (39) in order to obtain the reduced meshes and the weights, the
interested reader is referred to Appendix C or [29]. In contrast to the method put forward in [29], the
EC introduced here uses elements instead of single Gauss points, resembling the ECSW method [28].
By doing so, the effective number of quadrature points employed in the reduced model increases, but
the implementation is less code invasive.

The linearisation of the weak form of the EC hyper-reduced model (35) becomes

E wu eBT eKuu eBu E wu eBT eKuy eBy . E a)u eBT eRu

ec&u ec&u Auk | ecgn (40)
Z wgf eBT eKyu eBu Z wy eBT eKyy eB A§’;; Z ng eBT eRy 4

ecEy ecly ecly
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where °B,, and °By, are the restrictions of B, and B, to the finite element (),. For EC, the reduced system
matrix has the same properties, e.g., symmetry and positive definiteness, as the system matrix of the FE
model, as the weights are strictly positive. This property is not shared by the collateral basis methods.

The cost for evaluating the constitutive law in the elements of &, U¢&y is roughly
O(Neyain + nfﬁgm), where m is the number of elements in the union of the reduced meshes and Ny,
the number of associated DoFs. The assembly of the residuum and the tangent matrix is proportional
to O(nNeyar) and O(n?Neyal + NNeyal ), respectively.

4.5. Reduced Integration Domain

For RID, two reduced integration domains Qf;, C 7 and Q%ID C T are introduced, which are
used to define test functions 67 and 6§ with support only in Q%) and Q. Hence, the nonlinearities
will be computed solely in Q% and O;,, which provides the desired reduction of computational cost.

In the discrete setting, the test functions in Bryp with confined support are expressed in terms of
the reduced bases B as

B, 0 -
Brip == = PripPripB
y y
0 PRID(PRID) 0 By
. u_ N, x1y, Yy N, x1 41
WlthPRID_[eP'f/""epf’u} eN » Paip = [epfl”"’epf;,} c NNy xly (41)
Pu
and Pgpp := [ RID g e NNx
0 PFyp

where epn € RN« fori = 1,...,1, and e € RN« for j = 1,...,1y are unit vectors with only one
i ]

Ly 1

non-zero component in the p-th and p]y—th entry. The indices {p;‘} - and {ply} 7 | are the interior
1= 1=

Y
DoFs of Qg and Q.
The reduced domains are generated from the gradients of the reduced bases

Hug = |Vx@t, ..., Vxh, | € RM and - Hyy, = [Vxg),.., Vxgh, | € R @2)

ny ny ny
The columns {VX‘i’?}‘ . and {ngb?}, ) contain the components of the gradients of {(p’l‘} .
1= 1= 1=

n
and {q)ly} , yl in the ngp quadrature points of the FE model. Applying the DEIM Algorithm Al to
1=

Hy,, and Hy,, returns the indices used to construct the reduced domains O, and Oy Strictly
speaking, the reduced domains are the unions of elements containing these indices.

Using (41) in (16) renders the discrete weak from of the RID hyper-reduced model

— pT T B
and its linearisation becomes
B' Prip Pen K BAG, = — B! Prip Paip Ry (44)
RID Yx 2 RID
precomputed: R"¥! precomputed: R"*!

The cost for evaluating the constitutive law is roughly O(Neyan + ncellpm), where m is the number
of elements of the union O,y U Q%ID and Ngy, the number of DoFs associated with those elements.
The approximate costs of assembling the residuum and tangent stiffness matrix are O (INgy4) and
O(nlNgyar + INeyal ), respectively.
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For (43) to be a well-posed problem, Bgip is required to have full column rank. If that is not
fulfilled or the accuracy of the model is poor, the I element layers surrounding Qf;, and Qf;, are
included (cf. Algorithm A4 in Appendix D).

5. Numerical Results

5.1. Test Problem

The magneto-mechanical material model chosen for the numerical studies is of Neo-Hookean type

¥ (F,H) :%Az [F:F—d—2In]]+ %Allnzj— %MIH-C*1 ‘H us)

using | = detFand C = F' - F,

combining isotropic elastic with linear isotropic magnetic material properties. For further details
including expressions of the Piola stress P and the magnetic induction B, see [41].

