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Abstract- We perform a complete group classification of a coupled system of dif-
fusion equations with applications in soil science. The canonical forms of the low-
dimensional Lie algebras and the Lie algebras of higher dimension provide a means

to specify the diffusion coefficients completely.
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1. INTRODUCTION

A group classification for a general second-order system of diffusion equations
based on Lie algebras of low dimension was performed in [1]. We follow exactly the
procedure used in this classification for the current problem. Briefly, the classifica-
tion procedure involves the utilization of the structure of the low-dimensional Lie
algebras and the Lie algebras of higher dimension to find the symmetry operators
admitted by the underlying equation or system. The procedure is continued until
the functional forms of the unknown functions are completely specified. That is,
the equivalence group is used to obtain the canonical forms of the symmetry opera-
tors which satisfy the model under consideration. Even though this procedure was
suggested in [2, 3] for partial differential equations (PDEs), a much earlier work on
ordinary differential equations (ODEs) using these ideas was done in [4]. We use
the results on classification of solvable Lie algebras by Mubarakzyanov [5] reported
in Basarab-Horwarth [3].

The theory of coupled diffusion appears in the works of Philip and De Vries [6],
De Vries [7] in the late fifties and later by many authors, such as Jury et al [8].

!Permanent address: Department of Mathematics and Computer Science, National University
of Lesotho, P O Roma 180, Lesotho.
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The coupled diffusion is described by the partial differential equations [9, 10, 11],

ie.,

Uy = [fl(uv U)ua: + fg(u7 U)Ua:]x )
(1)

Vg = [fg(ua v)ux + f4(’LL, U)'Ux]x )

where u(t,z) and v(t,z) are the soil temperature and volumetric water content
respectively. The variable x measures the depth of the soil and ¢ is the time. The
arbitrary functions f!,..., f* are the diffusion coefficients.

Wiltshire et al [11, 13] investigated the Lie symmetries of a simplified model of

the coupled diffusion system (1) written in the form

Y = [A(Y>Yx]x> y = {yz} (Z =12... 7”)7 (2)

where A(y) is a square matrix of diffusion coefficients. These investigations involve
rewriting a system of coupled diffusion equations into a single equation in which the
diffusion coefficients are written in a matrix form. Thus the resulting determining
equations to be solved for symmetries are in terms of the systems of matrix equations.
The matrix diffusion equation (2) is a generalized form of the extensively studied
one-dimensional nonlinear heat conduction equation the group properties of which
were first considered in [12]. Therefore the group classification procedure on Eq. (2)
is analogous to the analysis performed in the cited reference and those that followed.

In this work, our goal is to derive the Lie symmetries of system (1) as it is and
see whether a comparison with those of the simplified model (2) can be established.
The non classical (potential) symmetries of the coupled system (1) were generated
in [13]. The generation of the determining equations and the manipulation of them

are with the aid of the Yalie software package [14].
2. EQUIVALENCE GROUP AND GENERATOR OF SYMMETRY

The equivalence group for system (1) was obtained in [10] using the infinitesimal
approach. It can shown that the direct method yields the same result. However,
instead of using these equivalence transformations we choose the equivalence group
of the form

t=Tt), z=X(x), u=U(uv), v=V(uv), (3)

where the functions T, X, U and V satisfy the conditions

T,£0, X, £0, %#o.
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Using the basic Lie technique [15, 16, 17] we seek a symmetry generator of the

form
[ =&Yt z,u,v)0 + E(t, 2, u,v)0, + 0 (t, 2, u,v)0, + 0> (L, z,u,v)0,. (4)
The operator T is a generator of symmetry group of system (1) if and only if

2] (Ut — gy — [0 — Uy [f;ux 4 fvlvx] — Uy [ffux + ffvx}) =0,

F[Q] (Ut — f3um - f4U:I;:B — Uy [fsuz + f{?vﬁ?] — Uy [féux + f’f}lvfc}) - 0

whenever system (1) is satisfied and where

The variables (} are given by the prolongation formulae

G o= Din') - UtDt( Y) = ua Dy (€%),

G = Do(n') —uDy(€') — upDa(E%),

G = Di(n?) - UtDt( Y — v Dy(€7), (7)
G = Do) —vDy(§') — vaDo(€7),

6212 = Dx(G) — U Do (€ 1) - szDa:(gz),

Go = DulC3) = v Da(€) = e Do (€2),

where D; and D, are the total derivative operators defined as follows
Dy =0y + w0y + 00y + -+, Dy =04 +ug0y+ 0,0, + -+ . (8)

With the help of program YaLie the generator of symmetry group for system (1)
is of the form

T'=a(t)0, + b(t, )0, + c(t,x,u,v)d, + d(t, z,u,v)0,, 9)

where a, . ..,d are the smooth differentiable functions satisfying determining equa-
tions resulting from the invariance conditions (5).

