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Abstract- The multi-wave method is proposed to find new exact solitary solutions of 
nonlinear evolution equations. The Caudrey-Dodd-Gibbon-Kaeada equation is 
employed as an example to illustrate the effectiveness of the suggested method and 
some new wave solutions with four different velocities and frequencies are obtained. 
Obviously, the method can be applied to solve other types of nonlinear evolution 
equations as well. 
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1. INTRODUCTION 
 

Many phenomena in physics and in the nonlinear science can be modeled by a 
class of integrable nonlinear evolution equations. Consequently, construction of 
traveling wave solutions of nonlinear equations plays an important role in the study of 
nonlinear phenomena. Nowadays, with the rapid development of software technology, 
solving nonlinear evolution equations via symbolic computation is taking an increasing 
role due to its efficiency, accuracy and its easy use. Over the last few decades, directly 
searching for exact solutions of nonlinear partial differential equations，such as -
expansion method, Exp-function method, Hirota bilinear forms, homoclinic test 
approach, extended three-soliton method [1-12], and so on. Recently, Dai and Wang has 
proposed a novel approach to study the result when three waves of different frequencies 
and different propagation velocity meet interaction, namely, extended three-soliton 
method[8]. 
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           In this work, the multi-wave method is proposed to find new exact solitary 
solution for nonlinear evolution equation. The Caudrey-Dodd-Gibbon-Kaeada equation 
is employed as an example to illustrate the effectiveness of the suggested method and 
some new wave solutions with four different velocities and frequencies are obtained, 
include periodic solitary wave solutions, bright soliton wave solutions, M-type wave 
solutions, etc. 
 

2. THE BILINEAR FORM OF THE CAUDREY-DODD-GIBBON-KAEADA 
EQUATION 

  
Let’s consider the Caudrey-Dodd-Gibbon-Kaeada(CDGK) equation 
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Substituting it into Eq. (1.1), we can get 
2

6180 30 30 0xt x xx xx xxx x xxxx xw w w w w w w w+ + + + = . 

Integrate x  one time, and let the integral constant is zero, we have 
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Substitution Eq. (1.3) into Eq. (1.2), the expansion is obtained as follows 
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From Eq. (1.4), we can get following Equations: 
5( ) ( )t xD G F D G F⋅ + ⋅ =                                                  (1.5) 

3 42 ( ) ( ) 0x xD G F D F F⋅ − ⋅ =                                               (1.6) 

22 ( ) ( ) 0x xD G F D F F .⋅ − ⋅ =                                               (1.7) 

From Eq. (1.7), we can have 
                                          .xG F=                                                                   (1.8) 

From Eqs. (1.5)- (1.7), we can reduce Eq. (1.1) into the bilinear form as follows 

                                6( )( )t x xD D D F F 0.+ ⋅ =                                         (1.9) 

So, the solution of the Eq.(1.1) can be expressed as the following form 
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The Multi-wave Method for Nonlinear Evolution Equations 778 

3. THE APPLICATION OF THE FOUR-WAVE SOLUTIONS METHOD FOR 
SOLVING CDGK EQUATION 

 
 In this case we propose a novel test function of extended four-soliton method 

      1 1 2 2 3 3 4 4( , ) cos sin cosh exp( ) exp( )F x t a a a a 4ξ ξ ξ ξ= + + + − + ξ ,                  (2.1) 

where , 1, 2,3,4i i ip x q t iξ = + = . Substituting (2.1) into (1.10), we can obtain the form 

of general solution of equation CDGK: 
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Substituting Eq. (2.2) into Eq. (1.9), and equating the coefficients of all powers of 

1 4sin exp( )ξ ξ± , 1 4cos exp( )ξ ξ± , 2 4sin exp( )ξ ξ± , 2 4cos exp( )ξ ξ± , 3 4sinh exp( )ξ ξ± ,

3 4cosh exp( )ξ ξ± , 1 2 1 2 1 3 1 3sin ,cos ,cos sin ,sin cosh ,cos sinhξ ξ ξ ξ ξ ξ ξ 2 3sin sinh,ξ ξ ξ

3

,

2cos coshξ ξ , we can obtain a set of algebraic equations 

for 1 2 3 4 1, , , , , 2 3, ,a a a a p p p 4 1, ,p q 2 3 4, ,q q q . Solving these algebraic equations with the 

aid of Maple, we obtain eight sets of solutions as follows: 
Case 1  

4 3 2 4 2 2 4
1 2 3 4 3 3 4 3 4 4 4 3 40, 0, 5 10 , (10 5 )a a q p p p p p q p p p p p= = = − − − = − + + 4

3 ,            (2.3) 

where 3 4 3 4, , ,p p a a  are free parameters. Substituting (2.3) into Eq. (2.2) yields the 
following bright solitary wave solutions of Eq. (1.1) 
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where , 2, 4i i ip x q t iξ = + = . Rewriting Eq. (2.4) as follows 
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The shape of at  is shown in Fig. 1, we can see clearly it 

is a bright soliton. 
1u 3 4 3 42, 5, 1, 1a a p p= = = − =

  
Case 2 

   ，          (2.6) 2 3 0a a= = 4 3 2 5 2 2 4
1 4 1 1 4 1 4 4 1 4 15 10 , ( 10 5q p p p p p q p p p p p= − + − = − − + + 4

4 )

Substituting (2.6) into Eq. (2.2) yields solution of Eq.(1.1) as follows 
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1 2 4 4 1 4 4 1 1 1 1 4 4 1

2

4 4 1 1 4 4 4

1sech( ln | |) ( )sin 2 cos
2
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ξ ξ
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⎡ ⎤+ + +⎢ ⎥⎣ ⎦

     (2.7) 

where , 1,4i i ip x q t iξ = + = , 1, 4p p  are free parameters. Taking 1 42, 5,a a= = 2 2,p =   

4 0.01p = , we can see Eq. (2.7) is a periodic solitary wave solution, see Fig. 2. 

