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Abstract- We consider linearizing transformations of the one-dimensional nonlinear
stochastic differential equations driven by Wiener and compound Poisson processes,
namely finite activity Levy processes. We present linearizability criteria and derive the
required transformations. We use a stochastic integrating factor method to solve the
linearized equations and provide closed-form solutions. We apply our method to a
number ofstochastic differential equations including Cox-Ingersoll-Ross short-term
interest rate model, log-mean reverting asset pricing model and geometric Ornstein-
Uhlenbeck equation all with additional jump terms. We use their analytical solutions to
illustrate the accuracy of the numerical approximations obtained from Euler and
Maghsoodi discretization schemes. The means of the solutions are estimated through
Monte Carlo method.
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1. INTRODUCTION

The theory of stochastic differential equations has recently enjoyed significant
reputation as a result of its impact on physics, finance and engineering
[3,11,22,23,4,27]. Analytical solutions of stochastic differential equations not only
allow us to study the underlying stochastic processes, but also provide the means to test
the numerical schemes [10,19]. Therefore, analytical methods for the integration of
nonlinear stochastic differential equations are of paramount importance.

Stochastic differential equations with jump terms, driven by Levy processes in
general, are more realistic in cases where sudden events play prominent role
[4,12,14,17,21,24,27]. Levy processes are basically stochastic processes with stationary
and independent increments. They are analogues of the random walks in continuous
time. Moreover, they form a subclass of semi-martingales and Markov processes which
include very important special cases such as Brownian motion, Poisson process and
subordinators. Although much of the basic theory was established earlier, a great deal of
new theoretical development as well as novel applications in diverse areas has emerged

in recent years [1,25]. Let W = {7,,t > 0} be a Wiener process and N’ ={N/,r>0} be
Poisson processes with arrival rates 4,,j=1,2,...,m on a complete probability space
(Q,F,P). Let V/={)//,,i=1,2,...} be independent and identically distributed real-

valued random variables to form the compound Poisson process
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N/ )
cl=3,
(1)
for each je{l,2,...,m}. Let {F},, be a filtration on (Q,F,P) with every F

containing P -null subsets of F . We consider a real-valued adapted stochastic process
X , starting at time ¢=0 satisfying the nonlinear stochastic differential equation with
jump terms of the form

dX, = f(X,,0dt+ (X)W, + 3 r,(X, ,0dC] 2
j=1
with X, =0 where dW, is the infinitesimal increment of the Wiener process,

independently dC/ is the infinitesimal increment of the compound Poisson processes
for j=1,2,...,m and [, g and r; are Borel functions on RxR, [12,23]. Since a finite

activity Levy process can be decomposed into a Wiener and a compound Poisson
process as a special case of Levy-Itdo decomposition [1]; we say that (2) is driven by a
Levy process. Note that (2) is more general than a stochastic differential equation which
involves the increment of a Levy process only as a single term.

In this paper, we derive the conditions for linearizability of (2) and solve the
arising linear stochastic differential equation using integrating factor method.
Linearization problem has been considered in [29,30] for equations including a single
Poisson jump term, which serve as preliminaries of the present work. We extend and
generalize these results by considering Equation (2) and demonstrate identification of a
stochastic integrating factor for solving the linearized equation. Integrating factors have
been used earlier for linear stochastic differential equations driven by a Wiener process
[23]. On the other hand, the linearized version of (2) includes jump terms inherited from
the compound Poisson processes (1) and is in the form

dY,=dH, +Y dZ, 3)
where H and Zare semimartingales satisfying the condition that the jump
AZ, =Z,—-Z, #-1 for all t€[0,0] and Z,=0. The conditions imposed on the

coefficients of (2) for the existence of X imply that H and Z are semimartingales.
More references for the solution of related linear equations based on semimartingales
and their generalization with adapted cadlag processes can be found in [7].
Linearization of purely continuous diffusion processes has been considered in [10,
Chp.4]. Independently from the present work, linearizability conditions for a jump
equation similar to (2) are studied for the time homogeneous case, that is, when
f(x,t)=f(x),g(x,t)=g(x) and r(x,t)=r(x)by Gapeev [9]. However, the sufficient
conditions for exact solvability of (2) have not been obtained by Gapeev in his study.
Therefore, we present our rigorous derivations, which are obtained independently from
[9], for the more general time inhomogeneous case and with the further generalization
to several compound processes rather than a single Poisson random measure.

