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Abstract- In this work, we study Differential Geometry in the Minkowski 3-space R;

of the curves on a time-like regular surface by using parameter curves which are not
perpendicular to each other. The aim of this study is to investigate the formulae between
the Darboux Vectors of the time-like curve (c), the time-like parameter curve (c,) and

the space-like parameter curve (c,) which are not intersecting perpendicularly.
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1. INTRODUCTION

Classical differential geometry of the curves may be surrounded by the topics
which are general helices, involute-evolute curve couples, spherical curves and Bertrand
curves. Such special curves are investigated and used in some of real world problems
like mechanical design or robotics by well-known Frenet-Serret equations. At the
beginning of the twentieth century, Einstein’s theory opened a door to new geometries
such as Minkowski space-time, which is simultaneously the geometry of special
relativity and the geometry induced on each fixed tangent space of an arbitrary
Lorentzian manifold. In recent years, the theory of degenerate submanifolds has been
treated by researchers and some of the classical differential geometry topics have been
extended to Lorentzian manifolds. Some authors have aimed to determine Frenet—Serret
invariants in higher dimensions. There exists a vast literature on this subject, for
instance [1-4,6,7]. In the light of the available literature, in [4] the author extended
spherical images of curves to a four-dimensional Lorentzian space and studied such

curves in the case where the base curve is a space-like curve according to the signature
(+,+,+,-

By using the Darboux vector, various well-known formulas of differential
geometry had been produced by [5]. Then, in [1], authors had been given these formulae
in Minkowski 3-space R’.

In this work, we investigate the formulae between the Darboux Vectors of the
curve (c) , the parameter curves (c;) and (c,) which are not intersecting
perpendicularly. Thus, we will find an opportunity to investigate regular time-like
surface by taking the parameter curves which are intersecting under the angle 4.
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2. PRELIMINARIES

To meet the requirements in the next sections, here, the basic elements of the theory
of curves in the space R® are briefly presented (A more complete elementary treatment

can be found in [1] ). The Minkowski 3-space E; provided with the standard flat metric
is given by

(,)y=dx +dx; —dx; (2.1)
where (x,,X,, ;) is a rectangular coordinate system of R®. Recall that, the norm of an

arbitrary vector a e R}is given by ||a] =, M(a, a)‘ . Let ¢ =¢ (s ) be a regular curve in R},
¢ is called a unit speed curve if the velocity vector v of ¢ satisfies|v| =1. For the vectors
u,weR? they are said to be orthogonal if and only if (u,v)=0.

On the other hand , if we consider any orthogonal trihedron as {€,,€,,€,} we can
write their derivative formulaes as follows:
%=v*v/\§i =123 (2.2)
dt

where & is time-like vector, € and €&, are the space-like vectors and Darboux
instantaneous rotation vector is
W = ag, +bE, — &,
Moreover , A is Lorentzian vectoral product,[1].
Let us take a time-like surface as y=y(u,v). Denote by {*,ﬁ,B} the moving

Frenet-Serret frame along the time-like curve (c)on y=y(u,v). Another orthogonal
frame on y = y(u,v) is the Darboux trihedron as {f‘,g, N}. For an arbitrary time-like

curve (c)on time-like surface, the orientation of the Darboux trihedron is written as
NAt=—G ,tAgG=-N , gaAN=T (2.3)

and the Darboux derivative formulae can be written as follows:
dt o d . _ dN

—=Waf , =2=WAG, —=WAN (2.4)
ds ds ds
And also the Darboux vector of this trihedron is written as
-t 3N (2.5)
T, R R,

where (t,f)=-1, (g,§)=1, <N,N>=1 and = , L oand L oare geodesic torsion,
T, R, R,
normal curvature and geodesic curvature, respectively,[1].
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3. THE DARBOUX VECTOR FOR THE DARBOUX TRIHEDRON OF A
TIME-LIKE CURVE

Let us express the parameter curves u=const. as (c,) and v=const. as
(c,) which are on a time-like surface y = y(u,v). But, these curves intersect under the

angle @ (not perpendicular). Let any time-like curve that is passing through a point P
on the surface be (c). Let us take time-like and space-like parameter curves which are
passing through the same point P as (c,) and (c,). Let the unit tangent vectors of

curves (c), (c,) and (c,) at the point P be t,f and {,, respectively. From [1], the
edges of the Darboux trihedrons of parameter curves are

NAt=-G, , §AG=-N, GAN=% (3.1)
Here, three Darboux trihedrons are written as below:
[fvgaﬂ] H [flglvm] H [f,gpl\ﬂ
Let s, s and s, be the arc-elements of the curves (c), (c;) and (c,), respectively.
Thus, we can write

f - L_T
5l VE
- T r
=Lt =—X (3.2)
C Rl Ve
~ _du _dv
t=r—+F —
ds ds
where E =|iF|, G=[iF)|.
Moreover, because of the parameter curves intersect under the angle & we have
Lt =[sho|
(3.3).[8].

In the paper the sign will be taken as positive i.e., it will be assumed that t t, =sh 6.

