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Abstract: Operating in unstable and competitive globalized markets, management of today’s
transnational enterprises continually searches for different alternatives to maintain product quality,
streamline production activities, and reduce overall operating costs, particularly in their internal
supply chain system. With the aim of revealing and offering insight information to support managerial
decision making, this study explores the optimal replenishment lot-size and shipping frequency
problem for an intra-supply chain system with a partial outsourcing policy and random scrap. In this
study, the demand of a product is partially outsourced and partially fabricated by the production
units, to release the workload of machine and smooth production schedule. During the fabrication
process, a portion of random scrap items is produced, and finished products are distributed to sales
locations using a multiple-shipment policy. The objective is to simultaneously determine an optimal
fabrication lot-size and shipping frequency decisions that minimize the overall expected costs for such
an intra-supply chain system. Mathematical modeling and optimization methods are used to solve
the problem. Moreover, through the use of a numerical example and sensitivity analyses, various
important insights with regard to the joint effects of the partial outsourcing policy and random scrap
on the optimal solutions are revealed to support managerial decision making.

Keywords: production management; outsourcing; fabrication lot size; shipping frequency; random
scrap; optimization

1. Introduction

Operating in competitive globalized markets, management of today’s transnational enterprises
constantly searches for different alternatives in order to maintain product quality, streamline production
activities, and reduce overall operating costs, particularly in their internal supply chain system.
Moreover, due to the existence of production capacity constraint in most real manufacturing
environments, sometimes adoption of a partial outsourcing policy can help managers to partially
release a portion of workloads from the production equipment, hence smoothing machine utilization
and production operation/schedule, and reducing the potential overtime cost.

With the aim of providing sound analytical information to help managerial decision making
on the optimal outsourcing policy, this study constructs a hybrid production-outsourcing model to
explore the optimal replenishment lot-size and shipment problem for an intra-supply chain system
with a partial outsourcing policy and random scrap. The objective of this study is to simultaneously
determine an optimal fabrication lot size and shipping frequency decisions that minimize the overall
expected costs for such an intra-supply chain system. Mathematical modeling and optimization
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methods are used to solve the problem, and through the use of a numerical example and sensitivity
analyses various important insights with regard to the joint effects of the partial outsourcing policy
and random scrap on the optimal solutions are revealed to support managerial decision makings.

2. Literature Review

In contrast to the conventional economic production quantity (EPQ) model, Taft [1] used
a mathematical approach to portray a simplified production system, wherein a perfect fabrication
process and continuous inventory issuing policy was assumed. The real-life vendor-buyer integrated
systems consider practical situations, such as adoption of an outsourcing policy, action for defective
products, and a discontinuous periodic multiple shipments of end products. Due to the existence
of production capacity constraint in most real manufacturing environments, sometimes adoption of
a partial outsourcing policy can help managers to partially release a portion of workloads from the
production equipment, hence smoothing machine utilization and production operation/schedule,
and reducing the potential overtime cost. However, some efforts are required toward selection of
qualified outsourcing contractors/vendors and an extra percentage of the cost is associated with
unit purchase expense compared to that of unit in-house production cost. Coman and Ronen [2]
analyzed an outsourcing problem and identified the pertinent variables and their relationships.
They used a linear programming approach to solve the problem, including examinations of models
with standard cost accounting and standard theory of constraints, as well as a model proposed by
them. Different results enable managers to determine which products to manufacture and which to
outsource. An operational ratio is proposed to the problem, which avoids solving a linear programming
problem. They claimed that their proposed model is simpler to apply and requires the computation
of fewer variables than other prevalent models. Cachon and Harker [3] examined a competition
and outsourcing problem with scale economies. They assumed that the cost per unit of demand is
decreasing in demand, two vendors with price- and time-sensitive demand, and competition between
two retailers with fixed order costs and price-sensitive buyers. They showed that for the case of
two vendors, there was an enviable situation where the lower cost firm has a higher market share
and a higher price. When allowing the firms to outsource their production process to a supplier,
their study showed that the firms strictly prefer to outsource. They revealed that scale economies
provide a strong motivation for outsourcing. Fu et al. [4] studied the inventory and production
problem for an assemble-to-order system with uncertain demand and limited assembly capacity. Profit
maximization models with outsourcing option are examined, and their objectives were to derive the
optimal inventory and production decisions for their studied models. They presented the structural
properties of optimal solutions, developed the efficient solution procedures to the problems, and
provided sensitivity analysis and managerial insights of the optimal decisions. Narayanan et al. [5]
studied the role of integration in business process outsourcing (BPO) and its effect on BPO firm
performance. Both the internal process integration to effective integration of task execution within the
BPO and the external process integration to effective integration between the BPO and their clients
were are examined. The survey data from 205 Indian BPO service providers was use to analyze the
antecedents of process integration and its impact on BPO performance, wherein task complexity,
task security, end customer orientation of the client, and information technology capability of the
BPO were investigated. They found that both internal and external process integration partially
mediate the impact of the antecedents on performance. Managerial implications on how to successfully
implementing the BPO were provided. Additional studies that related to various aspects of fabrication
systems with an outsourcing option can also be found elsewhere [6–12].