As applications, we show that Cox-Ingersoll-Ross short-term interest rate model
[3], log-mean reverting asset pricing model [5,26,31], geometric Ornstein-Uhlenbeck
equation [6,8,23,28] with additional jump terms and one other example [12,20] are
linearizable under specified conditions on the functions f,g and r. Exact solutions of

these linearizable equations are obtained. We then compare our analytical solutions with
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the numerical approximations found by Euler and Maghsoodi schemes to demonstrate
the agreement.

The paper is organized as follows. In Section 2, we present our results about the
linearization of nonlinear stochastic differential equations and give the linearizability
criteria. The analytical solution of the resulting linear stochastic differential equation is
found in Section 3. Several examples are given in Section 4 to demonstrate the
linearizability conditions of several well-known equations with additional jump terms.

2. LINEARIZATION

We are interested in stochastic differential equations of the form (2), which can
be transformed into a linear equation and solved as a result. Although one can impose

certain conditions on the functions f,g and vy j=1....m that are sufficient for the

existence and uniqueness of the solution X, one can instead concentrate on the
linearized equation and the conditions from there on.
We seek a sufficiently smooth Borel function 2:RxR, — R of X, to yield a

change of variable

Y, =h(X,,0)
which will transform the nonlinear stochastic differential equation given in (2) into a
linear equation of the form

dY, = (a,()Y,_+a,(0))dt + (b ()Y, +b,(0)dW, + i (c (Vi)Y +cy (Y, )dN]

b Nrj
(4)

since

dC/ = V]\f/ dN/
in (2). Note that the magnitude of the jump at time ¢ can be found as X, — X, from the
cadlag property, where X, =lim, X . If a unique solution of (4) exists and #is

invertible, then Equation (2) also has a unique solution X . Therefore, we can focus on
sufficient conditions for the existence of solutions of (4). We assume sufficiently
smooth continuous functions a,,a, and b,b, below and state the implied

differentiability conditions on the original functions f and g . Linearizability conditions
are found under smoothness assumptions on i j= 1,...,n as well. Technical conditions

on all functions are stated during the derivations, for the linear coefficients of (4) to be
well-defined.

Suppose that &€ C"*(RxR,) is a Borel function having an inverse & such that
h(k(t,x),t)=x [10]. Then, Ito's formula [1,23] for 4(.X,,t) leads to

4y, =[0,h(X, 0+ f(X,.00.h(X, 1) +%g2(X,,r)amh(Xt,r)]dz

+g(X,_,00 h(X,_.)dW, + Y [h(X,_+r,(X,_.0V],,0)~h(X,_,0)]dN;.
J=1 '

Using Equations (2) and (4), we obtain,
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5,h(X,_J)+f(Xt_at)axh(Xt_at)+%g2(Xt_at)5xxh(X,_,f) =a (DX, ,0)+ay (1), ()

g(X, ,0)0 (X, ,t)=b(H)h(X,_,t)+b,(t) (6)
and

m

DX, 41 (X OV 0 = h(X, OVN] =D (] (V)Y +¢] (V] ))dN!  (7)
Jj=1 J=1 l
Ordinary differential equation (6) has two distinct solutions for 1) b,(¢) = 0and ii)

b,(t) # 0. We now consider each case separately.