Then, the normal vector of time-like surface is

No unl _GAG (3.4)
[ AL che
Other then, considering the first two formulae of (3.2) in the third term,
~ du dv . —du . dv
f=F—+F—=tJE—+E,JG— 35
“ds ‘ds E ds °  ds (39)

is written,[1].
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On the other hand, let us consider the hyperbolic angle between t and fl as a, and if
we take inner product both sides of (3.5) with f, and t, then

—cha = J_ B+ hé’«/_ @ (3.6)
£.f, =sh(6— a)—shef du \/_ d" 3.7)

—
o
Il

are obtained. Thus , from (3.6) and (3.7)

ch(0—a) du
2N P JE=
cho \/_ ds

Sha \/— dv

ch0

(3.8)

are written. Finally, if we put (3.8) into (3.5), we have the following equation between
the tangent vectors of the curves (c), (c,)and (c,)

3.9)

Here, we shall denote the arc elements ds, ds, and ds, of the parameter curves which
are belongs to time-like surface y =y(u,Vv) , and then we express as follows:

ds? = Edu® + 2Fdudv + Gdv?
ds? = Edu’ (3.10)
ds? = Gdv®

Thus, considering (3.8) and (3.10), we have

Ch(@—a) _\/Ed_u_ dS1

cho ds ds (3.11)
st _ v _ds, |
“che " ds ds

Corollary 3.1 : The third elements G , g, and §, of the Darboux trihedrons [ .0, N}
[f’l,gl,N] [tz,gz, ]arellnearly dependent :
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Proof: If we substitute the equation (3.9) in the first equality of (2.3) and consider the
Darboux trihedrons of (c,)and (c,) we have

_ ch(@-a) . sha .
= 3.12
g o 91+Ch0 9, (3.12)

Thus, we get the expression .

Teorem 3.1: The Darboux trihedrons [fl,gl, N] and [t;,gz, NJ of the parameters

curves (c;)and (c,)of the time-like surface are written by Darboux instantaneous
vectors as follows:

st—i=wiAtj B _gmag, NowaN j=12) (3.13)
S
J

Proof: If we consider the Darboux trihedrons [ﬁ,gl,lﬂ and [fz,g'z,ﬂ] of parameter
curves, we see that the normal vector N is coincide . Then, considering (3.4)

e oo, (B | LED)-TEL) || -fshé-T,

gl_tlAN_tlA[ chej_[ cho }_[ chd } (3.14)
g’ ZN/\f =(E1Af2)/\t :|:_f2(f1f2)+f1(f2f2):|=|:_8h9f2+f1:| (3 15)
2 2\ cho 2 cho cho '

are obtained. From (2.2), we write

A_gat, Nogan, , Bowag, (3.16)
S, 0s, 0s,
b _wnt,, Nowan, Feogag, (3.17)
0s, 0s, 0s,

If (3.14) is substituted in the third equality of (3.16), we get

1 L
_ a{(—sheg—tz)} - - -
g, | cho 1 [_a_tlshe_%jzL(_(WlAtl)she_%j (3.18)

os, os, chol @, s ) cho S
By ng = w A{i(_shgﬂ_f )}i[_(w AL)shO—(w, AL,)] (3.19)
os, T |che | et b

Then, from (3.18) and (3.19), we have



The Darboux Trihedrons of Regular Curves on a Regular Time-Like Surface 177

L2 _ AT, (3.20)

Thus, the derivative of t; with respect to S, is written by the Lorentzian cross product

of W, and t,.Similarly, it is easy to see that the other vectors can be written by the
same method.

Corollary 3.2: By using the vectors T,T, and N, we can express W, W, and W, as
follows:

(3.22)
W = 1 sho f, N (3.22)
| = — :
(T,), cho(R,), che ), Rg
V_VZI _ 1 fl-i- _ 1 Sh6’ (323)
cha(T, ), (T, )2 chg(R
Proof: From (2.5), we can write the darboux vectors of the [ ] [fi,gl, N] and
[tz,gz,N] as
W—£+g_ﬂ
T, R R
t il \ 3.24
mo b, G N (3.24)

Then, if we consider the equations (3.9) , (3.14) and (3.15) according to the vectors t,
and t, and substitute in (3.24) , we get (3.21),(3.22) and (3.23).

Teorem 3.2: If we consider the tangent vectors t; and t, of the parameter curves (c;)
and (c,) on the time-like surface , then we obtain the following relations:

o _ g 0 (VE),-sho(+)

oty o5, . 205, JEG u (3.25)
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i F afl g u v
P 2 3.26
) 2 25, E s, JEG (3:20)
Proof: i) From (3.2) ,fl:j“E and t;:«/% are written . And also, we know that
ff,=shd = FF =shoJEG (3.27)
E=(VE) =72 = VE(VE) =t (3.28)
6=(VG) =72 = G(\G) =r,F, (3.29)
. . . - T ~ r i
By taking differential from t = —= and t, =—- , we obtain
y g L JE NS
o (VE)-(VE) R
YD E
& (V6)-(v6)x
ou G
Thus, we write
¢ ¢ [f(VE)-(VE) R | (VG) -sho(VE
v G E JE
1716_@: fij r-uv(\/a)_(“\/g)urv Z(\/E)V_She(\/a)u (331)
ou E G JG
On the other hand, we have
ﬁ:a_tiﬂ:i% (ds, :\/Edv)jﬂ:i (3.32)
0s, oV 0s, G ov 0s, G
ot, ot, ou 1 6, ou 1
=—2, —=—=—2 (ds, =VvEdV) > —=— 3.33
8s, oOu o, \/Eau(lf) os, E (339

Thus, taking inner product of (3.32) and (3.33) by the vector fz and the vector fl and

considering (3.30) and (3.31) , we have (3.25) and (3.26).
The other cases can be seen easily.

