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1. INTRODUCTION

Hayden [1] introduced semi-symmetric metric connection on a Riemannian
manifold and this definition was developed by Yano [2] and Imai [3-4].

In this paper, we define a semi-symmetric connection on a Weyl manifold and
define the curvature tensor with respect to semi-symmetric connection. We give some
theorems by means of a relation between curvature tensors with respect to semi-
symmetric connection and symmetric connection. After defining projective curvature
tensor and conformal curvature tensor with respect to semi-symmetric connection,we
obtain some theorems by using properties of these tensors. In the last section of the
paper, with the help of [5] , we examine Weyl group manifolds.

2. THE CURVATURE TENSOR WITH RESPECT TO SEMI-SYMMETRIC
CONNECTION

An n-dimensional manifold which has a symmetric connection and a conformal
metric tensor g;; 1s said to be Weyl manifold , if the compatible condition is in the form
of V, g, —2g,T,= 0. In this case, Weyl manifold is denoted by W, (g, T, ). T, , which
1s a covariant vector, is called complementary vector of the manifold. If 7, =0 or 7, is
gradient, then Riemannian manifold is obtained.

T, changes by T .= T, +0,(InA), under the transformation of the metric tensor
gj in the form of g, = A g; with 4 is a point function. According to this

transformation, if the quantity A changes by A= A*A , then the quantity A is called a
satellite of g; with the weight of {k} and the quantity V4, which is defined by V 4=
V,A-kT A , is called generalized covariant derivative of A.In this definition, V 4

denotes ordinary covariant derivative of A.
A generalized connection on a Weyl manifold is given by [6]

F/lk :r,{}c +a ghi , Where =8 Qirh T8y Q_ljh +8y Q_l/'k (2.1)
If Q' is chosen by Q' = &/a, —d/a
Weyl manifold is defined by

; in(2.1), then a semi-symmetric connection on a
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[5=T4+8'S,~g,S", whereS,=-2a, (2.2)
The torsion tensor T i.k with respect to semi-symmetric connection is defined by
T;k:5,jsj—5;sk (2.3)

Analogous to the definition of the curvature tensor with respect to symmetric
connection, we define the curvature tensor with respect to semi-symmetric connection
by

R4L=T -4 T!+T'T,-T" T} (2.4)
Remembering the definition of the curvature tensor with respect to symmetric
connection and using (2.2) and (2.4), we have:

E;k:R;k+5khsfj_§/hsik+ggghl S i _g;kghlsz/ (2.5)
The tensor S ; in (2.5) is defined by
1
S,= v_,s[—s[sj+5gygk’sksl (2.6)

where VS, denotes covariant derivative with respect to symmetric connection.

Multiplying (2.5) by g,., ,

R mijk :R mijk +g mk S ij _g mj S ik +g ij S mk _g ik S mj (27)
Multiplying (2.7) by g™,
R ;=R +(n-2)S +Sg,, where S= g™s (2.8)

By using the definitions of R and R,
R=R+2(n-1)S (2.9)

Lemma 2.1: The tensor S ; is symmetric if and only if S, is gradient.

Proof: It is shown easily by using (2.6).

Theorem 2.1: The curvature tensor with respect to semi-symmetric connection has the
following properties:

(i) R mijk T R mikj 0.
(i) R ,;+R i =28, (T,,=T,,)

mij

(iii) R, = Ry =2R

(%]

(V) R j+R 5 +R 1,=2( 8" VS, +6'V,S,+8V,Sy

ik

Proof:

(1) It is obtained by adding (2.7) and the equation by changing the last two indices in
(2.7).

(i1) By using (2.7) and remembering the same relation with respect to symmetric
connection , the required result is obtained.
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(111) It s easily seen by making contraction with respect to indices h and I in (2.5).
(iv) It is shown by changing indices 1,j and k cyclically in (2.5).

Corollary 2.1: If S, is gradient on a Weyl manifold with semi-symmetric connection,
then the followings hold:
(i) R+R’+R;=0.

ik

i) V,Ti+ VvV, Th+V T=0

Theorem 2.2: If the curvature tensors with respect to semi-symmetric and symmetric
connection coincide, then S ; is gradient.