Case 1 b,(t)=0 and b,(¢) =0
In this case, (10) is satisfied if
g(x,0)0 h(x,t) = b, (1),
for all xeR and ¢ e R, . Then the transformation / can be found as
sy = [ 20
g( X t) (8)
where we have chosen the arbitrary function of integration to be zero and assumed

g(;c,t) # 0. Substituting (8) into (5) and differentiating with respect to x gives

0 _a@
g(x’t)er(f)(L( X,1) g(x,t))—o )

where

f(x,t) 1
L(x,t) = 5(( )) (( 0 —50:8(x.0). (10)

Multiplying both sides of (9) by g(x,¢) and differentiating with respect to x leads to
0,[g(x,0)L(x,1)] =0 (11)
as we have assumed b, () # 0. Then, we can choose b, € C', set
)
a,(t x,t)L(x,1)+—2—= 550
1(0) = g(x, 1) L(x,1) b ()
and find a,(r) for f € C*°(RxR,) and ge C*'(RxR,).
Now we consider (7), which is satisfied if
h(X,_+1, (X 0V 0 =(c/ (V] )+ DX, .0+ (1))
j=L...,m, forall xeR,zeR,teR,. Equlvalently, we must have
r“f‘””%} = (¢! (t,2)+1) j x%dx—# ci(t,2) (12)
g(x,t

g(x,1)
and differentiating it with respect to x, we obtain

b, (1) b, (1)
Gt (020 (0,1 (x,0)z+1) = 2(u0) —2(c/(t,2)+1)

provided that g(x+r;(x,#)z,7) #0 for all x,ze R We rewrite the above equation as
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A (x5,) = (B, ()7 + 1) —— 85D (13)
! ! g(x+r,(x,1)z,1)

=c/ (x,t)+1, (14)
Now, ¢, () can be found from (14) and c¢,(z) can be found from (12). Differentiating
(14) with respect to x yields

0.4;(x,t)=0 (15)
Jj=L...m for r e C*(RxR,). Therefore, (11) and (15) are the linearization

conditions.

Case 2 b,(t)# 0 and b,(¢1)=0
jxﬂd}
The solution of (10) in this case is in the form A(x,t)=K(t)e ¢ . We simply
choose K(¢)=1 and seek b,(¢). Thus, we get

bl(t) dx
h(x,t) = eI s (16)
Substitution of (16) into (9) yields
bl(f) p
any=d [ o R A e L]
x,1) g(x.1) 2 (17)
Differentiation of both 51des of (22) with respect to x and simplification lead to
b (t) S0 1
bl(t)[g(x,t)L(x,tHI 9,( e ))dX) a (D] + b ([ cnn) 2 0,8(x,1)]
Hm+b0)0
(18)

where L is as in (10). We aim to find b,(¢) first. Differentiating with respect to x and
cancelling b, (¢) as it is nonzero, we get

b'\(1) f(x, t) 1
0 ,OL(x,0)]+ +b,(1)[0, —0, +0,
[0, [g(x,1)L(x,1)] P )] 0l (( H 2 g(x,1)) ((,t))
Therefore, we have
b (1) +b,(t)g(x,0)L(x,1) = —g(x,1)0, [g(x,1)L(x,1)]. (19)
Differentiating (19) with respect to x, we get
b (1) = (802, [g (O L D) 20)
0.lg(x,0)L(x,1)]

where we assume that 0 [g(x,7)L(x,¢)]# 0. Differentiation of (20) with respect to x
yields
o.M(x,t)=0 (21)
where we have introduced
M (x.) = (800,18 (DL
0,[g(x, ) L(x,1)]
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for £ e C**(RxR,) , g € C*'(RxR,) as a term in the linearization criterion (21).

Differentiation of (16) with respect to x yields

x o1 -
— b (1) ebl(t)j g(;r,t)dx.

g(x,1)
Substitution of (22) into (7) and then differentiating with respect to x and cancelling
b (1), we get

0 h(x,t) (22)

| R O LA

A(x,e” B0 T EED S (g (1,2) +1) (23)
Jj=1L...,m interms of A, of (13). Differentiation of (23) with respect to x yields
A4,(x,0)—1
0.4;(x,t)+ 4,(x,0)b, () (————) =0 (24)
g(x,7)

as the linearization condition involving r, € C*(RxR,) .