It is not easy to employ the group classification procedure discussed in [17] to
solve completely these determining equations. Therefore we opt for the approach
mentioned earlier in the previous section to perform the complete group classification

up to equivalence group (3).
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3. CLASSIFICATION WITH RESPECT TO LOW-DIMENSIONAL
LIE ALGEBRAS

3.1. One-dimensional Lie algebras
A symmetry generator (9) can be transformed by the change of variables (3) into

the form

T = a(t)T(t)0; + bX'(2)05 + (cU, + dU,)0g + (¢V,, + dV,,)05, (10)
where the overdot and prime denote differentiation with respect to respective argu-
ments and subscripts represent partial differentiation.

We follow an argument similar to that used in [3]. We consider the cases a(t) # 0
and a(t) = 0. If a(t) # 0, then the choice in (3) of a function 7'(¢) such that
a(t)T(t) = 1 and functions X, U, V of the fundamental solutions of the system of
PDEs

bX' =0, U, +dU, =0, cV,+dV,=0,

gives rise to I' = ' = 5.

If a(t) = 0, then the choice in (3) of a particular solution of the PDE b X’ =1 as
a function of X and fundamental solutions of the PDEs c¢U,+dU, = 0, ¢V,+dV,, = 0
as functions of U and V respectively, we have I' — I’ = 0;. Therefore, when we

drop the bars, the symmetry operator (9) reduces to one of the canonical operators
r=9, r=90,, =9, TI=29,.

Consequently there are four inequivalent realizations of one-dimensional Lie algebras
denoted: A} = (9;), A? = (9,), A} = (9,) and A} = (9,). The superscript distin-
guishes one realization from the other while the subscript denotes the dimension of

the Lie algebra.

3.2. Two-dimensional Lie algebras

There are two inequivalent two-dimensional solvable Lie algebras: Ay @ [eq, es] =
0, Ago : [e1,e2) = e. These algebras contain the 1D Lie algebras Al = (9,),
A3 = (0,), A3 = (9,) and A} = (9,). Hence in search for realizations of the 2D Lie
algebras there are four cases to consider: (0, ea), (0s, €2), (Ou, €2) and (0,, e2) where
ey is of the form (9).
Consider firstly the Lie algebra As ;.
(a) (O, e2): The Lie Bracket [eq, es] = 0 yields

ey = b(x)0, + c(x,u,v)0, + d(z,u,v)0,.
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We use the equivalence transformations (3) to simplify es. Also we need the equiv-

alence group of A} = (9;): i.e.,

O = 04(1) 0 + 0,(2)0z + 0,(@)Dy + 0,(0)Dy = Ty
Thus the equivalence transformations for Aj are given by

EO)={t=t+a, T=X(z), u=U(u,v), v =V(u,v)}. (11)
By the use of these transformations e, is transformed into

éy = bX,0; + (cU, + dU,)0y + (cV,, + dV,,)05. (12)

According to (12) we have the following realizations of 2D Lie algebras: A}, =
(Or, 0r), A%,l = (O, Ou), A%,l = (0, 0y).

(b) Likewise for the case (9, ez) we obtain the realizations: A3, = (0;,0.), A5, =
(0x, D). The cases (Dy, €2) and (0,, €2) lead to the realization A3, = (0y,0,). This
realization yields a trivial case (i.e. all the arbitrary functions are constants) hence
it is not utilized for further classification.

Therefore we have six inequivalent realizations for the 2D Lie algebra As;. The
realizations of Lie algebras A3 |, A3 | and A3 |, Aj | imply that the arbitrary functions
fY ..., f* are respectively independent of u and wv.

If we proceed in the same manner, the 2D Lie algebra A, 5 has the realizations:
A3y = (20, —udy, 0,) and A3, = (=29, — v9,,d,). Their corresponding func-
tional forms for the arbitrary functions are given by

A3y fr=v’F(v), fP=u’F(v), f’=uF(v), f*=u*F(v).