Proof: Let R R, - From (2.7),
gmk S[j_gmj Sik+g[jsmk_g[ksmj:0

Multiplying both sides of (2.10) by g™,
(n-2)S ,+Sg ;=0 (2.11)

If (2.11) is multiplied by g’ ,

mijk =

S=0 (2.12)
By using (2.12) in (2.11), it is found that S, = 0 . This shows that S, is gradient.

Definition 2.1: A semi-symmetric connection is said to be local-flat, if the curvature
tensor with respect to semi-symmetric connection.

Theorem 2.3: If the semi-symmetric connection defined on a Weyl manifold is local-
flat, then T, is gradient.

Proof: From (2.7) and Definition 2.1 ,
Rmijk:gmj Sik_gmk Sg’/’+giksmj_g4'jsmk (2.13)
Multiplying (2.13) by g™,
n(T,, —T,;,)=0 (2.14)
(2.14) shows that T, is gradient.

3. THE PROJECTIVE CURVATURE TENSOR WITH RESPECT TO SEMI-
SYMMETRIC CONNECTION
A generalized connection on a non-Riemannian manifold is denoted by

L', =T +Q’ where T/, is symmetric partand Q ', is anti-symmetric part , and the
curvature tensor with respect to this connection is given by L’,=B’, + Q}, , where
B_’},d denotes the terms with respect to symmetric part of the generalized connection.
B ;k, is given with the following definition:

i =i = i i s =i
Bjkl:é)lcrjl_é’lrjk+rskrjl_rslr
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In this case the projective curvature tensor with respect to a generalized
connection on a non-Riemannian manifold is defined in [7] by

. . J; 1 A _ _ _
Wlﬂd:Blﬂd +n_—jkl (Bkl_Blk) +ﬁ(é}:Blj_5lekj) + zn 1 (51;Bj1_é}lBjk) (3.1)

where B , =B’

Jki
: i i i i A i 1 i i :
Since I'; = F_/k+(§kS_/ +5jSk) and Q= ) (§kS_/ —5jSk) for the semi-

symmetric connection on a Weyl manifold, we define B, with respect to semi-

symmetric connection as follows:

By =Ri,+68V,S, +58,-65, (3.2)
where S, = %(Sjk —%Sksj +%gjkg”SsSr)
By making contraction on the indices i and 1 in (3.2), we get:
B,=R,+VyS;-(n-1S, (3.3)
The equation by changing indices j and k in (3.3) is subtracted from (3.3),
B, —B,=(R, - R,)-(03)VS, (3.4)

By using (3.2), (3.3) and (3.4) are used in (3.1), we obtain projective curvature tensor
with respect to semi-symmetric connection on a Weyl manifold as follows:
77 i i 511 "y B 1 i I P IT
ijl: Rjkl+ﬁ {(Rkl - le) +2(n— l)v[kSl]} +m (0} Hjl -0, ij ) (3.5)

where H ,= nRj +R, +2(n-1)V, S .

Theorem 3.1: Projective curvature tensor with respect to semi-symmetric connection
has the following properties:

@) Wi+ Wy, =0

(i) W,;=0

o= 2n-=1)

(i) W, = 1 VieS
(V) W+ W+ Wy =0
Proof:

(1) It is obtained by adding (3.5) and the relation by changing the indices j and k in (3.5).

(i1) By contraction on the indices i and j in (3.5), the required result is obtained.

(111) It s easily seen by contraction on the indices i and 1 in (3.5).

(iv) LBianchi identity for projective curvature tensor is shown by changing the indices
1,jand k  cyclically and using (3.5).

Corallary 3.1: W, =0 ifand only if S, is gradient.