Therefore, Equations (21) and (24) are the linearization conditions in Case 2.
Now, one can obtain g, (z) from (18), a,(¢t) from (17), b,(z) from (20) with (10), ¢, (¢)

from (23) and ¢, (¢) by substitution of (22) into (7) finally.
We now state our findings as a theorem.

Theorem 1 A nonlinear stochastic differential equation (2) is linearizable via the
transformation

dx

S e

if (11) and (15) are satisfied or via

“h 4z
h(x,t)=e ¢
if (21) and (24) are satisfied where b, (t) is given in (18).

Note that the two sets of conditions in Theorem 1 are mutually exclusive. If (11)
is satisfied, then (21) is not possible as it originates from (19) where b5, (¢) is nonzero

and (11) cannot hold. Clearly, this argument holds both ways. The results of Theorem 1
are similar to [9, Eqns.(3.10)-(3.12)], which are in particular based on time-
homogeneous functions f and g and a single Poisson random measure.

3. SOLUTION OF THE LINEAR EQUATION

In this section, we use the integrating factor method for solving linear ODEs to
the linear SDEs driven by finite activity Levy processes and find the solution of (7). The
solution of a linear jump-diffusion equation has been considered in [9] as cited by [18],
which is also based on an integrating factor. More generally, the solution to linear
system of SDEs based on semi-martingales [15], and more recently including cadlag
processes [7], is well-known. We demonstrate the integrating factor method. Our
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solution appears in a more compact form mainly because the specific form of the
semimartingales are used during the derivation.
A process p, serves as a stochastic integrating factor for solving (7) if the product

Y, is not a function of Y . To find such a x, we start by applying the product rule for

semimartingales [1] as
d(uY,)=p dY _+Y dp, +d[u,Y].

It6's formula for u reads,

A, = @yt +50 4t W, 0,41, AW+ (11, 1 XN, ©5)
j=1

Therefore, from (7) and (25) we can write the terms which will form the differential
product d(x,Y,) as

p, (t2)dY,t = py (t-)[a]), WY, (=) +a, 2(0))dt + g1, (t=)(b 1Y, (t=) +¢, 2 j(t,V (Nt )" j)dN ¢ j

as well as

Y du =Y. [atut +%amu, jdt+ Y 0 dW,+Y. Y (1, —u. )dN/

m
J=1

and the quadratic variation
d[pu. Y] =0, [b,(0)Y, +b,(c)|de+ D[ 1, ~ 1, ][c{ (6770 )7 =i (077, )}de.
j=1

These terms should not involve the variable Y for x4 to comply with the

definition of an integrating factor. Arranging all the terms yields

duy, =Y (atyt +%amﬂt +b,(t)0,.1 +a, (t),utjdt—kYt (0,1 +b,(t) . )aw,

‘Y. [i(1 vl (677))) (s =, N, + 1, > el (e.77, )N j (26)
J=1 ' J=1 '
[ uay () + 0,0, b, (¢) |dt+p by (£)dW,+ > pel, Vi, )dN;
Jj=1

Hence, we must have
OH, +%8Wut +b, ()01 +a, (). =0 (27)
O +b (t),ut, =0 (28)
and

NgE

[(1 +el (17 ))( u-p )}dN,f 0 (29)

1

~.
Il
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Let us seek a solution to the system of PDEs (27) and (28) together with (29).
Equation (29) implies that

1

t
if there is a jump of the compound Poisson process C’ at time ¢, for some j € {1, r -,m},
provided that 1+¢/ (#,z) # 0. For this condition to hold, we need that
0.7, (x,t)z;é—l 31
by (14) if b, (t) = 0as we have already assumed b(x,l) #0, and by (13) and (29) if
b, (t) =0. Clearly, (31) cannot hold for all x,z € R and ¢ € R, . That is why we require
that the jump amount ¥/ of the compound Poisson processes satisfy
o1 (x,0)V #-1 as.
for each x € R and ¢ € R, . A sufficient condition is to have an absolutely continuous
measure F,(dv).