The mesh used for all numerical tests is displayed in Figure 1, where 1840 quadratic finite elements
are used to discretise the continuum body By, resulting in N = N, + Ny = 14,882 + 7441 = 22,323 DoFs.
For numerical integration, a 4 x 4 Gaussian Quadrature is employed. The implementation of the tests
is based on the open—source FE library deal Il [47].

Figure 1. FE mesh of a Unit Cell discretised using M = 1840 elements with quadratic Ansatz functions
resulting in N, = 14,882 and Ny = 7441 DoFs.

In Table 1, the dimensionless Lamé parameters A; and A, and magnetic permeability u are given.
The inclusion/particle has ten times stronger material parameters than the matrix.

Table 1. Material parameters.

Matrix Inclusion

A 12 120
A 8 80
u 0001 0.01

Additionally, the parameter domain for the two-dimensional problem to be investigated is
prescribed by

P = (0.9,1.2) x (—0.2,0.2) x (—0.2,0.2) x (0.9,1.2) x (—10,10) x (—10,10) C R®. (46)
~—

—— ———r N — N

F[1,1] F[12] F[2,1] F22] H[1 H[2)
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The output of interest from the reduced-models are the homogenised Piola stress P and magnetic
induction B, for which the relative error measures

V|
—FOM  =ROM |
R

are defined for any set of validation parameters V.
To validate the accuracy and robustness of the reduced models, two sets of randomly
chosen parameters

—FoM =roM| VI
B =B,

Errp(V) = median oM and Errg(V) = median (47)

FOM
P7

=

’F i=1 ‘2 i=1

Vi={p1,---Pao} CP and Vi={py,...,Pa} C P (48)

are defined and used in combination with (47).

The computation of P and B¥M (8) requires @ and § to be computed in all cells of the
FE mesh using (9). This can be done more efficiently using an auxiliary basis for P and B together
with gappy reconstruction, but this renders an additional error. As our focus is on the numerical study
of the performance of the hyper-reduction methods, # and § are computed for the whole mesh and the
constitutive law is subsequently employed to obtain PM and B*M.

It is established in the field of computational homogenisation that the application of linear
boundary conditions overestimates the energy compared to e.g., periodic boundary conditions,
in particular for small RVEs like the Unit Cell. This has been investigated extensively in [40] for
magneto-mechanics. As the choice of boundary conditions does not affect the hyper-reduction
methods, the findings from the numerical studies are expected to be valid for different types of
boundary conditions. Therefore, due to their simplicity, linear boundary conditions have been chosen
to carry out the numerical studies.

5.2. Validation of Galerkin ROM

In order to construct the reduced basis, the parameter space P has to be sampled. As the number
of sampling points increases exponentially with the dimension of the parameter domain for full tensor
grids, sparse grids [48,49] are employed. Sparse grids are based on one-dimensional quadrature rules
and a sparse tensor product, which alleviates the curse of dimensionality. For that reason, sparse grids
are frequently used in sampling, interpolation and integration of high dimensional functions.

In Figure 2, the sampling of the unit square using a full tensor grid and sparse grids is displayed.
Sparse grids built from the one-dimensional Gauss-Legendre quadrature are used to sample the
six-dimensional parameter domain P (46).

As the hyper-reduced models are built on top of an existing reduced basis, the accuracy of the
Galerkin reduced model (16) for varying cardinalities n, and ny of the reduced bases for the fluctuation
fields is displayed in Figure 3. For increasing n, and ny, the errors Errp (V1) and Errg (V) decrease
monotonously, though the impact of ny on Errg (V1) becomes negligible for ny, > 10. The reduced
basis was constructed from n; = 4541 training simulations. As a compromise between accuracy and
efficiency, a reduced basis with n, = 20 and ny, = 10 is chosen for all following numerical studies.
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Figure 2. Sampling of the two-dimensional parameter domain [0, 1] x [0, 1] using a full tensor grid and
two sparse grids based on a one-dimensional Gauss-Legendre quadrature with different sampling
densities.

Errs (V1)

Figure 3. Errors in homogenised quantities of interest for varying sizes of reduced bases n, and ny,
computed from ns = 4541 training simulations.