Theorem 3.2: Projective curvature tensors with respect to semi-symmetric connection
and symmetric connection are related with the following relation:
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i i 1 ir
W/‘kl: VV/kl—'_zv[kSl] TS 0t —1 o K -0, K ) + gkg S —&;8 A (3.6)
where K, = nS, +S, +(n+1)Sg,

Proof: By choosing S, = 0 in (3.5), the projective curvature tensor with respect to
symmetric connection is obtained by

i

i i 5/ 1 i i
W/kz R,kz m (Rkl_le) + 2 1(5kHjl_5lH/‘k (3-7)

where H,=nR, +R,.
By virtue of (2.5),(3.5) and (3.7), (3.6) is obtained.

Definition 3.1: A semi-symmetric connection is said to be projectively-flat, if the
projective curvature tensor with respect to semi-symmetric connection vanishes.
Theorem 3.3: If a semi-symmetric connection is local-flat and S, is gradient, then the

connection is also projectively flat.
Proof: By using Definition 2.1 and VS, =0, the required result is found.

4. THE CONFORMAL CURVATURE TENSOR WITH RESPECT TO SEMI-
SYMMETRIC CONNECTION
Under conformal transformation, the metric tensor g, and the semi-symmetric

connection fj’k on a Weyl manifold are transformed as follows:
g;‘ =gy (41)
Fu=Tu+8 P +& (P,-Q)-g,(P'-Q") (4.2)
where P.— P/=T, and S,- S, =Q,.

With the help of (4.1) and (4.2), we define the change of curvature tensor under
conformal transformation with respect to semi-symmetric connection by

ﬁt/};C _Ruk+25h (V[ P]+P[ A) ])+5 W - 5h W+ g,,gthzk glkgth +2gqlPQ1 ik

where VVI“_£~_Q..+2P,-Q]<) ) B,-j— Pi/‘_PiS/' D Q..— Qi/‘_QiS/ (4-3)
ij i . =i i .

Multiplying (4.3) by g,,” = g,, » we have the equality numbered by (4.4):
R R +2gml (V[]P]'i‘P[ S ])—'—gmkVVy_gm]VVzk +giijk glkW +2gblPsQleijk

mijk — " “mijk

Multiplying (4.4) by g™ = g™

R, =R, +2(V,By+B,S,) +(n-20W, +g,W,; -2(n-1g,g"P,0, (4.5)
Consequently from (4.5),
R = R+2(n—-D(W; —ng" PO, ) (4.6)

where W"= g™ W, .
From (4.5), we have W, defined by the following eguation by (4.7)
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(n_l)(l_eij* _Ej)—i_(ﬁji* _l_eji)"'z(n_z)(v[in] +Q[iSj] _ngiijm +2n(n_l)gggSlPsQl

n(n—-2)

From the definition of W,

n R R +ng* P.Q, orequivalently ng”P.Q,= W"— &R ~R) (4.8)

" 2(n-1) * * " 2(n-1)
On the other hand, if (4.4) is multiplied by g" = g™,
Ry 8" =R, 8" +2n(V,Py+P,S, ) (4.9)
By using (4.9) in (4.7), we obtain:
= "B R~ R, ~Ruig"™)+(n-2g, W, ~g,(R ~R) @10

n(n—2)
Putting (4.9) and (4.10) in (4.4); we have:
Crie= Ci (4.11)
where C, is defined by
Coe= R~ %g Ry +L2mty’k _;Emijk —LG i (4.12)
"Rt n—2 n(n—2) (n—D(n-2) "™

where th/k = gmjﬁik — 8wk Eij — 8 R + 8y R
- —h —h —h —h
and  Buu= g,; Riki = & Rii— &y Rivm+ &y Rijm
Multiplying (4.12) by g”" ; we find the conformal curvature tensor with respect to semi-

symmetric connection in the following form:
— — 1 ., — 1 —un 1 — R
CZ‘k = RZ‘k - _é:-hRij‘k +——Ap ————Bjp ————
n n— n(n—2) (n=1)(n-2)

where sz: 5}’@;{—5;’%,} —gl.jg’"hﬁmk +gikg’”h§mj

G/

ik

(4.13)

— h_l h_l h_l J—
and B = 5j Rui— o, Rzﬁ—g,-jgm lem+gikg”’hR§jm-

Theorem 4.1: The conformal curvature tensor with respect to semi-symmetric
connection has the following properties:

(1) Cmg‘/k + Emik/ = 0
(i) Cojt Cimi=0

(i) Cy=0

(iv) Ci= Cx=0

(V) Ch+Chu+Ciy=0.
Proof:
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(1) With the help of (4.12), it is written the definition of Z’m,-jk. By adding this and

(4.12), the required result is obtained.