Since 4, has a continuous part, (30) implies that it is in the form
uo=M, (W) M,(C',---.C") (32)
where the functional M, and M, denote the continuous and discontinuous parts of 4, ,

respectively. Note that since the Poisson processes N/, j=1,...,m are independent, at
most one jump occurs from only one of N',...,N™ with probability 1 at any time.
Therefore, the discontinuous part M, can be written by (30) as

M, (CrenC) =TT TT——— (33)

A sis 1+ (S;i,V,-j)
where (Sl.j V7 ) ,i=1,...,N/ denote the pump denote the jump times and jump amounts

of the compound Poisson process C’up to time z, for j=1,...,m.
Now, we will fill find M, using (27) and (28). Substitution of (32) into (28) leads

to
8XM1(W)t +b, (t)Ml(W)t =0 (34)
By It6’s formula and in view of (34), we have
dM, (W), =0,M, (W), dt b, (t) M, (W), dW, +%b12 (¢)db, (W), dt. (35)
To solve (35), we try M, which satisfies

, 1
at]\ll(VV)z =j‘41(VV)z q (t)_zblz (t)Ml(W)t (36)

for some Stieltjes function ¢ and we have taken ¢’ for the sake of brevity in the sequel.
Hence, (35) reduces to

dM, (W) =—b, (¢)M, (W), W, +M, (W), ¢ (1)dt (37)
and solution to (37) is
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_[bl( )dw,— j'b 5)ds+q(?)

M, (W) =e (38)
where the integral J d W._is a Riemann-Stieltjes integral since b, ( )1s a
deterministic function [22]. Note that solution (38) indeed satisfies (36). Thus, the
stochastic integrating factor takes the form

bl dW — bl dv+q
= PO [ Fr— (39)

= le<t1+Cl (Sj Vj)
We now use x, of (39) in (27) to obtain —Eblz (1)+4'(t) +%bl2 (1)-b7(t)+a,(r)=0.

Then, we get () = j; (b12 (s)—a, (s)) ds. Therefore, (39) becomes

t i) 1
H :exp(‘Iobl (S)dVK*Io{EbIZ M,ngq (s.v7)

1

(40)
For determining Y,, consider equations (26) and (28) which now imply

j H-Lay (s) = by (5)by (5)]ds + jﬂsbz (s)dW,

[ el (5.7, ) av!
J=1 '

Substituting (40) into Equation (41) yields the explicit solution of the linear SDE (7)

Y= u @1)

j; e-M(s)M2 (s7) [a2 (s)=b,(s)b, (S)] ds
as; =exp(M () [ TTT(1+¢f (87.77)) -+, e Moo 1w,
J=l St<
m e—M(S,’)C.zi (S:/"Vj)
[111 s

rsim 1+ (S0

where

: t 1
M, = jo by(s)dW, + jo[al(s)—gbf(s)}ds
and M ,is asin (33).

4. ANALYTICAL SOLUTIONS OF SPECIFIC EXAMPLES

We now consider some linearizable SDEs driven by Wiener and compound
Poisson processes and compare analytical solutions with the Euler and Maghsoodi
numerical approximations [13,19,20]. All examples of this section satisfy criteria (11)
and (15).
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4.1. Example 1

The second example is taken from [12] with extra jump terms given by

X, = (a() X' += ,H )dt+,6’X4dW+ZyX dc’
J (42)

3 1 3
2 3 - 2

with X, = x,, where f(x,?) = a(t)x* +§ﬁ2x2 ,8(x)= x4, r(x)=y,x

and a(?),B,7,;,J =1,...,m are positive real valued parameters.