During the manufacturing process, a variety of uncontrollable factors may cause unexpected
defective items to be produced. Porteus [13] determined the optimal lot size for a production process
with quality improvement and reduction of setup cost. It was assumed that the status of in-control
process may shift to out-of-control status. Accordingly, a two-state Markov chain is developed to derive
the optimal lot size that minimized the overall costs. Makis [14] simultaneously derived the optimal
lot-size and inspection policy for an economic manufacturing quantity (EMQ) model with imperfect
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inspections. It was assumed that through inspections the production process could be monitored,
the in-control periods are generally distributed, and the inspections are imperfect. Lagrange’s method
was used to solve the nonlinear equations. Additionally, a two-dimensional search procedure
for the optimal lot-size and inspection policy were proposed. Sana [15] examined an imperfect
production-inventory model with the objectives of determining the optimal product reliability and
production rate so that total integrated profit of the system can be maximized. An optimal control
formulation of the problem was provided and the necessary and sufficient conditions for optimality
of the dynamic variables were developed. Using the Euler-Lagrange method, the optimal solutions
for product reliability parameter and dynamic production rate were obtained. Other papers that
addressed various aspects of fabrication systems with defective items or quality improvement issues
can also be found elsewhere [16–28].

In real-life vendor–buyer integrated inventory systems, finished products often are delivered by
a periodic multi-shipment policy. Schwarz [29] examined a single-warehouse multi-retailer inventory
system with the objectives of deciding the optimal stocking policy and revealing some necessary
properties for the optimal policy. For the general problem, he proposed heuristic solutions and
tested against their analytical lower bounds. Sarker and Parija [30] derived an optimal batch size
for a production system with a fixed quantity periodic delivery policy. They considered that the
raw materials of a fabrication system are purchased from suppliers and then these materials are
manufactured for conversion to finished products. A model was proposed to portray such a system,
and a minimum-cost solution procedure was provided to decide an optimal raw materials ordering
policy and optimal in-house fabrication lot size for the system operating under an equal-shipment
delivery plan. Ertogral et al. [31] examined a production and shipment lot sizing problem in
a vendor–buyer supply chain with transportation cost, wherein the finished products are delivered
under an equal-size shipment policy. Transportation cost was explicitly incorporated into their system
and its cost minimization solution process to obtain the optimal operating policy. Additional studies
related to different aspects of supply-chain systems with multi-shipment policy can also be referred
elsewhere [32–40]. With the aim of providing managers of intra-supply chain systems with insight
information to support their decision makings, this study incorporates a beneficial outsourcing option
into a prior work [18], and explores the optimal replenishment lot-size and shipping frequency problem
with a partial outsourcing policy and random scrap. The objective is to simultaneously decide the
optimal fabrication lot size and number of shipments per cycle to minimize the expected system cost
for the problem. As little attention has been paid to this particular area, the present study is intended
to fill the gap.