Ajy: fr=2v*F(u), f>=vF(u), f°=vF(u), f*=v"F(u).

In general the arbitrary functions of their respective arguments are different.

When we look at the above functional forms of the diffusion coefficients, the cases
A%Q and A%Q can be regarded as one case for a choice of equivalence transformations

of the form
t=t, T=2x, u=v, U=u. (13)

3.3. Three-dimensional solvable Lie algebras

The solvable Lie algebras can be classified into decomposable and nondecom-
posable Lie algebras (see Appendix in [3]). There are two realizations for the 3D
decomposable Lie algebra As; obtained from the realization of the 2D Lie algebra
Ail. They are A}%,l = (0}, Oy, 0,,) and 121?1)71 = (0}, Oy, 0,). These realizations satisfy
the consistency conditions for system (1) provided the diffusion coefficients are func-

tions of v and u respectively. There are also two realizations for the 3D Lie algebra
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As. This Lie algebra contains the 2D Lie algebras A3, and A3, from which we
obtain 12132 = (—x0, — udy, Oy, udy + vd,) and fl§32 = (—x0, — 00y, Oy, ud, + v0,)
respectively. Therefore the respective forms of the diffusion coefficients are

B e () en () e () (),
12132: f1:k1<%)2, f2:i€2<§>, f3:k?3<2)3, f4:k‘4<%>2,

where ky,..., ks and kq, ..., ks are the nonzero arb%trary constants. Likewise, these
cases can be taken as one case if we make use of the change of variables (13).
Secondly we look at the 3D nondecomposable solvable Lie algebras. The results
are summarized in Table 1. The Lie algebras that do not feature in this table of
results imply that there are no realizations for such Lie algebras which satisfy the

consistency conditions for system (1).

Table 1: 3D nondecomposable solvable Lie algebras.

Algebra ft f? 3 i Realization
Az uF(v) u?F(v) F(v) uF(v) (O, O, 1Oy + 0y + u0y,)
Ag,s Ko™t Kov™! Kyv™! Kot (O, Oy, 10y + udy + v0y)
1213{5 Kqv? Kyv? K3v? Ky (O, O, ¥y + 10y, + v0,)
Az uB3F(w)  u?F(v) ulF(v) uBE(w) (O, Op, 0y — 10, + ud,)
12136 Kot Kyv=3 Ksv Kot (O, Ou, tOr — udy, + v0,)

2136 Kqv? K, Ksvt K (O, Oy, Oy — uDy + v0,)
Af,  w*TMF(v) w®F(v) WY E@) w? F(v) (8, 0., 0 + qr0y + ud,)
Az, wTUF(v) w?TIF(v)  w'TUF(v)  w?TUF(v) (O, O, qtr + 20p + udy)
{ )
{ )

A2, Kb Kpt? Kyu~4 Ky By, O, 10, + quiy, + v0,
14_1377 Kiv4 Kov™¢ Kyv™1 K¢ Oy, O, qtO; + u0,, + v0,
Al Kww® Kttt Kpe K? {0y, 0w, 20, + qud, + v0,)
1213{7 Kv% Kyv?e Kiv? K v (Ou, O, qr0y + u0y, + v0,)

The arbitrary functions F'(v) are in general different and K; are (generally different)

arbitrary constants.

It should be noted that making use of the equivalence transformations (13), the
arbitrary functions depend upon w and the cases for which the diffusion coefficients
are completely specified are in terms of u. This note applies to all the summarized
results in the sequel.
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4. COMPLETE GROUP CLASSIFICATION

We proceed to the classification with respect to four-dimensional solvable Lie
algebras, that is, we extend the realizations of the 3D Lie algebras obtained in
the previous section. After this classification the functional forms of the arbitrary
functions are in terms of the arbitrary constants only (c.f. Table 1). However, there
is a need to investigate whether or not the realizations of both the 3D and 4D Lie
algebras give the maximal symmetry Lie algebra.

Firstly we consider the decomposable 4D solvable Lie algebras. The extension
of the realizations is possible for the 4D Lie algebra 4A; in the following cases:

4AY = (04,04, 04, 00,): =101, 2=l f3=l3v, fi=1,

4A2 = (0, 05, u0y, 0p): fr=101, f2=lou, [f3=1lsu™, f4=1,,
for the nonzero arbitrary constants, ¢4, ..., {4 and fq, ..., {4, are arbitrary.