The transformation
1 l
= %(X Xy (43)
linearizes Equation (42) into
a(t) . 4 5

1 A
dY,=—=dt+dWw, +Z[((1+7/ )P =DY +—xi(( + }//V]jj)“ —1)dN/)
ﬂ Jj=1 N ﬂ . !
t
which corresponds to (7) with 4, (r)=0, az(t)=%, b(t)=0, b,(t)=1

1
¢(t,z2)=(+v;z)*=1 and ¢,(t,2) = %xo A+ 7/2)4 1) . The solution is

m

(Vs s+j aw, +—xozj u (@ + 7V f_v,)él*—l)ng)

where the integrating factor is

m N/ 1
TITa+r -

j=1 =1
Transformation (43) leads to the solution

X, —(x51‘+ (j u 24 +f H, AW, +%x0 Iug((l+ ¥, 'fg)‘l‘—l)dN.Z)J :

4.2. Cox Ingersoll Ross Model

The third equation is taken from [3] but with an additional jump term as
dX,=a(f-X_)dt+cX2dW,+Y y,X, dC] (44)

with X, = x,, where «,f,0, VisJ =1,...,m are positive real valued. This equation is

know as the Cox-Ingersoll-Ross interest rate model, before the jump terms are added.
Here, X, represents the mean-reverting short-term interest rate. In this model, f is the

long-term average value of interest rate with jumps, a is the intensity (strength) of mean
reversion, o is the interest rate volatility where X, is the instantaneous interest rate at

period ¢, maturing at period 7.
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In (44), we have f(x)=a(f—-x),g(x)= O'x2 ~(x) = y,x.These functions satisfy
the linearization criteria (11) and (15) when o =2/af. Indeed,

0. [g(x.0)L]=0 {axz( K%ﬂ_%a]x‘i_%ximzo

is satisfied when o = 2,/af. Using the transformation, we get

Y:J'xd_;:L(X;_x;]
‘ XOG;C% \/@ ‘ 0

We see that equation (44) transforms into

[(1+7/ Vi) )1—1])’[

_+ﬁ : ((1+7]Vf )1 —1}_

where we have a,(f) = —ﬁ,a2 O)=0,5,1)=0,b,(t) =Le,(t,2) = (1+7,2)? -1

(45)

dy, :—%Yt,deWt > AN’

J=1

1
andc,(t,z) = 1 x02 1+;/j . Integration yields
Jap
lj lif 1 R 1o
Yy=p | | pu dW + xg 2 | (4 y Vi) =DdN]) |——| X} —x5
o \/aﬂ 0]=1 0 o vap '

N/ 1

where u = e_EZH (l +y V! )_E . Transformation (45) leads to the solution

1 1 m 2
X, ={x3 + 4, [@ [Lu aw,+x3 3 [ p dN; n :
j=1

4.3. Log Mean-Reverting Model

The following example is a log-mean-reverting Black-Karasinski interest rate
model [2,5,26,31] with a jump term. We have

dX, =nX,_(0(t)-In X, )dt+pX,_dW,+> ¢ X, dC/
J= (46)
with X, = x,, where 7,0(t),p,¢,,j=1,...,m are positive real valued. This log mean-

reverting equation with jumps is commonly used in modeling assets subject to supply
and demand such as commodities. Due to advantage of ease of simulation, modeling
and parameters estimation, this model is widely preferred. Therefore, X, now

corresponds to the spot price of the commodity. In this model, € is the long-run mean
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of the logarithm of the price with jumps, 7 is the mean reversion speed (intensity) of
the price and p is the price volatility.
We have f(x,1)=nx(6(t)—Inx),g(x) = px,r,(x)=¢;x from (46). The