3. Methods

Problem Statement and Mathematical Modeling

This study explores the optimal replenishment lot-size and shipping frequency problem for
an intra-supply chain system with a partial outsourcing policy and random scrap. Consider a product
that has a demand of λ units per year and this item can be fabricated at a rate of P units per year.
The fabrication process randomly produces an x portion of scrap items at a rate of d, hence, d = Px.
Under the ordinary operating policy of the EPQ model, the production rate P must be larger than
the sum of demand rate λ and production rate of scrap items d. Hence, (P − d − λ) > 0 is required
to avoid a stock-out situation. It is further assumed that in any production cycle there is a π portion
(where 0 ≤ π ≤ 1) of batch size Q that is supplied by outside vendor and the other (1 − π) portion of
Q is produced in-house. Outsourcing items are received at the time when the in-house production
uptime ends (see Figure 1) and they are of perfect quality as guaranteed by the vendor. It is noted
that when π = 0, the studied EPQ-based system becomes a 100% in-house fabrication system and on
the contrary, if π = 1 then all items are supplied by outside vendor—it becomes a pure ‘buy’ rather
than ‘make’ situation. Upon receipt of the outsourcing items, fixed quantity n installments of the entire
batch are transported to the customer, at a fixed interval of time during the production downtime t2π.
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Figure 1. The on-hand inventory level of perfect quality items in the proposed model (in green) as
compared to that in the same model without outsourcing (in black).

Other notation used in this study includes the following:

Tπ = the replenishment cycle time of the proposed system,
T = the replenishment cycle time for a production system without outsourcing,
πQ = outsourcing quantity per replenishment cycle,
K = in-house production setup cost per cycle,
C = unit fabrication cost, which includes unit cost of inspection,
h = holding cost per item per unit time,
CS = unit disposal cost,
Kπ = fixed order (setup) cost of outsourcing items per cycle,
Cπ = unit purchasing cost of outsourcing items,
β1 = the relating parameter between Kπ and K, that is Kπ = (1 + β1)K where 0 ≤ β1 ≤ 1,
β2 = the relating parameter between Cπ and C, that is Cπ = (1 + β2)C where β2 ≥ 0,
H1 = on-hand inventory in units at the time in-house production ends,
H = maximum level of on-hand inventory in units after receiving outsourcing items,
t1π = production uptime for the proposed system,
t2π = time required for transporting all items,
t1 = uptime of the conventional EPQ model,
t2 = delivery time of the conventional EPQ model,
I(t) = on-hand inventory of perfect quality items at time t,
Id(t) = on-hand inventory of scrap items at time t,
K1 = fixed transportation cost per shipment,
CT = unit transportation cost,
n = number of fixed quantity installments of the finished batch to be delivered per cycle,
tn = the fixed interval of time between each installment delivered during downtime t2π,
h2 = unit stock holding cost per unit time at the customer’s side,
Ic(t) = on-hand inventory of stocks at the customer’s side at time t,
TC(Q,n) = total production-inventory-delivery cost per cycle for the proposed system,
E[TCU(Q,n)] = the long-run average costs per unit time for the proposed system.

The following formulas can be directly observed from Figure 1:

Tπ = t1π + t2π (1)

H1 = (P − d) t1π (2)
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H = H1 + πQ (3)

t1π =
(1 − π) Q

P
=

H1

P − d
(4)

t2π = Tπ − t1π (5)

Tπ =
Q [1 − x (1 − π)]

λ
(6)

The maximum level of scrap items is:

dt1π = Pxt1π = x (1 − π) Q (7)

During the delivery time t2π, total holding cost is (see Figure 2) [18]:

h
(

1
n2

)(n−1

∑
i=1

i

)
Ht2π = h

(
1
n2

) [
n(n − 1)

2

]
Ht2π = h

(
n − 1

2n

)
Ht2π (8)

Transportation cost per shipment is:

K1 + CT

(
H
n

)
(9)

Total transportation costs per cycle are:

n
[

K1 + CT

(
H
n

)]
= nK1 + CT H (10)
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(where D is the quantity per shipment, and I is the left-over quantity after demand λtn is satisfied [18]).