The error of the Galerkin ROM is not only caused by the truncation of the POD basis but also
by an insufficient selection of training parameters S. In this case, insufficient refers to a too sparse
sampling of the parameter domain P. In Table 2, the errors Errp (V1) and Errg (V) for n,, = 20 and
ny = 10 for three different training sets are given. The training set S with n; = 4541 is considered
sufficiently large as the errors for the two sets with greater cardinality are not significantly smaller.

Table 2. Output error for different numbers of training parameters n; for a reduced basis of fixed size
n, = 20 and ny = 10.

|S| 4541 12,841 33,193
Erry (V1) 275x107% 259x107% 253 x107°
Errg (V1) 155x107® 151x107% 1.62x10°°

The results of a ROM for one element in Vj are displayed in Figure 4. The errors in the
homogenised quantities are small O(10~°) and differences between the ROM and FOM in the primary
fields 7 and § can not be seen with the unaided eye. Due to the inclusions ten times larger mechanical
and magnetic material parameters, the Piola stress and magnetic induction inside the inclusion are
significantly larger.
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Figure 4. Results of a reduced model for F = [ 32 018 ] d H= [ 8.23

] rendering

0.144 1.145 0.129
= 875 2.94 — —1.123 x 1072
ROM. _ 3352 6.322 nd ]HROM 35 03XX 1 093 using a reduced basis with n, = 20 and

ny = 10. The norm of the displacement fluctuations (a) the potential fluctuations; (b) the Frobenius
norm of the element averaged Piola stress; (c) and the norm of the element averaged magnetic

induction; (d) are depicted in the deformed Unit Cell. The errors for the homogenised quantities
=FOM  =ROM —=FOM =ROM
P P “B |2
—FOM FOM
P T , Iz
point to the online version of the article.

F —34x10%and ” = 3.1 x 107 are small. For better quality, we
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5.3. DEIM

Based on a reduced basis with n;, = 20 and ny = 10, the results of the DEIM hyper-reduced
model (23) are summarised in Figure 5, where the collateral basis Hp is computed based on residua
collected during the solution of (16) for ns = 4541 training parameters. For the POD computations,
R (p0) |/ |[Re ()| BT (02) /]| (p,)|| > 10~ with i € [1,4541] and the iteration
index j were taken into account.

It is well-established that DEIM models lack robustness for nonlinear pPDEs [26], which is
exposed in Figure 5a. There is just a small region of combinations of numbers of collateral reduced
basis functions (ru, ry) , for which the reduced model converged for all parameters in the validation
set V. There are two possible causes that prevent the convergence of a model. The first is the occurrence
of unphysical deformations expressed by det F < 0 during the solution process and the second is an
insufficient reduction of the residuum Rl /R} > 10~°, where max = 10 is the highest admissible
number of nonlinear solver iterations. From the 135,200 solutions of (23) for 676 different combinations
of (ru, ry) computed in this study, 11,992 failed to converge. It is remarkable that larger r, and ry
do not result in more robust models. Figure 5b,c show the output errors, where we have to note
that, for the calculation of Errp (V) and Errp (Vi1), only the converged runs are taken into account.
The errors decrease with increasing r, and ry but certainly not monotonously. For a ROM with r,, = 37
and ry = 25, small errors Errp (V1) = 1.2 x 1072 and Errg (V) = 5.5 x 10~ are obtained with one
simulation failing to converge. It is not reasonable to use greater r,, and ry as the achievable reduction
of the errors is disproportionate to the increasing numerical cost of the ROM.
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Figure 5. (a) robustness and (b,c) output error analysis for varying numbers of DEIM indices 1, and ry,
for a reduced basis of size n, = 20 and ny, = 10.

5.4. Gappy POD

For the Gappy POD study, the same collateral basis Hg as in the DEIM study is used. In order to
have a fair comparison with DEIM, two sets of gappy points, one for the approximation of R* and the
other for RY in (28), are determined by applying Algorithm A2 separately to the collateral bases.