transformation given by

X
Y =l1n_t,

P X 47)
linearizes Equation (46) into

dY =(-nY._ +(p+“ OO \at +aw, +Z—1n(1+; ! )dN;
2,

Jj=1
L MO

with a,(t)=-n, a,(t)=

(SRR

, b(®)=0, b(t)=1 cl(t,z)=%ln(1+é’jz) and

¢,(t,z) = 0. The solution is found as

Y = U (p £ ())ds+Iy dw. +2Iy —ln(1+§J N’)deJ

0
where u, =e".
Finally, the use of (47) leads to the solution

X, —xoexp|:p,u, [jﬂ (p # ())ds+jy AW, +Zj ,uq—ln(l+é’/ N,)dN’ﬂ

4.4. Geometric Ornstein-Uhlenbeck Equation

The last example is from [6,8,23,28], a geometric Ornstein-Uhlenbeck equation
with an additional jump term. We have

dX, = EOX, (n(t)- X, )di+5X,_dW ,+ > A, X, dC/
J= (48)

with X, = x,, where &(1),77(¢),0,4;,j =1,...,m are positive real valued. Equation (48) is

also known as geometric Ornstein-Uhlenbeck or Dixit & Pindyck model, now including

additional jump terms. This model is based on a mean-reverting commodity price or
interest rate X,. In this equation, the mean reversion component is governed by the

difference between the current price and the mean 7 as well as by the mean reversion
rate & where O is the volatility of the spot price. Note that, spot price X, is always

positive.
Here, the functions in (2) correspond to

J(x) =S(@O)x(17(1) = x), g(x) = 0x,7;(x) = 4;x

The transformation given by
n = “9)
Xo

linearizes Equation (48) into
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AV
dy, =[(8” —EONO)Y, +E(O)x,)dt +(=5)Y, aW, +Z( Y, AN

JN’

and

with 4(0)=6"=50010), @)= E0x, B1=-0, b1H=0 (2= ﬂ
4

¢,(t,z) = 0. Integration gives,

Y, = p'%, | g E(s)ds

where u = exp(-oW, —152t+j §(s)n(s)ds)HH(l+l V7). As before, (49) leads to

j=1 i=l

the solution X, = x; [ L,usﬁ(s)ds]_

We have simulated N =10000 trajectories for all numerical approximations with
x,=3,,7=100,£(1)=0.3,7=1.9,0 = 0.2,/1j =1, jump intensity 4 =0.03 and Ar=10".
It can be seen that the analytical sample trajectories in Fig. 1a) nearly coincides with the

mean estimated from the numerical approximations. However, the means are
statistically significantly different as shown in Fig. 1b).

|
3 l '
| h | l'ﬂ
(M
.l |||\||‘ \’l NM |
2 Jp‘w[l \' N l‘ﬁ 'W |
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Mean (Analytical)

Mean (Maghsoodi)

28l — — — 95% CI (Analytical) ||
| 95% CI (Maghsoodi)

Mean Trajectories

1.8
0

b)
Fig. 1 a) Simulation of the exact solution and the numerical approximations. b) Mean
trajectories estimated from 10000 independent replications for the geometric O-U
equation.

5. REFERENCES

1. D. Applebaum, Levy Processes and Stochastic Calculus, Cambridge University
Press, 2004.

2. F. Black and P. Karasinski, Bond and option pricing when short rates are lognormal.
Financial Analysts Journal, July-August 52-59, 1991.

3. J. C. Cox, J. E. Ingersoll and S. A. Ross, A Theory of the Term Structure of Interest
Rates, Econometrica 53 385-408 1985.

4. R. Cont and P. Tankov, Financial Modelling with Jump Processes, Chapman &
Hall/CRC, 2004.

5. L. Clewlow, C. Strickland and V. Kaminski, Extending Mean-Reversion Jump
Diusion, Energy Power Risk Management, Risk Waters Group 5 (10), January, (2000).
6. A. K. Dixit and R. S. Pindyck, Investment under Uncertainty, Princeton University
Press, 2000.

