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Abstract-    In this paper we  investigate  the solvability of  a certain class  of  nonlinear 
singular integro-differential equations  with Cauchy  kernel  in  the  usual  Holder space 
and  its generalization by producing the sufficient conditions for the convergence of  the 
modified  Newton's  method. 
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1. INTRODUCTION 

           Nonlinear  singular integro-differential equations  (NSIDE) has been studied   in  
works of  Guseinov   and   Mukhtarov  [ 7 ] ,   Wolfersdorf  [16]  ,     Mal'sagov  [11]  , 
and  many others. The  method  of   Newton-Kantorovich    ,  [1,3,4,5,7,11,13] ,    (  the 
modified Newton's  method  )  is   frequently  used  to   investigate  the  solvability   for 
many classes  of  nonlinear singular integro-differential equations (NSIDE) . 
          In  this  paper  we  study  the   sufficient   conditions   for  the   applicability  and 
convergence  of   the  modified  Newton's  method  for  the following  class  of  NSIDE 
with Cauchy kernel in the usual Holder space  

( ) ( ) (1.1)                   0)](  (.) (.)   [ )(   )(        xu,.,u G  T  x   uxuP =′−=                       
where   u(x)  is the unknown function  and                                                                            
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which  is   taken  as  a  Cauchy   principle  value . 
Also , we consider  a   generalized   form    of    (1.1)   which  has  the  form : 

 ( ) ( ) (1.2)                 ,0)(] (.)(.)(.)   [ )( )(  )(   x  ,...,uu,.,u G     T    x   u  xuP n =′−= 
      where  
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              2.  BASIC NOTIONS AND AUXILIARY RESULTS 

        We  shall   introduce  some   notations  ,  definitions  and    assumptions ,   which 
will be used  in   the   sequel . 
Definition  2.1   [5] 
a)  We denote by ],[ bac to the space of all continuous functions  defined  on   ],[ ba . 
     For  ],[ bacu∈ , the norm of  u  is given by  )(max xuu

bxac ≤≤
= . 

,(k =0,1,2,…,n),   we denote the space  of  all  k-times  differentiable ( ) ],[ baH k
δb)  By   
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     functions   whose    k-derivatives   satisfy   Holder's   condition   with  exponent  δ ,    
: i.e , ],[   interval  closed  on  the ,  10 ba<< δ      

 ,   we   define  the   following  norms:( ) ],[ baH k
δ     For  every   u   belongs   to    

( ) ( )      exp    1 )( exp  )( max )(               
0

)(   uuu       ,   xuxu δδδk

k +==
<< δδ

l

l
  

( ) (2.1)                      , )(  )(  )(         and              xu  H  xu    xu                δcδ +=

( ) (2.2)                             .
  

)( )( 
sup )(                        

   where
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][21
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Definition  2.2      (   Frechet's  derivative   ) [8] 
           Let   X    and    Y     be   Banach  spaces   and   P     be     a   nonlinear    operator 
defined from   X  into  Y.   Let    h     be    an   arbitrary  element    of    X    and   x    be 
a  fixed  element  of   X. 

  : such that   Y  into   X   from  definedoperator    continuouslinear    a  is  )(  If xP′
(2.3)                                 );()()()( hxhxPxPhxP Θ+′=−+ 

  where 
  

 
 

nonlinear        theof  derivative  sFrechet'   called    is    )( operator  linear      the,Then xP′
operator  P (x)  at  the  point    x     with  step   h . 
 Assumptions  
(i)     Let  the function    G   in equation   (1.1)    be   defined   and  continuous  on   the  
region :         } )( and][)(  {     ,       u      ,   u  a , b    :  s  us,u,  D  ∞∞−∈′∈′=  
and     possess    partial    derivatives   up    to     the     second   order   and   satisfy   the 
following  condition: 

 

( ) ( )

{ } uuuuss  a

 
 u u

su,s,usG

 u u

su,s,usG

δ
m

αα

m

αα

m

212121

2
2

1
2

22222
2

1
1

1

11111

                                                                      

 
)()(

    
)()(

 

′−′+−+−≤

≤
∂∂

′∂
−

∂∂

′∂
  

(2.5)                  . constants   are         and       0,1,2     ,      , where 21 ma m   α   αm =+= 

(ii)     Let  the  function   G   in  equation   (1.2)    be  defined   and    continuous on  the 
 } 10)   ,   ()(] [ )( {   :region ) ()()0(  ,..., n  ,   , j s , u a , b : s ,...,us,uD jn =∞∞−∈∈= 

 and     possess     partial    derivatives     up  to   the   second  order    and    satisfy    the 
 following  condition: 
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    .  constants   are         and       0,1,2     ,   ...      where 21 ma m      m =+++= lααα 

Lemma  2.1 
           Let   the  function    G     in  the  equation   (1.1)   satisfies   the  assumption  (i). 
Then ,  the following   inequality   is  valid 

( ) { } ( ) (2.7) .
  