In Figure 6, the robustness and accuracy of Gappy POD is studied for different combinations
of (ry,1y). To facilitate an adequately accurate approximation of the nonlinearities, large enough
numbers of gappy points (py, py) are employed. Figure 6a shows that linear regression improves
the robustness as more combinations of (ry, ry ) exhibit no convergence failures compared to DEIM
(c.f. Figure 5). Nonetheless, 11,339 out of 135,200 simulation runs failed, mostly for smaller values of r,
and ry.. For the failed runs, either the condition R}/ R}, < 10~ is not fulfilled after ten iterations or
unphysical deformations det F < 0 are predicted.

T T,
30 = 30F & 30 F
25 ] 25k 25 |
R = = Smm e
20 = 20 20
15 : BE 15
1 1 1 fnnnn 10 i
%0 25 30 35 40 % 25 30 35 40 20 25 30 35 40
Tq To Ty
1
- in B oo I oo
0 2550 100 150 200 0.1 1 2 3 0.1 1 2 3
a) Nl b) Errp (Vi) c¢) Errg V1)

Figure 6. (a) robustness and (b,c) output error analysis for varying numbers of residuum modes r, and
ry for sufficiently large numbers of gappy points p, = [r,/2+ 10] and py = ry + 20 for a reduced
basis of size n, = 20 and ny, = 10.

For r, = 36 and ry = 24, a combination yielding supposedly robust and accurate models is
chosen to investigate the errors for varying numbers of gappy points (pu, py) (see Figure 7). Except
for p, < 20, no robustness deficiencies occur. The error Errp (V1) decreases with increasing p, and is
hardly affected by changes of py. Similarly, Errg (V1) reduces for larger py, and is only minorly affected
by pu. For a reduced model using p, = 50 and py, = 58 gappy points, the errors Errg (V1) = 3.6 x 10~*
and Errg (V) = 3.0 x 10~* were achieved.
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Figure 7. Influence of gappy point numbers p, and py on (a) robustness and (b,c) accuracy for a
reduced basis of size n,, = 20 and ny = 10 using r,, = 36 and ry = 24 residuum modes.

5.5. GNAT

For the study of GNAT, the collateral bases contained in Hg« and Hgy are constructed by gathering
the residua from the solution of (32) and a subsequent application of POD. Only residua fulfilling
R (i) ||/ | &2 (py) |, | R (P2)]|/|| &Y (1)|| > 5 x 1073 with i € [1,4541] and the iteration index j were taken
into account. The gappy points are obtained by applying Algorithm A2 separately to the collateral
mechanical and magnetic basis.

Similarly to the previous studies, the robustness and accuracy of GNAT is tested for different
combinations of (r,,ry) using a large enough number of gappy points. The results are depicted
in Figure 8. We never observed unphysical deformations det F < 0 for GNAT hyper-reduced
models, the unsuccessful runs are due to reduced models failing to sufficiently reduce the residuum
Ri5/Rj < 1073. As the Gauss—Newton scheme does not exhibit quadratic convergence, we allow
for up to 15 iterations to minimise the residuum. Furthermore, the solution of the nonlinear least
squares problem (32) does not render R" = 0 in general and consequently the convergence criterion is
set to 1073. While the error Errp (1)) in Figure 8b reduces with increasing r,, and values in the order
of 1072 can be achieved, the error Errg (V) in Figure 8c increases for greater r,, up to a certain point
and Errg (V) & 5 x 1072 seems feasible.

7

\\I\H\I\Hi i i i\\i\\\i
30 5 30 30 E SERnERES
25 = 25 25 F EEEcEE=:
R = > e s EEEEEEES
20 = 20 20 E H H
15 = 15 15 SfE-Ese:
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20 25 30 35 40 20 25 30 35 40 20 25 30 35 40
Ty Ty Ty
1
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0 2550 100 150 200 2 4 6 8 2 4 6 8
a) Nfai) b) Errg (Vi) ¢) Errg (V1)

Figure 8. (a) robustness and (b,c) output error analysis for varying numbers of residuum modes 1, and
ry for sufficiently large numbers of gappy points p, = [r,/2+ 10] and py = ry + 20 for a reduced
basis of size n, = 20 and ny, = 10.
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5.6. Empirical Cubature

In Figure 9, the accuracy of EC hyper-reduced models for different numbers of elements in the
reduced mesh is depicted. To construct the EC model 4541 snapshots of P and B are taken from
the solution of (15) and processed into np = 120 and ng = 100 POD modes. The singular value
distribution of the snapshot matrices is depicted in Figure 10, indicating that np = 120 and ng = 100
POD modes are sufficient to represent the stress and induction state.

