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Abstract- In this study we give addition theorem, multiplication theorem and
summation formula for Hermite matrix polynomials. We write Hermite matrix
polynomials as hypergeometric matrix functions. We also obtain a new generating
function for Hermite matrix polynomials and using this function, we prove some new
results and relations.
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1. INTRODUCTION

In the recent two decades, orthogonal matrix polynomials comprise an emerging field
of study, with important results in both theory and applications continuing to appear in the
literature. Hermite matrix polynomials are introduced by Jodar and Company in [9].
Moreover, some properties of the Hermite matrix polynomials are given in [3, 14, 15] and a
generalized form of the Hermite matrix polynomials have been introduced and studied in [16,
17, 19, 20, 22, 24]. Other classical orthogonal polynomials as Laguerre, Gegenbauer,
Chebyshev and Jacobi polynomials have been extended to orthogonal matrix polynomials,
and some results have been investigated, see for example [4, 5, 8, 21, 23]. From the
connection with orthogonal matrix polynomials, special matrix functions have been
introduced and studied by some mathematicians. Gamma matrix function is introduced and
studied in [7, 10] for matrices in C"*" whose eigenvalues are all in the right open half-plane.
Apart from the close relationships with the well-known beta and gamma matrix functions, the
emerging theory of orthogonal matrix polynomials and its operational calculus suggest the
study of hypergeometric matrix function. Hypergeometric matrix function F(—; A4; z) has
been recently introduced in [13]. Explicit closed form for general solutions of the
hypergeometric matrix differential equations is given in [12]. The paper is organized as
follows. In the next section we deal with important properties of the Hermite matrix
polynomials such as addition, multiplication theorems and summation formula. We
obtain a generating function for Hermite matrix polynomials and write these
polynomials as hypergeometric matrix functions. We obtain some results which follow
from this generating function.

Throughout this paper, if A is a matrix in C™*7, its spectrum (A) will denotes the set
of all the eigenvalues of A. Its 2-norm will be denoted by || A|| and defined by
sup ||Ax|l
Al = ,
x # 0 [lxl|
where foray in C", ||yll, = (yT,y)l/z is the Euclidean norm of y. If f(z) and g(z) are
holomorphic functions of the complex variable z, which are defined in an open set Q of
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the complex plane, and A is a matrix in C™*" such that ¢(4) c Q, then from the
properties of matrix functional calculus [6, page 558], it follows that

f(A)g(A) = g(Af(A).

If D, is the complex plane cut along the negative real axis and logz denotes the
principle logarithm of z, then 72 represents exp Glng)' If A is a matrix C"*" in

which o(4) c D, then A2 = VA denotes the image by z'/2 of the matrix functional
calculus acting on the matrix A.
Let A be a matrix in C™*" such that
Re(z) > 0 for every eigenvalues z € a(A), (D
Then the Hermite matrix polynomials H,, (x, A) are defined by [9]

[%] n—2k
—Dkn! (x/24
Hn(x,A):Z( )k!n(n(’: 2k))! . n>=0 @)
k=0

and satisfying the three-terms recurrence relation
H,(x,A) = xV24H,_;(x,A) —2(n— DH,_,(x,A), n=>1.
H_l(x,A) = 0, Hl(x,A) = I,
where 1 is the unit matrix in C"*". According to [9], we have

(e¢]

H,(x,A)
z Tt" = exp(xtV24 — t?). (3)
n=0
The Pochhammer symbol or shifted factorial is defined by [11]
Ay =A@UA+D A+ -DI), n=1, (4)
with (4), = I. By using (4) it is easy to show that
(A),. = 227 (A) (A + I) .
2n — 2 N 2 n. ( )

The hypergeometric matrix function F (4, B; C; z) has been given in [11]
S (A)n (B)n[(0)n] !
F(A,B;C;z):Z( n( )r"l'[( ] z", |zl <1,

n=0
where A, B, C are matrices in C"*" such that
C + nl is invertible for all integers n > 0.
Note that by (4) if A = —il where i is a natural number then (4);,; = 0 for j > 1 and
F (A, B; C; z) becomes a matrix polynomial of degree i.

Lemma 1: ([18]) Let ||. || denotes any matrix norm for which ||I|| = 1. If ||M]| < 1 fora
matrix M in C"*", then (I + M)~¢ exists and given by

U-m=<=> (C)”! ,
n=0

n

where c is a positive integer.

We conclude this section recalling a result related to the rearrangement of the
terms in iterated series. If A(k,n) and B(k,n) are matrices in C"*" forn >0, k > 0,
then in an analogous way to the proof of Lemma 11 of [22], it follows that
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e .
and nz:(:) kzzo Alln) = ; ki) Ak, n — 2k),
;kzzo B(k,n) =;k20 B(k,n — k)
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(6)

(7)

Proposition 2: Hermite matrix polynomials satisfy the multiplication and addition

formula as follows:
n
[zl .

! 1
H, (ux, A) = " Z M(l - /7) H, 5, (x,A),
=0

n
Az + pz,

(2 +77) 21, )= (0) 2t o, Ay 20, )

1 )
(12 + 4%) /2 =k
where p and A are constants.

Proof: Taking ux for x and ifor t in (3), we have

i H, (ux,A) /;Y;L! = exp <xtm - (5)2)
n=0

= exp <xtm —t2 4 t% - <£)2>

Y7,

[oe]

n=0 k=0

- ZZH”(X'A) (1 U%) nikl

(8)

€)

By using (6) and comparing the coefficients of ;—n' on both sides of the above equation,

we get (8). We can similarly prove the equation (9).