 

    
 
Fig.1 Bright soliton                                    Fig.2 Periodic solitary wave 
 

Case 3    
5

2 3 4 3 4 10, 0, 0, 0, 0,a p p q q q= = = = = = − 1p                             (2.8) 

Substituting (2.9) into Eq. (2.2), the period wave solution can be obtained as follows 
(see Fig. 3) 

2 2
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2
1 1 3 4
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( sin 1 )
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ξ
ξ

+ + −
=

+ + +

2
1                                           (2.9) 

where 1 1 1p x q tξ = + ,  are free parameters. 1 3 4 1, , ,a a a p
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Case 4  
5 5

2 3 4 1 1 1 3 4
16 160, 1 3 , , 1 3
9 9

a p p p q p q q= = = = = = − 1p                   (2.10) 

Substituting (2.10) into Eq. (2.2)  yields periodic solitary wave solutions of Eq. (1.1) 
(see Fig.4)   
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1 1 3 3 4 4 4

2
1 1 1 3 1 3 1 4 4 4
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( sin cosh | |cosh( ln( | |)))
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u
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a a a a

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ
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=

+ + +

+ + +
−

+ + +

   (2.11)  

where , 1,3,4i i ip x q t iξ = + = ,  are arbitrary constants． 1 3 4 1, , ,a a a p

 

     
Fig.3 Triangular periodic wave                    Fig. 4  periodic solitary wave 
 

Case 5      
5

1 2 3 2 3 40, 0, 0, 0, 0,a p p q q q 4p= = = = = = −                                   (2.12) 

Inserting (2.12) into Eq. (2.2)  yields M-type wave solutions of Eq. (1.1)  
 

2 2
2 3 4 4 4 4 4 4 4
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              (2.13) 

where 4 4p x q tξ = + ，  are arbitrary constants. 2 3 4 4, , ,a a a p

Case 6   
  .                                (2.14) 5

2 1 3 1 3 40, 0, 0, 0, 0,a p p q q q= = = = = = − 4p
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Inserting (2.14) into Eq. (2.2) yields bright soliton wave solution of Eq. (1.1) (see Fig. 
5) 

 
2
4 3 4 4 4

2

4 4 4

1sec ( ln | |)
2

13sec ( ln | |)
2

p a a h a
u

a h a a
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ξ

+
=
⎡ ⎤+ +⎢ ⎥⎣ ⎦

                                        (2.15) 

where 4 4 4p x q t= + 3 4 4, ,a a p,  are arbitrary constants.  ξ

 

       
Fig. 5  M-type wave                                              Fig. 6  bright soliton 

                            
Case 7 

4 3 2 5 2 2 4
1 3 2 4 2 2 4 2 4 4 2 4 20, 0, 5 10 , ( 10 5 )a a q p p p p p q p p p p p= = = − + − = − − + + 4

4        (2.16) 

Substituting (2.16) into Eq. (2.2) , we can obtain the periodic solitary wave 
solutions of Eq. (1.1) (see Fig.7)   

2 2 2 2
2 2 4 4 2 4 4 2 2 2 2 4 4 2

2

4 4 2 2 4 4 4

1sech( ln | |) ( )cos 2 sin
2

1 1sech( ln | |) cos cosh( ln | |)
2 2
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u
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ξ ξ

ξ ξ ξ

ξ⎡ ⎤− + + − −⎣ ⎦=
⎡ ⎤+ + +⎢ ⎥⎣ ⎦

    (2.17) 

where , 2, 4i i ip x q t iξ = + = ,  are arbitrary constants. 2 4 2 4, , ,a a p p

Case 8 

5
1 3 4 2 2 2 3 4

1 16 16 10, , ,
3 9 9

a p p p q p q q= = = = = = − 5
23

p .                       (2.18) 

        Inserting (2.18) into Eq. (2.2), the bright soliton solution of Eq. (1.1) is obtained as 
follows, 
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2 2 2
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1 1 1cos cosh cosh( ln | |))
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2

3 3 1sin sinh cosh( ln | |)
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1cos cosh cosh( ln | |)
2

a p a p p a a
u

a a a a

a p a p p a a

a a a a

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

− + + +
=

+ + +

⎡ ⎤
− + + +⎢ ⎥
⎣ ⎦−

⎡ ⎤+ + +⎢ ⎥⎣ ⎦

        (2.19) 

where , 2,3,4,i i ip x q t iξ = + = 2 3 4 2, , ,a a a p  are arbitrary constants. If take 

, the graphics of Eq. (2.19) is drawn with the help of 

Matlab (see Fig. 8). 
2 31, 15,a a= = 4 12,a = 2 1p =

 

     
                Fig. 7  Periodic solitary wave                              Fig.8  Bright soliton 
 

4. CONCLUDING 
  

In this work, a new test function is proposed to find new exact solitary solutions 
for nonlinear evolution equation, Caudrey-Dodd-Gibbon-Kaeada equation is employed 
as an example to illustrate the effectiveness of the suggested method, with the help of 
the mathematics software Maple and Matlab , some new  solutions of CDGK equation 
are obtained , such as M-type wave solution, periodic solitary wave solution, triangular 
periodic wave solution, etc., which can be obtained by the exp-function method as 
well[13-15]. The results show that it is entirely possible for integrable equations or non-
integrable equations to have periodic solitary waves, and their propagation is phase 
shifts of solitons. 
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