Thereafter, the weights and elements of the reduced meshes are determined by approximately
solving (A3) using Algorithm A3, given in Appendix C. Figure 9a shows that Errp (V1) decreases for
greater m, and is barely affected by my,, whereas Errg (V1) decreases for greater values of both m, and
my,, but the dependence on my is more pronounced. As EC does not employ collateral bases combined
with linear regression or interpolation, no convergence issues occur for the EC hyper-reduced models.

T, T
105 H 105F
100 £ 100 [ EE AR
> m Y = =
g 95 H g 95 15 =
90 = 90 E \_A_A_A_LLLL\_%
80 LI \i 80
90 95 100 105 110 115 90 95 100 105 110 115
1,, 1My
B oo
2 3 4
a) Errg (V1) b) Errg (V1)

Figure 9. Output error analysis for varying numbers of elements m, and my constituting the reduced
meshes &, and & built using np = 120 stress and np = 100 induction modes for a reduced basis of
sizen, = 20 and ny = 10.

normalised singular value

\/7

L I I
1 50 100 150
mode number

Figure 10. Normalised singular values of the stress Sp and induction snapshot matrix Sg.

In Figure 11a, the weights used in a reduced mesh are plotted. Only a small number of elements
accumulate more than half of the total weight sum and that is the reason why the errors depicted in
Figure 9 decrease slowly with increasing m, and my. The distribution of elements in the reduced
meshes with a focus on elements equipped with relatively large weights is shown in Figure 11b,c. It is
remarkable that the elements with large weights are all located inside the inclusion, whereas all the
other hyper-reduced models (DEIM, GappyPOD and RID) evaluate the nonlinearities in elements at
the boundary or in the vicinity of the interface between matrix and inclusion (c.f. Figure 12).
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inclusion. For better quality, we point to the online version of the article.
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Figure 12. Elements in 7 relevant for the hyper-reduced models in Table 4.

5.7. Reduced Integration Domain

and ()77 are

computed and the application of Algorithm A4 yields the reduced domains Q%) and Q.. The errors
for three different choices of the number of surrounding layers [ are listed in Table 3. As expected,
the errors decrease with increasing / but solving (43) becomes computationally more expensive. If no

To construct the reduced integration domain, the gradients of {(p”}?;l:m

surrounding layers are included, the reduced bases {¢" }?;1:20

linearly dependent and consequently (43) is not well-posed.

=10 .
v Ny u Y
and {(p }z‘:l in Qg and Oy are

Table 3. Accuracy of RID depending on the number of neighbouring layers ! for n,, = 20 and ny, = 10.

1 1 2 3

Erry (V) 95x107% 33x107* 15x10°*
Errg (V1) 80x107* 32x107* 18x107*

As for EC, no convergence problems have been observed for RID hyper-reduced models.

5.8. Comparison of the Hyper-Reduction Methods

In Table 4, the performance statistics of reduced models for each hyper-reduction method except
GNAT are provided. The parameters for the models, which are listed in Table 5, were chosen based
on the results from the previous sections to achieve high accuracy at moderate computational cost.
We except GNAT from the comparison as these reduced models are inferior to Gappy POD models
with respect to robustness and accuracy. Most importantly, the error Errg (V) produced by GNAT
models is too large.
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The number of elements in which either the mechanical or magnetic nonlinearity have to be
computed are denoted by m, and my, respectively. The aforementioned elements are highlighted
in Figure 12. It is possible to use the same elements for the evaluation of the nonlinearities for all
hyper-reduction methods except DEIM, rendering supposedly slightly less accurate but more efficient
reduced models. However, for the sake of comparison of all introduced Hyper-Reduction methods, the
nonlinearities are treated separately, resulting in two distinct sets of elements. In all these elements, the
solution (i, ) has to be computed based on the reduced solution (#", §") with N*  and N7 . denoting
the number of DoFs involved in these operation performed in every iteration of the nonlinear solver.