Math. Comput. Appl. 2016, 21, 45 6 of 13

Total production-inventory-delivery costs per cycle TC(Q, n), consists of fixed and variable
outsourcing costs, setup and variable in-house production costs, disposal cost for scrap items, fixed
and variable delivery costs, holding cost during uptime t1π and downtime t2π, and stock holding cost
at the customer’s side. Hence, TC(Q, n) is as follows:

TC (Q, n) = Kπ + Cπ (πQ) + K + C [(1 − π) Q] + CSx [(1 − π) Q] + nK1 + CT H
+h
[

H1+dt1π
2 (t1π) +

(
n−1
2n

)
Ht2π

]
+ h2

2

[
H
n t2π + Tπ (H − λt2π)

] (12)

Substituting Kπ and Cπ in Equation (12), we have:

TC(Q, n) = (1 + β1)K + (1 + β2)C (πQ) + K + C [(1 − π) Q] + CSx [(1 − π) Q] + nK1

+CT H + h
[

H1+dt1π
2 (t1π) +

(
n−1
2n

)
Ht2π

]
+ h2

2

[
H
n t2π + Tπ (H − λt2π)

] (13)

We use the expected values of x in the cost analysis to cope with the randomness of scrap
rate, by substituting all related variables from Equations (1) to (7) into TC(Q, n) (i.e., Equation (13)),
the long-run average system costs per unit time, E[TCU(Q, n)] becomes:

E [TCU (Q, n)] = E[TC(Q, n)]
E[T] = λ[(2+β1)K+nK1]

(1−E[x](1−π))Q + (1+β2)Cπλ
(1−E[x](1−π))

+ (1−π)λ[C+CSE[x]]
(1−E[x](1−π))

+CTλ + h(1−π)λQ
2(1−E[x](1−π))

{
E[x](1−π)−π

P

}
+ hQ[1−E[x](1−π)]

2 + h2λQ
2

[
1−π

P

]
+ λQ(h2−h)

2

(
1
n

) {[
1−E[x](1−π)

λ − 1−π
P

]} (14)

4. Results

4.1. The Convexity of E[TCU(Q, n)]

Since the number of shipments n is integer. For the proof of convexity of E[TCU(Q, n)], we first
show that given n, E[TCU(Q, n)] is convex with respect to Q as follows:

∂E[TCU(Q,n)]
∂Q = −(1+β1)Kλ

(1−E[x](1−π))Q2 − Kλ
(1−E[x](1−π))Q2 − nK1λ

(1−E[x](1−π))Q2

+ h(1−π)λ
2(1−E[x](1−π))

{
E[x](1−π)−π

P

}
+ h[1−E[x](1−π)]

2 + h2λ
2

[
1−π

P

]
+ λ(h2−h)

2

(
1
n

) [
1−E[x](1−π)

λ − 1−π
P

] (15)

∂2E [TCU (Q, n)]
∂Q2 =

2 [(2 + β1)K + nK1] λ

(1 − E [x] (1 − π)) Q3 ≥ 0 (16)

Equation (16) results positive, because (2 + β1), K, n, K1, λ, [1 − E[x](1 − π)], and Q are all positive.
Hence, E[TCU(Q, n)] is convex with respect to all Q different from zero.

Then, given Q, we need to show that the optimal n exists, or E[TCU(Q, n + 1)] + E[TCU(Q, n − 1)]
− 2{E[TCU(Q, n)] ≥ 0. Let δn+1 = E[TCU(Q, n + 1)], δn = E[TCU(Q, n)], and δn−1 = E[TCU(Q, n − 1)].
By applying Equation (14), we have (δn+1 − δn) and (δn−1 − δn) as follows:

(δn+1 − δn) =
λK1

(1−E[x](1−π))Q + λQ(h2−h)
2

[
1−E[x](1−π)

λ − 1−π
P

] [(
1

n+1

)
−
(

1
n

)]
(17)

(δn−1 − δn) =
−λK1

(1−E[x](1−π))Q + λQ(h2−h)
2

[
1−E[x](1−π)

λ − 1−π
P

] [(
1

n−1

)
−
(

1
n

)]
(18)

and:
(δn+1 + δn−1)− 2δn = λQ(h2−h)

2

[
1−E[x](1−π)

λ − 1−π
P

] (
2

n(n−1)(n+1)