Now in Table 2 we present the realizations of 4D nondecomposable solvable Lie
algebras which contain the 3D realizations and their corresponding forms of the

diffusion coeflicients.

Table 2: 4D non decomposable solvable Lie algebras.

Algebra f1 1? 3 i Realization
Als A2t NP 2072 N\gp20 P N2l (9,0, Oy, tO + qxd, + pud, + v0,
121}1’5 Au?PTh o NP tam2 o \gu?Pm0 N\t (0,0, 0., t0; + prd, + qud, + v0,
A}% A2 NP0 N3P N2 (D, Oy, Oy, qtO; + 10y + pudy, + v0,
fl}% AMuEP o Nl TPT g3 NP (D, Oy, Oy, pt; + 10, + qud, + v,
/1}175 AMuP=4 M4 \gu4 N1 (D, 04, Oy, qtOy + prdy + udy, + v0,
121415 AMv2P M2 NP NP (9, 0y, Op, ptO; + qrdy + udy, + v0,

The \; are arbitrary constants which are in general different.

5. FURTHER ANALYSIS

In order to investigate the maximal symmetry Lie algebra, we perform symmetry
analysis of all the cases in Tables 1 and 2 for which the arbitrary functions are
completely specified. The cases arising from the decomposable solvable Lie algebras
are also taken into account.

We show the detailed calculations of one case for both the classification with

respect to 3D and 4D Lie algebras and present the results only for the rest.
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Firstly we consider the 3D realization /1%77 = (04, Oy, t0y + qu0, + v0,) from Ta-
ble 1. We proceed by substituting the corresponding forms of the arbitrary func-
tions into the system (1) under consideration. Lie’s algorithm yields the symme-
try generator (9) the coordinates of which are of the form a = a(t), b = b(t,x),
c=e(t,x)u+ f(t,z), d = d(t,z,v) for arbitrary functions e(¢,x) and f(¢,z). The
smooth differentiable functions, a, b, d, e and f, satisfy the determining equations

Ky (uey + fi) + v1Ks Vb — 2 ((q — 2)d, +vdy,)] = 0, (14)

Ky (Wepy + for) + Kov? 'dpy — v (ues + f;) = 0, (15)

v(a—2b, +d,) —2d = 0, (16)

d—va+2vb, = 0, (17)

(¢g—2)d+v(—e+a—2b,+d,) = 0, (18)
vl(g—2)a—(q—2)e+2(2—q)bs +2(q — 2)dy + vdy,]

+(6—5¢+¢*)d = 0, (19)

K1 (Ubge + dyp — 2ve,) — v, = 0, (20)

by + qd, — 2ve, = 0, (21)

v Y (Ko (uegy + fon) + Kqv0dye) —dy = 0, (22)

v(a—2b, +d, —vdy,) —2d = 0, (23)

(1+q)d—v(e+a—2b,) = 0, (24)

vie+a—2b,—d,)—qd = 0, (25)

K3qu'™ (uey + fo) + Ky (Vbyy + 2d, — 2vd,,) — 0?0 = 0. (26)

In the above equations and throughout the overdot represents total derivative with
respect to ¢ and the subscripts denote partial differentiation. The solution of
Egs. (14)—(26) is given by

a = Ogt + 04, b= Oll’ + CQ, Cc = q<03 - 201)11 + 05, d= (03 - 201)1], (27)

where C', ..., Cs are the arbitrary constants of integration.

Thus the symmetry Lie algebra for this case is spanned by the operators
I'h=0, I's=0,, I's=29,, I'y =1t0;, + qud, +v9,, I's = 20, — 2qud, — 2v0,.

The full symmetry Lie algebra for the rest of the cases that arise from symmetry

analysis are presented below.

/Nl%ﬁ: I'h=0,1y=0,,I's =0, I'y =t0; + ud, +v0,, I's = 20, — 2ud, — 2v0,.