Result 3.1: If we take differential from t t, =shé with respectto U and v , we get
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__[[B),~sho(\E) .3

g &L
o JE
VE),

tl P _ u (3.35)

Thus, we have

ovltau) aultov) ov JG
(3.36)
(1) -0l E)
- 7

Theorem 3.3: The following geodesic curvature equalities are satisfied for the
parameter curves (C,) and (C,)

11
R): e he(E) +(VE) ) (337)
(Rt)2 B ch9\1/ EG (<\/6> N Shg(*/g)v) (3.38)

Proof: i) From (3.25) and (3.20), we write

0s, JEG
ot
—==w, At
0s,

From here, we have

v 4 =E.(W AT ) =w.(§ AL )=—choN.w,

Then , from (3.24), if we take inner product both of side W, with —choN we obtain
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Thus,
1

oS

is obtained. Similarly, (ii) can be proofed.

—sho(VG), +(VE),)

Theorem 3.4: Let us consider any time-like curve (c) on the time-like surface
y =y(u,v) and the arc elements of curves (C) (Cl) and (Cz) as S, S and s, ,

respectively. Let the Darboux instantaneous rotation vectors of (c,) and (c,) be W,

W, , and if the hyperbolic angle between the tangent t of curve (C)and fl is a,

then
ch(@-a) . sha _ -
( cho ché?wzj/\tl_A/\t1
and
d_tlz,&/\fl , ﬁz,&/\; , d—N:A/\N
S ds S

are satisfied.

Proof: If we consider (3.11) and (3.13), then

@zi ds, ag ds, ch(@—a)(w /\t])+5h—a(*
ds os, ds as ds che . che
(ch(O-a). sha_ ) . & -
'( cho " cho 2} AE=ANG

is obtained. Similarly, the others are satisfied.

Result 3.2: The following equality

d_tl__fld_t: 0AN
ds
is valid.

W, A

t)

(3.39)

(3.40)

(3.41)
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Theorem 3.5: Let us consider the curves (c), (C,) and (C,) which intersect a point P
on time-like surface. Let the Darboux instantaneous rotation vectors of these curves at
the point P beW, W, and W, , respectively. we obtain following equality between the

darboux vectors W, W, and W, .

W:Ch(é?—a) _ sha 42+Nd_a (3.42)
cho ch@ ds
Proof: From (3.9)
o ch(6-a) - sha £ (3.43)

ché cho *
can be written. Then, by taking derivatives with respect to s from equation (3.43), we
obtain

ds ch@ ds ché ds

(3.44)

df  ch(0-e) df, she df, {sh(@—a)ﬁJrchaf } da
cho cho ? | ds

, - -1 -
§ =—(-shot -, )AN f, :%(shetz -t)AN (3.46)

And then, substituting the equations (3.46) in (3.44), we have

- d
(£ +E sho) A N} d—z

cha
ch?e

dt _ Ch(H—a)@_shad_fz_{sh(ﬁ—a)

—sh@t —t, )AN +
ds ch® ds ché ds ch?e ( E-)n

According to the theorem 3.4,

&S
Il
bl
>

!
1l
>
>
|
1l
|

are known. And, by using the trigonometric expression, we find
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d_t:ch(e—a)AAﬁ_sh_aAAferd_a{ch(e—a)fl_shafz}AN
ds ch@ ch@ ds chd ch@

=A/\(Ch(@—(x)ﬁ_Shocf2 j+d_a{ch(9—a)fl_shag}/\l\l
ch@ ch@ ds ché ché

ds
= [A— N da }/\f
S
Thus,
a _gAt (3.47)
ds
b [z\_ N d }
S
(3.48)
are written. After that,
A=f+N 9% (3.49)
S

is obtained. By writing (3.49) in the third expression of (3.40) we obtain

dN =AAN=(6+d—aNj/\N=6AN
S

3.50
™ (3.50)
Since W is Darboux vector, we have
& @nt , N _wAN (3.51)
ds ds
Then, considering (2.4) , (3.47), (3.50) and (3.51)
a . . - = N o
— =WAt=bAt = 0=bAt —WAt :(b—W)/\t
ds
b-w=At (3.52)
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b—W=uN (3.53)
are written. At the end, if we make equal (3.52) to (3.53), we have
b-Ww=At=uN = A=u=0
Finally, b-w=0 can be written. Thus, we get the theorem.
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