)
(19)

or:
(δn+1 + δn−1)− 2δn = λQ(h2−h)

2

[
P[1−E[x]]+PE[x]π−λ+λπ

λP

] [
2

n(n−1)(n+1)

]
≥ 0 (20)
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In general, the holding cost at the customer’s side is greater than or equal to that in the producer’s
factory, i.e., (h2 − h) ≥ 0; also, based on the assumption EPQ model, annual production rate is much
greater than annual demand rate, hence P[1 − E[x]] − λ ≥ 0. Therefore, for n ≥ 2, Equation (20) is
resulting greater than or equal to zero. A computational verification is provided in Table A1 (refer to
Appendix A for details).

4.2. Deriving the Optimal Operating Policy

Given n, to derive the optimal lot size, we can set Equation (15) equal to zero, and solve the
optimal lot size Q* as follows:

Q∗ =

√√√√√√√
2 [(2 + β1)K + nK1] λ +h

{
(1 − π) λ

[
E[x](1−π)−π

P

]
+ [1 − E [x] (1 − π)]2

}
+ h2λ(1−π)[1−E[x](1−π)]

P

+ (h2−h)[1−E[x](1−π)]
n

{
[1 − E [x] (1 − π)]− λ(1−π)

P

} 
(21)

Then, in order to find the optimal number of shipments n, we propose the following
searching procedure:

(1) Let n = 1 initially, and apply Equations (14) and (21) to compute the values of Q, δn, δn+1,
and (δn+1 − δn).

(2) Let n = n + 1, and calculate the values of Q, δn, δn−1, δn+1, (δn−1 − δn), and (δn+1 − δn).
(3) If both (δn−1 − δn) ≥ 0 and (δn+1 − δn) ≥ 0, then go to step (4); otherwise, go to step (2).
(4) Stop. The optimal number of shipments n* and optimal lot size Q* are obtained.

A step-by-step demonstration of the aforementioned searching procedure is presented in Table 1
(see Section 5.1 for details).

5. Implications

5.1. Numerical Example

Consider a product that has an annual demand rate λ = 4000 and this item can be fabricated at
a rate of P = 20,000 units per year. The setup cost K is $5,000 per production run and all items produced
are screened and the inspection cost per unit is included in the production cost C = $100 per unit.
A portion π is supplied by an outside vendor with a fixed outsourcing cost Kπ = $30 (i.e., β1 = −0.7)
and unit outsourcing cost Cπ = $130 (i.e., β2 = 0.3). The in-house production process may randomly
produce an x portion of scrap items which follows a uniform distribution over the interval [0, 0.2].
Other values of system parameters include the following:

h = $30 per item per year,
CS = $20, disposal cost per scrap item,
K1 = $800, fixed transportation cost per shipment,
CT = $0.5, transportation cost per item.

First, by applying Equation (14), we conducted a computational verification on that given Q,
(δn−1 + δn+1) − 2(δn) ≥ 0 (please refer to Table A1 in Appendix A for details). Then, for the optimal
operating policy, we apply the searching procedure presented in Section 4.2 and obtain the optimal
number of shipments n* = 3, optimal replenishment batch size per cycle Q* = 1229, and the long-run
average system cost per unit time E[TCU(Q*, n*)] = $545,344 (see Table 1 for details).

For π = 0.4, the behavior of E[TCU(Q, n)] with respect to the lot size Q is illustrated in Figure 4.
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Table 1. Iterations of the proposed searching procedure for optimal n* (please refer to Section 4.1 for
definition for δn, δn−1, and δn+1).

n Q δn δn−1 δn+1 δn−1 − δn δn+1 − δn

1 895 $553,091 – $546,386 – −$6,705 ≤ 0
2 1100 $546,386 $553,091 $545,344 $6,705 ≥ 0 −$1,042 ≤ 0
3 1229 $545,344 $546,386 $545,824 $1,042 ≥ 0 $481 ≤ 0
4 1323 $545,824 $545,344 $546,902 −$481 ≥ 0 $1,078 ≥ 0
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5.2. Sensitivity Analysis with Respect to the Scrap Rate x

