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Abstract- In this paper with 1< p~ < p” <o condition we prove a weak convergence

result under pointwise convergence and bounded of the sequence. Our theorem is an
extension of classical result to variable exponent setting.
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1. INTRODUCTION

Variable exponent spaces play an important role in the study of some nonlinear
problems in natural science and engineering. More concretely the motivation to study
such function spaces comes from applications to fluid dynamics [1], image processing
[2], PDE and the calculus of variation [3,4]. The spaces can be traced back to W. Orlicz
[5], but systematically studied in a survey article by Kovacik and Rakosnik [6] and later
on by Fan and Zhao [7].

Let p:Q— [1,00)be a measurable bounded function, called a variable exponet
on Q and denote p*=esssup,,p(x) and p = essinf_, p(x) . We define the

variable exponent Lebesgue space Lp(')(Q) to consist of all measurable function

u:Q—R for which the modular ¢, (u)= Hu(x)‘p(x)dx is finite. We define a norm, the
Q

so-called Luxemburg norm, on this  space by the  formula

. _ u
ol =0t 2056, (4] 1.

With this norm variable exponent Lebesgue space is a Banach space. If p is a constant

function, then the variable exponent Lebesgue spaces coincides with the classical
Lebesgue space and so the notation can give rise to no confusion.

2. PRELIMINARIES

For fixed exponent spaces we have a very simple relationship between the norm
and the modular. In the variable exponent case we have the following theorem.

Theorem 2.1. [7] Given Q and p(.), then

D |ul,, <1(=L>1) = e(u)<1(=1>1);


mailto:ykaya@dicle.edu.tr

A Weakly Convergence Result on L"® Spaces 107

2)1f Jul, 1, then Jul?, <o (u)<ulf,

1 ul, <. then u]?, < o(u) <[ul?,

Givenp(.), we define the conjugate exponent functionp'(.)by the formula
! + Il =1. (D)
p(x) P'(x)

Theorem 2.2. [6] Given Q and p(.), for all uel™(Q) and vel"V(Q), then
uv e L'(Q) and

Jlatv s ol oo, @

Theorem 2.3. [6] Given Q and p(.), the dual space to LV (Q) is Lp'(')(Q) if and only
if p(.) is bounded.

3. FROM POINTWISE CONVERGENCE TO WEAK CONVERGENCE

Our following theorem is an extension of classical result to the variable
exponent setting.

Theorem 3.1. Let( X, M, ) be a o-finite measure space. Consider L") (X, M, u) where
1<p <p“<oo. Let (u,) be a sequence in L°(X,M,z)and let u be an element in

LV (X,M, 1) . Suppose (u, ) satisfies the following conditions:

1) limu,=uae.onX,
n—oo

2) 0,,(u,) <K, K>0.
Then (u,) converges weakly tou in Lp(')(X,M, 1)

Proof. We first define
p, if ||u||p(_) >1
p.=1p", if Jul, <1

1, if Jufl,, =1

Hence we get

1

Jull, < (25, (W)*- )
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We are to show that for every v e LP" (Q) we have

Lm]x u, (xVv(x)du= jx u(xv(x)d .
First we show that ¢, (u,) < K. By Fatou’s lemma we have

[ 0 du= [ fiiminfu, (x)"'d < timin [ [o, (x)"dus<K.

Thus o, ,(u) <K. Then forany Ae M we have

p(x)

[ Jun () =0 ()" < [ Ju, (x)-u ()" ds )
<ov (jx|un (0 e+ [ Ju(x) "(*)dy)
< 2P MK <0, (5)

Let veL®™(Q) be arbitrarily chosen and let 0<&<1. Since JX \v(x)\pl(x)dy@oby

absolute continuity of integral there exists &>0 such that for every E € M with
1(E) <& we have

IE |v(x)|p'(x)dy< €. (6)

Since (X,M, u) a o-finite measure space there exists an increasing sequence (F,) in
M such that limF, = |JF.=Xand u(F)<wfor keN. By the monotone

- keN

convergence theorem we have

lim J.|v(x)|pl(x)d,u = LEJ;{R (x)|v(x)|p'(x)dy = Hv(x)

k—o0
X

"4 1 < o, )

Thus for sufficiently large k, € N we have

iWU)

p(x)

"= [ (o) d <. (8)

Feo

Let F=F_. Then u(F)<cand

v

"< )
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Since u(F)<ow by Egorov’s theorem there exists GeMsuch that GcF,
u(F\G)<d and limu, =u uniformly on G. Ifg, (v)=0then v=0ae. onX so

n—o0

that theorem holds. For gp.()( )>0; since limu, =u uniformly on G there exists

n—o0

N e N such that for any n> N we have

u, (x)—u(x)|<eforall xeG. (10)

Then for n > N we have

0, () —u () dp < & u(G). (11)

Now F\G, G, F°‘are disjoint and their union is equal to X . Thus for n> N we have
IX un(x)v(x)dy—_[xu(x)v(x)dy‘sIX Ju, (X)=u(x)[v(x)|d z
:_|'F\G|un (x)—u(x)||v(x)|dy+J.G|un (x)—u(x)|v(x)|dz+

J.

We estimate the last three integrals by applying Holder’s inequality and (3)

U, (X) = u(X)||v(x)|d g (12)

For the first of the three integrals, by (4), (5) and (6) we have

Joiglun () —u(x)]v(x) u, () =u ()], IV,

SC(L\G

sc(zp‘”K); Pl

u, (x)~u(x)"”

For the second integral, by (11) we have

jG u, (x)—u(x)[v(x)

sC(L

<C (& u(G))* v,

Ny I N

U, (x)-u(x)

d,,) b,
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And for the third integral, by (9) we have

Lc u, (X)—u(x)||v(x)

< C(Lc

sc(zp‘”K);g"

u, (x)-u ()"

Thus we have for n> N

Ixun( ) d,u J. d,u‘

1 1

<c(2 k)P o7 +C (e w(@)) (), +C (27 K)o
4. CONCLUDING REMARKS

We proved a weak convergence result which does not require any regularity of
exponent functions. By inequalities relating the norm and modular in variable exponent
Lebesque spaces it is also possible to use the norm boundedness of the sequence instead

of the modular boundedness. But in this case the upper bound may be different from K .
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