The errors obtained by DEIM, Gappy POD and RID are in the same range, whilst the errors for EC
are at least of one order of magnitude larger. The accuracy of Gappy POD is superior to DEIM as linear
regression performs better than interpolation and additionally increases the robustness. For DEIM, 18
out of 2000 runs failed to converge, whereas no such deficiencies are observed for the other methods.

The computation times were measured on a single core (AMD™ Ryzen™ 1950X CPU @4 GHz)
without using any kind of parallelisation. The speed-up is defined as the ratio of time needed to
solve the FOM and the ROM for the 2000 parameters in Vy;, which does not include the time to
calculate the homogenised quantities. The speed-up for DEIM is the greatest as the least number of
solution and nonlinearity evaluations had to be performed, with Gappy POD being second due to
more evaluations. The EC and RID reduced models are considerably slower as both methods need to

evaluate the nonlinearities for a larger number of elements to gain comparable accuracy.

Table 4. Comparison of selected hyper-reduced models using a reduced basis with n, = 20 and

ny = 10.
DEIM Gappy POD EC RID

my&my >m 50&33 71 69&75—112 120& 110 —219 129 & 72 — 183
Nt &N 1000 & 500 1468 & 734 3400 & 1700 1938 & 969
Errp (Vir) 1.14 x 1073 3.86 x 10~* 1.85 x 1072 5.99 x 10~*
Errg (Vi) 4.71 x 10~4 2.78 x 1074 4.63 x 1073 5.18 x 10~%
Nfai1 18 0 0 0
speed-up 208 131 23 32

Table 5. Parameters of the hyper-reduced models used in Table 4.

DEIM ry, =37andry =25

Gappy POD  r, =36 and ry = 24, p, = 50 and py = 58
EC m, = 120 and my = 110

RID I=1

6. Conclusions

In this work, we applied the tools of reduced-order modelling to the problems arising in
computational homogenisation in magneto-mechanics. The main focus was the investigation and
comparison of different hyper-reduction techniques with respect to accuracy and robustness. Collateral
basis methods like DEIM and Gappy POD are the fastest and most accurate, but are susceptible to
robustness deficiencies. This is particularly true for DEIM, for which we could not build sufficiently
robust models in the course of this work. Gappy POD diminishes that issue by using linear regression,
providing adequately robust models. Additionally, unlike Gappy POD, DEIM does not offer the option
to evaluate the mechanical and magnetic nonlinearity in the same elements, resulting in more expensive
reduced models. For those reasons, DEIM will not be considered in future studies. A disadvantage
shared among the collateral basis methods is that instances of the FE residuum have to be collected
from non-equilibrated states, which results in more expensive POD computations.

EC and RID solve the weak form in a subdomain, to which the first refers to reduced mesh and
the latter to reduced integration domain. To obtain similar accuracy as collateral basis methods, EC
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and RID have to perform more function evaluations and are therefore more expensive. However,
their robustness is superior to the collateral basis methods and hence they are particularly suitable for
multi-query frameworks like the FE? method. For problems with stronger nonlinearities, e.g., due to
complex material models, rate-dependence, plasticity and many more, the robustness superiority will
be even more pronounced.

The next step is to equip the reduced models with an auxiliary basis to efficiently compute
the homogenised Piola stress and magnetic induction, which can be utilised in a perturbation-type
method [50] to obtain the macroscopic tangent moduli. Similarly, the macroscopic tangent moduli
could be computed adapting the method described in [51] for the reduced model.
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Abbreviations

The following abbreviations are used in this manuscript:

MRE Magneto-Rheological Elastomer

BVP Boundary Value Problem

RVE Representative Volume Element

ROM  Reduced-Order Model

FEM Finite Element Method

DoF Degree of Freedom

FOM  Full-Order Model

pPDE  parametrised Partial Differential Equation
POD Proper Orthogonal Decomposition

SVD Singular Value Decomposition

EIM Empirical Interpolation Method

DEIM  Discrete Empirical Interpolation Method
GNAT  Gauss-Newton with Approximated Tensors
EC Empirical Cubature