7. J. Duan, J. Yan, General Matrix-Valued Inhomogeneous Linear Stochastic Dierential
Equations, Statistics and Probability Letters 78 2361-2365, 2008.

8. D. Epstein, N. Mayor, P. Schonbucher, A. E. Whalley and P. Wilmott, The Valuation
of a Firm Advertising Optimally, Quarterly Review of Economics and Finance 38-2
149-166, 1999.

9. P. V. Gapeev, Solving stochastic jump dierential equations, Preprint, Centre for
Mathematical Physics and Stochastics (MaPhySto) Research Report 47, December
2002.

10. T. C. Gard, Introduction to Stochastic Differential Equations Marcel Dekker, 1988.



82
Exact Solvability of Stochastic Differential Equations Driven

11. C. W. Gardiner, Handbook of Stochastic Methods for Physics, Chemistry, and the
Natural Sciences Springer-Verlag, 1985.

12. F. B. Hanson, Applied Stochastic Processes and Control for Jump-Diusions:
Modeling, Analysis and Computation STAM Books, 2007.

13. D. Higham and P. E. Kloeden, Numerical methods for nonlinear stochastic
dierential equations with jumps, Numerische Mathematik 101-1, 101-119, 2005.

14. N. Ikeda and S. Watanabe, Stochastic Dierential Equations and Diusion Processes,
North-Holland, 1988.

15. J. Jacod, Equations dierentielles lineaires, la methode de variation des constantes.
Seminaire de Probabilites XVI1. Lecture Notes in Mathematics 920 442-446, 1982.

16. Jacod, J. and A. N. Shiryaev, Limit Theorems for Stochastic Processes, Springer-
Verlag 1987.

17. J. Jang, Jump Diusion Processes and their Applications in Insurance and Finance,
Insurance: Mathematics and Economics 41-1, 62-70, 2007.

18. M. Jeanblanc, M. Yor and M. Chesney, Mathematical Methods for Financial
Markets, Springer 2009.

19. Y. Maghsoodi, Exact solutions and doubly efficient approximations and simulation
of jump-diusion Itd equations, Stochast. Anal. Appl. 16 1049-1072, 1998

20. Y. Maghsoodi, Mean Square Efficient Numerical Solution of Jump-Diusion
Stochastic Dierential Equations, The Indian Journal of Statistics 58-1 25-47, 1996

21. R. C. Merton, Option pricing when underlying stock returns are discontinuous,
Journal of Financial Economics 3(1-2) 125-144, 1976.

22. T. Mikosch, Elementary Stochastic Calculus with Finance in View, World Scientific
Publ., 1998.

23. B. Oksendal, Stochastic Dierential Equations: An Introduction with Applications ,
Springer-Verlag 2003.

24. B. Oksendal, and A. Sulem, Applied Stochastic Control of Jump Diusions, Springer-
Verlag, 2007.

25. K-I, Sato, Levy Processes and Infinitely Divisible Distributions, Cambridge
University Press, 1999.

26. E. S. Schwartz, The Stochastic Behavior of Commodity Prices: Implications for
Valuation and Hedging, Journal of Finance 52, 923-973, 1997.

27. R. Situ, Theory of Stochastic Dierential Equations with Jumps and Applications
(Springer 2005).

28. G. E. Uhlenbeck and L. S. Ornstein, On the theory of Brownian Motion, Phys.Rev.
36 823-41, 1930.

29. G. Unal, I. lyigunler, C.M. Khalique, Linearization of one-dimensional
nonautonomous jump-diusion stochastic dierential equations, J. Nonlinear Math. Phys.
14 422-434, 2007.

30. G. Unal, A. Sanver, I. lyigunler, Exact linearization of one-dimensional jump-
diusion stochastic differential equations, Nonlinear Dynamics 51, 1-8, 2008.

31. O. Vasicek, An Equilibrium Characterization of the Term Structure, Journal of
Financial Economics 5, 177-188, 1997.