Corollary 3: The Hermite matrix polynomials have the following relations:
n

2"2H, <le;2 ,A) = Z (n) H, (2, A)H,, (25, A),

k

2"2H, (V2x, 4) = ). (Z) Hy (x, A)Hy_i, (v, A),
k=0

n
2"2H, (x +y,4) = Z (k) H, (V2x, A)Ho_ (N2, A).
k=0
Proposition 4: The summation formulas for H,, (x, A) are given as follows:

(10)

(11D

(12)
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min (m,n)
2ka+n—2k(X; A)
= Inl
H,(x,A)H,, (x,A) = m!n! kz_o CEICE (13)
and for x # y,
z V2AH,,(x,A) Hy, (y, A) _ Hpi1(y, A)H, (x,A) — H, 41 (x, A)H, (y, A) (14)
- 2m+im| B 2+ 1nl (y — x) '
Proof' Using (3), we have
Z Z H,(x,A) H,, (x, A)———exp(\/—Ax(u+v)—(u+v)2+2uv
Zm + n
z Z ump™ AT Gl (u v)
n=0m=
Making necessary arrangement and comparing the coefficients of —=— completes the

proof of (13). Equation (14) can be easily proved by using the three terms recurrence
relation for Hermite matrix polynomials.

Proposition 5: Let A be a matrix in C™" satisfying condition (1) and ||vVA|| < % Then
Hermite matrix polynomials have the following generating function:

> O o evmyep (5.5 a1 vz ) )

2
where c is a positive integer and |t| < 1, |x| < 1.

Proof: Using (2) and (6), we have

o o 12l
Z (c)nH @), Z S (—DF (), (V24 L

k!(n— 2k)!
(— 1)"(C+2k1)n(xt\/_)"(6)zkt2k
Z Z k!'n!

By using Lemma 1, we have

21k
Z (c)nH (x A) Z (=1 ()2 (I — xtvZA) 202k,

k!
k=0

Using the relatlon (5) and making necessary arrangement, completes the proof.

Theorem 6: Let A be a invertible matrix in C"*" satisfying condition (1). Then Hermite
matrix polynomials H,, (x, A) can be writen as hypergeometric matrix functions:
—nl (1-n)] —2A—1>

Hn(x,A)=(x\/ﬂ)nF<2, — i

(15)

x2
Proof: From (2), we have
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7]
H(xA)— x\/_ Z(l)(

—nl)y; (24) 7"
k! x2k '
Since —— o Zk), = (—nl)yy, using the relatlon (5) we get (15).
Theorem 7: Let A be a invertible matrix in C"*" satisfying condition (1). For k € Z*,

Hermite matrix polynomials have the following generating function:
-1

- ¢ A
Z H, . (x, A)m = exp(xtV2A4 — t)H, | x — > t,A |. (16)
n=0 '
Proof : By using (7), we have
IR tn uk B SERC H, (x, A)t"*uk
Z R Z Z k' (n— k)!
k=0 n=0 q;O k=0
t+u)"
=N e Y
n!
n=0
w -1
A uk
= exp(xtV2A — tz)z Helx=| |3 t,A L
k=0 '

k
By comparing the coefficients of L:(—I we obtain (16).

As an example of equation (16), let us derive the following theorem:

Theorem 8: Let A be a invertible matrix in C™*" satisfying condition (1). Hermite
matrix polynomials satisfy the following relation:

n 1 ra; 2342
> Halo AH, (0, 4) = = (1= 42 ) 2exp<2A (ye — " + Y7t )>, a7
k=0 )

1— 4t2
- 1
where |t| < >

Proof: By using (6) and (16), we have

n—2k

© 1k m Hn ,A ¢
ZH (x, D) H, (y,A) z Z( ) (x k|(n)_k)' . 4)

n=0 k=0

SN n+2k(y;A) (xVZA )" (=1)ke2

2.2

%?Okz

Z exp(2 Axyt — 2Ax2t2)k Hy(y — 2xt, A ) (—1)F t?
k! '

n=0

Since
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HZk (y - zxtr A)

3 (DK (y — 2xt) k- 25(\/_ )Zk —2s
Z s!(2k — 2s)! ,

and (2k)! = (1), = 2%kk! (%)k it follows that

> by e A, 0,4
n=0

1 —2At%*(y — 2xt)?
= (1 — 4t*)2exp (2Axyt — 2Ax*t?)exp ( v ) )

1— 4t?
Combining the exponential factors, we arrive at (17).

Theorem 9: Let 4 be a matrix in €™ satisfying condition (1), ||VA|| < % and ¢ be a
positive integer. Hermite matrix polynomials satisfy the following relation:

t"
z F (nl,c; —;y)H,(x,A) ik expilixtV2A —t2 ) (I + xytV2A—2yt?)~¢
=0 )

cl (c+1)I
F(z,( 2) —4y2t2(I + xytV2A — 2yt?)~ )

Proof: Applying equation (16) to Proposition 5, we complete the proof.

3. CONCLUSIONS

In this paper, we carry the properties of classical scalar Hermite polynomials to the
Hermite matrix polynomials. Equation (12) is the matrix analog of the Runge addition
formula of the scalar Hermite polynomials. For the case A = [2];«1, the expression (13)
concides with the formula which was proved by Feldheim for classical scalar Hermite
polynomials. Also Proposition 5 is the matrix analogous of the Bateman’s generating

relation for classical scalar Hermite polynomials given in [1]. Replacing t with % in (17),

we give another proof for the equation (41) in [14]. Theorem 9 is the matrix analog of
the Brafman’s relation for classical scalar Hermite polynomials in [2].
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