ECSW  Energy-Conserving Sampling and Weighting
RID Reduced Integration Domain

Appendix A. DEIM

The classical DEIM Algorithm A1 [19] determines the interpolation indices iteratively. In iteration
i, the index p; to be added is the entry where the approximation of the basis vector ¢; by the preceding

vectors {(P]‘ }1,71 exhibits the largest error. The basis vectors {(])i}::l have to be linearly independent,
which is guaranteed by using a basis computed by POD.
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Algorithm A1: DEIM Algorithm
Input: {¢;};_, C RN
Output: p = [p1,...,p/] €N, P
p1 = arg max ‘4)1 [a]|

a=1,...N

s=[¢1],P=|en] .0 = [o1]

fori=2tor do

Solve for ¢ in (PTS) c=Plg,
r=¢;— Sc
p; = argmax | ¢;[a]|
a=1,..,.N
p < [p,0i], P+ [P/em}f S« [S, ¢i]
end

Appendix B. Gappy POD and GNAT

Like the DEIM Algorithm Al, the adapted point search Algorithm A2 [21] seeks to minimise
Te Ncomponents

i=1 }c—l

The algorithm processes nodes instead of indices and is therefore well-suited for vector-valued or

multi-physic problems. Differences in scale are taken care of by using normalised maxima for the

different fields.

the error in approximating the bases { {qbf} and chooses the gappy points accordingly.
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Algorithm A2: Greedy Point Search

re Ncomponents

Input: reduced bases { {¢f} - } , number of sampling points p
=) =1

Output: {P, }?i’i“ ponents

number of greedy iterations: ¢ = min ({rl, S T— p})

number of sampling points at iteration i: s(7)
s(i) = V’;’J with w = M; ifw=1andi < (pmodg): s(i) « s(i)+1

number of basis vectors to be added/processed at iteration i:
. r o . .

ge(i) = {;J, ifi < (remod g): qe(i) <= qe(i) +1forc =1,..., neomponents
for c=1 to ncomponents d0
[Si, cee, S;C(l)} — [(pf, e ¢;c(1):| // vectors to be processed in first iteration
end
ori=1to g do
for j=1 to s(i) do
for c=1 to ncomponents do

=

qc(i) 2
Noax ¢ argmax Y ‘Sg [Z]H // location of component maximum

le{l,.‘.,}’lpomts} 1121

end
) 2
Ncomponents (¢ (1) ‘ H

S 1]

n <+ arg max // location of combined maximum

le{lr---r”points}\N c=1 g=1 ‘

for c=1 to ncomponents do
I, = DoFs, (n) // get set of component DoFs attached to point

P. + |:PC, [eul], e 'elc[|Ic|]j|:|
end
N+ N+n // update set of selected points
nd
for c=1 to ncomponents do
for j=1to q.(i) do

T ,
PQe+j = arg;nm’

2
S% [nfnax]

[¢']

2
P! {(p{,. ..,%5} a— PI¢§2€+j”2

C C c C rqs . . .
SHE S W [4)1,. . .,¢QJ $0o.+j // vectors processed in next iteration

end
Qe+ Qc+ %(0

end

end

Appendix C. Empirical Cubature

To determine the reduced meshes and the weights, the minimisation problems based on (39)
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np ny 2 np Ny 2
(w", &) =argmin | )" )" (”éij(w,8)> and (w”,&y) =argmin, |) )" (ye“ij(w,é')) (A1)
weR™ \| j=1i=1 weR}Y | j=1i=1
ECT ECT

have to be solved and read in matrix format as

(w", &) = argmin || J4w — b* and (w¥,&y) =argmin||[Tw — b7 ||, (A2)
WERIJI;" 2 wERT_y 2
EeT geT
with J* € Rwne>M Jy ¢ RrynsxM pu ¢ Rrune gnd pY € RW1B,
S Vxgi¢rdV o [ Vxel:gldV J Vxot: ¢ dV
Q1 QM Qe
: . : " :
ju= | S Vxgh, erdV o [ Vxgn, i@ dV | pu_ v | [ Vxen, s 97 dV
Q1 QM e=1 Qe
S Vxeh, cpn,dV o [ Vxeh, : ¢f,dV J Vxot, : o5, dV
_Ql QM ] _Qe i
[ Vxl :¢Pdv - [ Vxei - pPdV [ Vxoi -7 dv
Ql QM e
" :
= | ] Vxon, ¢ dv [ Vxon, P dV | v y | S Vxoi, - 1 dV
M Om =1 | Qe
S Vxoh, ¢, dV - [ Vxen, - ¢, dV S Vx@h, - pny, dV
_Ql QM i _Qg i