00  )(  )( 1 
  

 )()(  
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 u u
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c
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δδm
δ
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∂∂

∂
+′++≤
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′∂ 

Proof 
            It is easy to get the proof from definition 2.1 and condition (2.5).                                                       
Lemma  2.2 
           Let  the  function      G      in  equation    (1.2)    satisfies    the    assumption (ii). 
Then , the following inequality is valid 
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(2.8)                         .    
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Proof  
            It is easy to get the proof from definition 2.1 and condition (2.6). 
Lemma  2.3    [14]  

, )  1,(,     )(    and   )(   tscoefficien  valued-complexor      real    theIf              nqtbtAq =
are   continuous   in    an   interval   J  and    if      s     belongs    to      J    ,     then    the  
initial   value   problem 

)10, (  ,      )(,  )()( )( )()(

0
−===≡ ∑

=
nκs utbtutALu q

n

q
q νν

ν 

lycontinuous  depends  and   J   of allin   existssolution    The .solution  oneexactly   has 
. J    of   lsubinterva compact   each    in       )(   and  )(on     and   on    tbtAqνκ 

 
3. APPLICABILITY OF THE  MODIFIED NEWTON'S METHOD 

TO A CERTAIN CLASS OF  NSIDE 
                    In this section  we  shall consider  the  applicability  of  the   modified  
Newton's method  to   the   class   given  by   equation   (1.1). The   following   two   
lemmas   are  
fundamental in our  study. 
Lemma  3.1  
          Let  the  function   G    in  the equation   (1.1)    satisfies    the   assumption   (i) . 
Then,   the  operator  P  defined   in  the  equation   (1.1)    is     Frechet  differentiable 

 with  derivative   given by : ],[ baH δat   every  fixed  point  of  the  space   

( ) ( ) ( )
(3.1)     .  

 )()(  )()( )(
2
1)()( ∫ −

′′+′
−=′ ′

b

a

uu  ds
xs

su,ss,u(s)  Ghsu,ss,u  Gsh
π

xhx huP 

   satisfies  Lipschitz's  condition:   P′Moreover ,    
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( ) ( ) )2.3(                                                              2121 δδ   u  u       uPuP  −≤′−′ ξ 
in  the  sphere 

( ) { } (3.3)                                             ],,[H , 00 ruubauruS ≤−∈= δδ 
  is  a constant  .     ξwhere 

Proof  
   and     h(x)    be    an  ],[ baHδ          Let   u0 (x)   be  a  fixed   point    in   the   space    

. ],[ baHδarbitrary  element  in    
Then , 

( ) ( ) ( ) ( )
4) (3.               .

2
1)(  0000

00   ds
xs

u,s,uGhuh,s,uG
 

π
xhuPhuP

b

a
∫ −

′−′+′+
−=−+ 

     By applying  Lagrange's  formula ,[10], we get :     
( ) ( ) ( ) ( ) ( ) ( ) (3.5)                    )(    321000 xxxxhuPuPhuP Θ+Θ+Θ+′=−+              

where 

    . 1,2,3    j    ,     0       
  

 )  ;  (  
    

0   
==

Θ

→ h

hx
Lim

j

h
 

Hence , P(u)  is differentiable  in  the sense  of  Frechet  and its derivative is given by: 
 

 ( ) ( ) ( )
       . 

 )()(  )()( )(
2
1)()( ∫ −

′′+′
−=′ ′

b

a

uu  ds
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π
xhx huP 

From equation (3.1) and  Lagrange's  formula ,[10],we get : 

( ) ( ) ( ) ( ) ( ) +

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
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
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
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Hence: 
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(3.9)                                           .    )()( max                                                 
:such that     constant   a  exists    there],,[    allFor   

21
bsa

21

susu
baH, uu δ

′−′=

∈

≤≤
υ

υ

Therefore, from  the  assumption  (i)  ,  Lipschitz's  condition  (3.8)  has the form :  
( ) ( )                                  2121   δδ   u  u       uPuP  −≤′−′ ξ 

where: 
 { } (3.10)                                                           ,max 21 dd=ξ 

 and : 
, )0,0,(   )0,0,(   )   (   21211 cuucuu sGsGd ′+++= ρρρρµ 

( ).   )0,0,(   )0,0,(   )(       43432 cuucuu sGsGd ′′′ +++= ρρρρµυ 
Thus  the   Lemma  is  true .  
Lemma  3.2  
         Let  the  conditions  of   lemma   (3.1)  be  satisfied . Then,    the   linear    operator  

( ) ( ) ( )
 ,  

 )()(  )()( )(
2
1)()( ∫ −

′′+′
−=′ ′

b

a

uu  ds
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has a bounded inverse, [ ] 1
)( 00
−

′= uPΓ ,on the space ],[ baHδ  for any fixed point  
)( 00 xu  and arbitrary element )(xh  belong to ],[ baHδ , such that:   

                                                     )()( bhah =                                                             (3.11) 
Proof 

[ ]
,equation   

   theofy  solvabilit    theeinvestigat   we,   )(   operator      thefind  To         
1

