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Abstract- In this study, a dual minimal curves of a dual unit sphere, and the minimal
ruled surfaces corresponding it are defined, and represented that dual unit tangent,
binormal and surface normal vectors, related to these, are dual isotropic lines. E.Study
theorem 1is also given, for dual minimal curves, belonging to minimal curves and we
give general solution of differential equation of this curves.
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1. TANGENT AND BINORMAL OF A DUAL CURVE
Let’s take a line X, determined in a moving space H, and H' be a fixed space.
The line X on H' draws a ruled surface, called orbit surface
(X): X=X(0)=XO)+eX (0)=(X,(0),X, (1), X,)) (1)
on one parameter motion H/H' of H with respect to H'. Let’s take moving and dual
fixed unit spheres K and K', and a point X of K, corresponding H and H', and line X
of H respectively. Then, the point X on K' draws dual curve (X), given (1), on one
parameter motion K /K' of K with respect to K', where ¢t € R, [1,2,3].
A changing of line X (or X point) with respect to H'(or K'), that is, the
tangent of dual curve (X) at the point X is given by
X _ PAX=X )
dt !
where ¥ is dual pfaffian vector. The dual unit tangent and the dual unit binormal of
dual curve (X) at the same point are
7= a0 3)
X, nX,

[4].

2. ISOTROPIC OR DUAL MINIMAL CURVES (SURFACES)

In this section, some definitions and properties(characteristics) in the reel
spaces which are related with our topic [5,6,7,8,9], have generalized to the dual spaces.
Definition 2.1

If the dual unit vector X = X(r) is a differentiable function of imaginary
variable, given by

t=t, +it, (4)
we will call it, which is generated by dual complex vectoral function X(¢), as a dual
complex ruled surface or a dual imaginary curve of dual unit sphere K.
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Definition 2.2

We call isotropic or dual minimal curve, on the dual unit sphere K', which the
square distance between any two point of it, is equal to zero, and also a ruled surface
corresponding this curve called isotropic or minimal ruled surface.

A dual curve (ruled surface) can be a dual isotropic curve (ruled surface), if and
only if

s’ =dX +dX; +dX; =0 (5)

is satisfied.

3. DUAL SPHERICAL MINIMAL CURVES
The parameter equation of a dual sphere (line congruence) can be taken as

)?(u,v):[Xl =wv-1),X, =(+u), X, =i(uv+1)] ©
v—u
where u,v € R, then if we differentiate (6), we have

X, =|(v> = Ddu+(1-u*)dv]

dX, =2(vdu —udv) (7)
X = il(1+v")du — (1 +1u)dv]

and the square of dual spherical arc length can be given as

S S R B
dS —(V_u){ZdX,}—( —dudv (8)

i=1 V—U)

di =1

(v-u)’

Hence we have following result.

Result 3.1

The minimal curves of the dual unit sphere are the dual isotropic lines of this
sphere, that is, these are u=const. and v=const. coordinate lines of it. In the other words,
the minimal ruled surfaces of line congruence corresponding this sphere are the
isotropic or minimal ruled surfaces of the line congruence, that is, these are u=const.
and v=const. coordinate ruled surfaces of it.

Theorem 3.1

The dual tangent (differential) vectors at the dual smooth point of a dual
minimal curve (X) are isotropic lines. Or the normal lines to surface at the striction point
of the smooth line of minimal ruled surface [X] is isotropic lines.

Proof Let
3
X(0)=Y X,0E,
i=1

be one dual minimal curve (ruled surface), where e C and X € D* .
Because of (5), we have
dS* =dX* =0.

—

Since itis X'= C;—X # 0 at the smooth point (on line), we get
t
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X?=0. )
U
Hence, we reach the following definition.

Definition 3.3

It is called minimal ruled surfaces that normalies to the surface at the striction
point of smooth straight lines of it, are consist of isotropic straight lines. And It is
called minimal curves ,corresponding these ruled surface ,on the sphere , of which
tangents at the smooth points are consist of isotropic straight lines.

Theorem 3.2

Each of dual unit binormal vectors of a dual curves (X) is isotropic straight line
and it is perpendicular to itself.
Proof Taking derivative of (9), with respect to ¢, is

(X', X"(0))=0. (10)
Because of, the dual osculating plane at the smooth point of dual minimal curve (X) is
parallel both dual vectors X'(¢) and X", since (10), the dual vector X"(¢), generally
X"(t)#0 is satisfying, is perpendicular to X'(f), that is, X"(¢) is parallel to dual
principal normal vector at the smooth point.
On the other hand, the square of the dual vector X'(f) A X"(¢) which determine

the dual binormal vector at the smooth point, is [f( "AX ”]2 = X" X" —(X',X")?, since
(9) and (10)

[Xoax o] =0 (11
is satisfied. [
Hence we get the following result.

Result 3.2
Dual binormal vectors of a dual minimal curve (X) are on the dual osculating

plane (consisting of X', X"). In the other words, this osculating plane which passes
through their own normal, is a dual isotropic plane.
Again due to (9) and (10), we get
X' AX AX")=(X", XWX - X"?X"=0.
Hence, we reach the following result.

Result 3.3

If the dual binormal vector which is isotropic straight line of a dual minimal
curve, is on the dual osculating plane which is a isotropic plane, this plane has only one
isotropic straight line which passes through giving smooth point, and this is determined
by the tangent at this smooth point of dual minimal curve. So that, this dual binormal
vector is coincide with this tangent.
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Result 3.4 (E-Study Theorem)

If the dual osculating planes of a dual curve is consist of isotropic planes, this
curve is either a isotropic curve or a curve of dual isotropic plane.
Proof 1f the dual osculating planes of a dual curve are dual isotropic planes; the dual

normal vectors X' A X" are paralel to dual osculating plane. That is, at any point of
dual curve, we get

(X'AX")?=0. (12)
Hence taking derivative from (12) gives

(X'AX" X' AX™ =0 (13)
On the other hand, since we have the relation

X'AXIANX' AX"Y=(X", X" X")X". (14)

If we take the vectoral product of both side of (14) with X' A X", since (13) and (12)
left side is equal to zero, and it is

6: (X’,X",XW)[X’ A ()?r A Xﬂ)]: (X’,X”,X")[<X',X”>X' _X!ZXH]
dual vectors X' and X" is not parallel to each other. In this case :
Either it is (X', X", X™) =0 along the dual curve, and so a dual curve of a dual

plane is a point at issue, or it is that (X', X"y =0 and X'> =0 at the every point, that is,
a dual minimal curve is obtained. ]

4. DETERMINING THE DUAL MINIMAL CURVES ON THE SPACE
We have defined the dual minimal curve on the perpendicular coordinate system
with the relation (5). Now for general solution of this differential equation, we can write
(5), as in the following form

dX2+de3:_ dX, _, (15)
dX, dX, —idX,
where i, € C and if we take
X
x =y 4N
dX, dX,
from the relation (15), we have
X)+iX; =t, X, —iX;=-1/t.
Hence
1 -1 1 £ +1
X! =_. , X =—. 16
P2 P2t (16)
or
X X idX
axX, _dX, 14X, _ oy (17)

% -1 41
is found. And so we get
X, =2 j (G(ydt, X, = j > -G, X, =—i j t* —1)G(t)dt . (18)
If we take G(t) = F"(t), t=u, F"(t)dt = dv, then we get
X, =2(uv— j vdu) = 2[tF"(t) - F'(1)]
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X, =@ -D)F"(t)-2[tF'(t) - F(1)] (19)
Y, = 40P - 20k ) - F ()]
l

where F'(¢) is a differentiable function of tand 7 € C'.
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