Since during the production process a portion of scrap items may be produced randomly,
the joint effects of various scrap rates and lot sizes are specifically analyzed, and the results are
demonstrated in Figure 5. It is noted that as scrap rate x increases, the expected system cost
E[TCU(Q, n)] increases notably.
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Further analysis indicates that a critical scrap rate exists at x = 0.339 (see Figure 6). Meaning that if
the scrap rate of a production system exceeds this critical point, then the completely outsourcing policy
(i.e., π = 1) becomes the better choice than a partial or no outsourcing option, in terms of cost savings.Math. Comput. Appl. 2016, 21, 45    9 of 13 
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5.3. Sensitivity Analysis with Respect to Outsourcing Proportion π

A further analysis reveals that a critical outsourcing cost factor β2 exists (see Figure 7) at β2 = 0.188,
in the numerical example with a uniformly distributed scrap rate range of [0, 0.2]. This represents that
if the outsourcing cost factor β2 is less than the critical point (i.e., Cπ < $118.80), then the completely
outsourcing policy (i.e., π = 1) turns into the better choice than a partial or no outsourcing option,
in terms of cost savings.
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Figure 8 depicts the effect of variations in outsourcing proportion π on the machine utilization
ratio (i.e., t1π/E[Tπ]). It demonstrates that as the outsourcing proportion π increases, the in-house
machine utilization ratio declines accordingly. This information can assist production managers in
scheduling the multi-product fabrication plan.
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Furthermore, Table 2 exhibits the analytical result of the effects of variations in outsourcing
proportion π on optimal production–shipment policy and on major system cost components.
It provides not only information of the optimal (Q*, n*) operating policy and optimal expected
cost E[TCU(Q*, n*)], but also detailed costs and percentages information of partial outsourcing and
in-house fabrication as compared to the expected total system cost.

From Table 2, for π = 0.4, we can find (Q*, n*) = (1229, 3) and E[TCU(Q*, n*)] = $545,344, as shown
earlier in the example. A further analytical result reveals that a critical outsourcing proportion π = 0.658
exists (see Figure 9). It means that in the numerical example, if the outsourcing proportion π is greater
than the critical point (i.e., π > 65.8%), then the completely outsourcing policy (i.e., π = 1) becomes the
better choice than a partial or no outsourcing option, in terms of cost savings.
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Table 2. The effects of variations in outsourcing ratio π on optimal production–shipment policy and
on major system cost components (where Q* and n* denote the optimal replenishment batch size and
number of shipments, respectively).

π Q* n*
Total Outsourcing Cost Total In-House

Production Cost E[TCU(Q*, n*)]

Amount % to Total
System Costs Amount % to Total

System Costs Amount Increase %

0.00 979 2.0 $0 0.0% $515,237 100.0% $515,237 –

0.05 1201 3.0 $34,250 6.5% $490,278 93.5% $524,527 1.8%

0.10 1206 3.0 $62,611 11.9% $464,933 88.1% $527,544 2.4%

0.15 1210 3.0 $90,663 17.1% $439,882 82.9% $530,545 3.0%

0.20 1215 3.0 $118,412 22.2% $415,120 77.8% $533,532 3.6%

0.25 1219 3.0 $145,862 27.2% $390,642 72.8% $536,505 4.1%

0.30 1222 3.0 $173,019 32.1% $366,445 67.9% $539,464 4.7%

0.35 1226 3.0 $199,887 36.9% $342,523 63.1% $542,410 5.3%

0.40 1229 3.0 $226,471 41.5% $318,873 58.5% $545,344 5.8%

0.45 1231 3.0 $252,775 46.1% $295,490 53.9% $548,265 6.4%

0.50 1234 3.0 $278,804 50.6% $272,369 49.4% $551,173 7.0%

0.55 1236 3.0 $304,561 55.0% $249,509 45.0% $554,070 7.5%

0.60 1237 3.0 $330,052 59.3% $226,903 40.7% $556,955 8.1%

0.65 1238 3.0 $355,281 63.5% $204,548 36.5% $559,829 8.7%

0.70 1239 3.0 $380,251 67.6% $182,441 32.4% $562,691 9.2%

0.75 1239 3.0 $404,966 71.6% $160,577 28.4% $565,543 9.8%

0.80 1239 3.0 $429,430 75.6% $138,953 24.4% $568,384 10.3%

0.85 1352 4.0 $453,238 79.4% $117,913 20.6% $571,150 10.9%

0.90 1352 4.0 $477,210 83.1% $96,708 16.9% $573,918 11.4%

0.95 1352 4.0 $500,943 86.9% $75,734 13.1% $576,677 11.9%

1.00 646 2.0 $529,294 94.4% $31,120 5.6% $560,414 8.8%
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6. Conclusions