Note that the problems in (A2) allow for the trivial solutions w* = 0 and w” = 0. Any POD
mode gisz or 43]13 is a linear combination of the snapshots {131, ey Pns} or {IBl, e, IBHS} and, as the

snapshots are taken from states of equilibrium, the right-hand sides become b* = 0 and b¥ = 0.

Therefore, problems (A2) are regularised by adding the constraints Z wy =V and Z wy =V.
ec&y ecéy
By subtracting the volume averaged row-sums, the regularised minimisation problems (A3) are

obtained and approximately solved using Algorithm A3:
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(w", &) = argmin ||JEw — b"||, and (w”,&y) =argmin ||JFw —b” y (A3)
wERiu wERiy
EeT geT
: u ]u n,,np+1)><M y I_ n n]B+1)><M u 0 nynp+1
w1th]:1T e R( ] = TGRY b—VER
0 +1
and b¥ = € R™»"B
\%
_ , , }
[ Vx¢h: pPdV — — [Vxet : T dV [ Vxg": ¥ dV — = [Vxe" : T dV
1 M
) 1 1
Ik [ Vxgt pTdv — v J Vxgt ¢t dv [ Vxgt :¢Fdv — f X, ¢t dv
o 0 Oum Vi
1
| Vxeh, ¢, dV - Vf xPh, : P, dV J Vxgh, s gy dV = [ VxR, gn, dV
_Ql Q Om J
[ 1
S Vxoi 9P dV = [ Vxgl s 9P dV f Vxoi - o7 dV—ffoqol- P dv
1

i
_Vg{vxq)ﬁy cpBdv

7 = | [ Vxoh, - oPdv - %fvxqoﬁy gEav | Vxoh, - Fdv
o o) Oum
S/ fopgy . P?B dv — %fvxq)ﬁy : EB dv J qu)ﬁy 'ng?B dv — %fVXgoﬁy : P?}B dv
e} Q Oum Q
Algorithm A3: Greedy Mesh Sampling

Input: J, tol, m

Output: w, E

initialisation: E <— @, set of candidates C <— {1,..., M}, r b

do
e = arg max <][E]/||][é] 2,r/||r||2> // determine new element

ecC

while

E«+ EUe, C+C\e
build Jr from columns of J based on E
w = argmin ||[Jrw — b||§
weRIE|
if w[i] <0 fori=1,...,|E| then
w = argmin ||Jrw — ng
wGRIEl
E(—E\E(]WlthEO
C+ CUE,
w + w(E)
end
r<b—Jrw

IIrll
[l

{e € E: wle] =0}

> tol N |E| <m

// solve least-squares

// solve non-negative least-squares

// update residual
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Appendix D. Reduced Integration Domain

Algorithm A4 constructs the reduced integration domain for a basis { ¢; };:1. The application of

the DEIM Algorithm A1 helps to identify areas of interest, e.g., where the basis exhibits significant
gradients. At first, all elements containing DEIM indices form the reduced integration domain.
Hereafter, the elements in the surrounding layers can be included for accuracy reasons. It is noteworthy
that Algorithm A2 or alternatives can be used to determine the initial reduced domain.

Algorithm A4: Determining Reduced Integration Domain

Input: POD basis { ¢; }::1 C RN, number of neighbouring element layers
Output: Prip, OriD

get DEIM indices p € N’ by applying Algorithm Al to {¢;}_,
Ogip + ContainingElements (p)  // collect elements containing the DEIM indices
fori=1to! do

‘ Qrp < Qrip U NeighbouringElements (Qgip) // add neighbouring elements
end
setup Prip based on interior DoFs (primary) in Ogrip
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