Ag,g,: Fl = (9t, FQ = (993, Fg = au, F4 = 275(915 — u@u — v@v, F5 = x@x —+ u@u —+ v&,.
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A2 Ty =0, To = 0y, I's = 0y, Ty = 0, — udy, + 00y, I's = 20, + 2ud, — 200,
flg‘ﬁ: I''=0,1Ty=0,,1I's =0, I'y = 2t0; + ud, — vy, I's = 0, — w0, + v0,.
A2 T =0, To = 0, T's = 9, Ty = 10, + qud,, + v9,, I's = 20, — 2qud, — 2v0,.
/_@77: I'y=0,I's =0, I's=0,, I'y =qtod; + ud, + vo,, I's = qx0, — 2ud, — 2v0,.
A4 Ty =0, Ty = 0,, Ts = 0y, Ty = 20, — qud,, — v0,, I's = 20, + qud,, + v,
A7 Ty =04, Ty = 0y, Ty = Oy, Ty = 2qt0y — udy — 00y, T's = qu0y + udy, + v0,.
For every case above the symmetry Lie algebra is spanned by the three operators
from the 3D realization and two additional operators that arise from symmetry
analysis.

Next we show the details of symmetry analysis for the case of 4D decomposable
Lie algebra 4A; with the realization: 4Al = (9;, 9., 0y, v0,).

We proceed as in the previous symmetry analysis. Following the usual Lie’s

algorithm the coefficients of the symmetry generator (9) are of the form

a=a(t), b= %c‘m +ét), c=ft,x)u+gt,x), d=dt ). (28)

The arbitrary smooth functions a, d, €, f and g from (28) satisfy the determining

equations
Vdyy —d, = 0, (29)
glv (uf_x:p + gm:) + €2da:m —-v (U]?t + gt) = 07 (30)
2d+v (f —2d, +vd,,) = 0, (31)
d+v(f-d,) = 0, (32)
26, + wi + 40, f, = 0, (33)
lydy, = 0, (34)
wf, +d, = 0, (35)
l3v (ufm + gm) + lydyy —dy = 0, (36)
€3f = 07 (37)
26, + xi + 205 (ufy + Go) + 4lud,, = 0. (38)
Eventually the solution of the determining equations (29)—(38) is given by
a = 20115 -+ 62, b= 011' -+ 63, C = 64, d= é5?), (39)

where C1, ..., Cs are arbitrary constants of integration.
Therefore for this case the symmetry Lie algebra is spanned by the operators
Fl = Bt, FQ = (‘L, F3 == &L, F4 = U81}7 F5 == 2t8t —+ l’ar
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The symmetry Lie algebra for the other case of the 4D decomposable Lie algebra
4A? is spanned by

I'=0;,1'y=0,I's=ud,, I'y =0,, I's = 2t0; + x0,.
The maximal symmetry Lie algebras for every case in Table 2 of the four-dimensional

nondecomposable Lie algebras are summarized as follows:
Aj 5 U((2q — 1)t0y — pudy — v0y, (2q — 1)20, + 2pud, + 2v0,).

Azlm U ((2p — 1)to, — qud, — vy, (2p — 1)x0, + 2qud, + 2v0,).
Azll,5 U ( (¢ — 2)t0; + pudy, + v0,, (¢ — 2)x0, — 2pud, — 2v0,).
A}LEJ U ((p—2)t0; + qudy, + v0,, (p — 2)x0, — 2qudy, — 2v0,).
fl}t,g, U((2p — q)t0; — udy — v0y, (2p — q)x0y + 2ud, + 200,).

A}lﬁ U ((p — 2¢)t0; + udy + vy, (p — 2q)x0, — 2ud, — 2vd,).
In all the above cases the symmetry Lie algebra is six-dimensional, four operators
from the classification with respect to 4D Lie algebras and the additional two oper-
ators obtained via symmetry analysis. Moreover it can be seen that, if p = ¢, then

a pair of similar cases is reduced to one case.
6. CONCLUDING REMARKS

We have managed to specify completely the functional forms of the diffusion
coefficients through the classification with respect to the solvable Lie algebras of
dimension up to four. In order to determine the maximal symmetry Lie algebra, we
performed the symmetry analysis of individual cases for the realizations of the 3D
and 4D Lie algebras in which the functional forms of the unknown functions are in
terms of the arbitrary constants. In short the full classification has been achieved.
The comparison with the previous studies of the model considered in [9, 11] can
hardly be established. It should be noted that group classification using the other
types of Lie algebras has not been considered in this work. These are semisimple
Lie algebras and the algebras which are semidirect sum of semisimple algebras and
solvable Lie algebras (c.f. Appendix [3]). The next step will be to find both the

analytical and numerical solutions of the submodels.
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