With the intention of providing managers of intra-supply chain systems with insight information
to support their decision making, this study incorporated a beneficial outsourcing option into a prior
work [18] and explored the optimal replenishment lot-size and shipping frequency problem with
a partial outsourcing policy and random scrap. An exact mathematical model to the problem is
developed, and with the help of optimization techniques the optimal operating decisions that minimize
the expected system costs are obtained. Furthermore, through the use of a numerical example and
sensitivity analyses, various important insight system information with regard to the joint effects of
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the partial outsourcing policy and random scrap on the optimal solutions are revealed (Figures 4–9) to
support managerial decision making. For future research, an interesting area will be to examine the
effect of stochastic demand on the optimal solutions of the same problem.

Acknowledgments: Authors truly appreciate the Ministry of Science and Technology of Taiwan for sponsoring
this project under grant number: MOST 104-2410-H-324-008-MY2.

Author Contributions: Y-S.P.C. and S.W.C. gave the idea and developed the initial model; G.-M.L. and S.W.C.
carried out mathematical derivations and obtained the optimal solutions to the problem, and Y-S.P.C. and S.W.C.
verified the research results and conducted the numerical demonstration.

Conflicts of Interest: (1) Authors declare no conflict of interest; (2) The founding sponsors had no role in the
design of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, and in
the decision to publish the results.

Appendix A

Table A1. Computational verification of that given Q, (δn−1 + δn+1) − 2(δn) ≥ 0.

Q n δi δn−1 − δn δn+1 − δn (δn−1 + δn+1) − 2(δn)

600
1 δn−1 = $558,725

$476 > 0 $3,624 > 0 $4,100 > 02 * δn = $558,248
3 δn+1 = $561,872

1000
2 δn−1 = $546,669

$12 > 0 $1,696 > 0 $1,708 > 03 * δn = $546,657
4 δn+1 = $548,353

1400
2 δn−1 = $548,221

$2,352 > 0 $40 > 0 $2,392 > 03 * δn = $545,869
4 δn+1 = $545,909

1800
3 δn−1 = $549,890

$1,184 > 0 $46 > 0 $1,230 > 04 δn = $548,707
5 δn+1 = $548,753

2200
4 δn−1 = $553,887

$708 > 0 $44 > 0 $752 > 05 * δn = $553,179
6 δn+1 = $553,223

2600
5 δn−1 = $558,994

$467 > 0 $40 > 0 $508 > 06 * δn = $558,527
7 δn+1 = $558,567

3000
6 δn−1 = $564,727

$330 > 0 $37 > 0 $366 > 07 * δn = $564,398
8 δn+1 = $564,434

3400
7 δn−1 = $570,850

$243 > 0 $33 > 0 $277 > 08 * δn = $570,606
9 δn+1 = $570,639

3800
8 δn−1 = $577,231

$186 > 0 $30 > 0 $216 > 09 * δn = $577,045
10 δn+1 = $577,075

4200
9 δn−1 = $583,795

$146 > 0 $28 > 0 $174 > 010 * δn = $583,649
11 δn+1 = $583,676

4600
10 δn−1 = $590,491

$117 > 0 $26 > 0 $143 > 011 * δn = $590,374
12 δn+1 = $590,399

5000
11 δn−1 = $597,286

$96 > 0 $24 > 0 $119 > 012 * δn = $597,191
13 δn+1 = $597,214

5400
12 δn−1 = $604,159

$79 > 0 $22 > 0 $101 > 013 * δn = $604,079
14 δn+1 = $604,102

*: denotes the optimal number of n
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