(i1) If the process in (i) is applied to the first two indices in (ii), the result is found.

(ii1) It is found by contraction on the indices h and i in (4.13).

(iv) The same process is applied to the indices h and k in (4.13).

(v) By changing cyclically the indices i,j and k , three equations are written. And by
adding these equations, the required result is obtained.

Theorem 4.2: Conformal curvature tensors with respect to symmetric connection and
semi-symmetric connection on a Weyl manifold coincide.

Proof: Conformal curvature tensor with respect to symmetric connection is defined with
the help of (4.13) by

1 1 1 R
c"=R" ——&"R! + A" — B — G! 4.14
I R n(n—-2) ik (n—-1)(n-2) ik (4.14)
where A;k: 5;1Rik_5:Rij_gijgmhRmk+gikgmhij

and
hnl hpl mh pl m
B = 5leki_5kR ~8;8 Ry, tg,g"R,

b fm *

Using (2.5) in (4.13) and with the help of (4.14), the required result is obtained.

Definition 4.1: A semi-symmetric connection is called conformal-flat, if the conformal
curvature tensor with respect to semi-symmetric connection vanishes.

Definition 4.2: A manifold is called conformal-flat, if the conformal curvature tensor
with respect to symmetric connection vanishes.

Corallary 4.1: Semi-symmetric connection defined on a Weyl manifold is conformal-
flat if and only if the Weyl manifold is conformal-flat.

Theorem 4.3: If semi-symmetric connection defined on a Weyl manifold is local-flat,
then it is also conformal-flat.

Proof: R, =0 implies R,=0 and R =0. If the results are used in (4.13), we find C; =

mijk
0 meaning the connection is conformal-flat.

5. WEYL GROUP MANIFOLDS
Definition 5.1: If the curvature tensor with respect to semi-symmetric connection and
the tensor §; vanish on a Weyl manifold, then that one is called Weyl group manifold.

By above definition we have the following lemmas:
Lemma 5.1: Weyl group manifold is local-flat.
Lemma 5.2: S, is gradient on a Weyl group manifold.
Theorem 5.1: Projective curvature tensors with respect to symmetric connection and

semi-symmetric connection coincide on a Weyl group manifold.
Proof: By using Definition 5.1 and Lemma 5.1 in (3.7), the required result is obtained.

Corallary 5.1:Semi-symmetric connection defined on a Weyl group manifold is
projectively-flat if and only if Weyl group manifold is projectively-flat.
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Theorem 5.2: A Weyl group manifold is conformal-flat.

Proof: If the conditions R;k =0, §,=0, R;k =0 are used in (4.14), the result is found.
Theorem 5.3: A Weyl group manifold is projectively-flat.

Proof: If the same conditions in the proof of Theorem 5.2 are used in (3.8),the required
result is obtained.

Theorem 5.4: Conformal curvaure tensor and projective curvature tensor with respect
to semi-symmetric connection coincide on a Weyl group manifold.

Proof: Conformal curvature tensor,C; , is defined in terms of the projective curvature

tensor with respect to symmetric connection by the following relation:
y 1 h h hm hm h
Wy t2D;, +m[5j R, ~8!R, +(n-1)(gsg" R, ~g,8"R,)~ RG]
In this relation p/ is defined as follows:
5! 1

1
Ry ———
n(n+1) n(n—2)

n? -1

(87 Rpyy =64 Ry + 28" Riyyy = 848" Ry + (87 Ry = 62 Ryyy)

On the other hand by using the facts that C ) = ¢ (always) and w ;= w for Weyl
group manifolds, the equation of C ), = W is obtained.

Corollary 5.2: Semi-symmetric connection defined on a Weyl group manifold is
conformal flat if and only if it is projectively-flat.
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