00
−

′= uPΓ

( ) (3.12)                                                                    ,  )()(  0 xfxhuP =′ 
that  can  be  rewritten  , by  using   (3.1)  ,  as  follows : 

( ) ) (3.13                                      )()(
2

)(
2 ∫∫ =

−
′

−
−

−
b

a

b

a

xfds
xs

shBds
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shAxh
ππ

 

, ],[ baHδ where        f (x)        is     an    arbitrary     continuous      function       in         
( ) ( ) . constants  zero-non   are     ,,B    and    ,, 000000 uusGuusGA uu ′=′= ′ 

Now ,   consider  the   holomorphic   function  

( ) (3.14)                          1  ,                )(
2
1

−=
−

=Φ ∫ i ds
zs

sih
i

z
b

aπ
 

and by   using   the condition    (3.11)    we   can   show   that : 

( ) (3.15)                         1  ,               )(
2
1

−=
−
′

=Φ′ ∫ i ds
zs
shi

i
z

b

aπ
 

hence  ,  the Sokhotski  formulae , [6] , are : 

( ) ( ) (3.16)                                                   )(
2
1 ssihs Φ+±=Φ± 

                 and 
 

Substituting  from   equations  (3.14) ,  (3.15)  into  (3.13)  we obtain  : 

(3.18)                     ,     )()()()()(
B
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B
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
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−
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+
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which  can  be  rewritten  in the  following  Boundary value problem (B.V.P) : 
 

(3.19)                                
                                         

where: 
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B
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= 

  and 
3.21)(                                

     
which  are  first  order  linear  ordinary  differential  equations. 
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          From  the theory of linear singular integral equations [6] ,  the index  of   equation 
  .    1−(3.19)   equals  zero  and   the coefficient function    c (s)     equals   

 : where
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By using   relations   (3.23) ,  we obtain  : 
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The  equation   (3.21)   is   a first   order  linear  ordinary  differential equation  has the 
following solution:  
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By using the condition   (3.11), we  get: 
(3.28)                                  .  0)()(         and      0)()( =Φ−Φ=Φ−Φ −+−+ bbaa  

From (3.26) and (3.28), equation (3.27) can be written as: 
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Now , from   (3.30) – (3.34)    and     (3.29)  ,  we  have :  

( ) ( ) ( ) (3.35)                       ,constant  ~    )(   1   5 ≡=+−+≤ NRRWabWQh ρδ          
      where 
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      Thus, the linear operator (3.1) has a bounded  inverse  and the lemma is true .  
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[ ] :get   we,     )(      where)(  consider     we, Now
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          Thus,  all   the  conditions  of   applicability  and  convergence   of   the  modified 
Newton's method  are  satisfied  .Hence , the  following  theorem is  valid. 
Theorem   3.1 
          Let       the     conditions    of     lemma      (3 .2 )       be       satisfied     and       let  

[ ] [ ] .  
2
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Then  ,       the    equation      (1.1)      has     a     unique    solution     v    in   the  sphere 
 )21(1  ,       v 0 ℘℘−−=>≤− /Mrrru oδ 

to  which  the   successive  approximations 

[ ] )( ) (  
1
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−=+ 
of  the  modified  Newton's  method  converges  and  the   rate  of  convergence  is given 
by  the  inequality 
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4. ON  A GENERALIZATION  FORM  OF  NSIDE 

         In   this   section , we can generalize  the class of   NSIDE   represented  by (1.1)   
to  a  more   general  class  of    NSIDE    written   in   the   form   (1.2). By  the   same 
technique  have  used  in section  §  2 , we shall study the NSIDE  (1.2).  
Lemma   4.1  
         Let    the   function     G     in  the  equation (1.2)   satisfies  the assumption   (ii) . 
Then,  the  operator    P     defined  in  the  equation    (1.2)   is    Frechet  differentiable 

  with  derivative  given by : ],[ baHδat every fixed point  of the space   

( ) (4.1)             .  )(h ),...,,(1
2
1)()(  (i))(

0i

)0(
)i(∫ ∑

=−
−=′

b

a

n
n

u
dss uusG

xs
  

π
xhx  huP            
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 is  a constant .   *  ξwhere 
Proof 
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 (x)   be  a fixed  point  in  the space     
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Hence,  P (u)   is  differentiable  in  the sense of   Frechet   and   its   derivative  is given 
by:  
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Thus , the  lemma is  true .  
Lemma  4.2 
         Let  the  conditions  of   lemma    (4.1)    be  satisfied , then   the  linear  operator 
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Hence  ,  the  Sokhotski  formulae , [6],  are   given   by : 
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Equation   (4.11)  can  be  rewritten  in  the  form:   
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According  to  Lemma 2.3 ,[14], equation  (4.12)   has  exactly   one   solution    hence ,

 ( )[ ] .   
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*
00

−
′= uPΓequation  (4.5)  is   solvable   and   has   a  unique  solution 

 
constant )(     ,constant                     
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δδ

 

and  the  lemma   is   proved  . 
Thus ,  all   the   conditions   of      applicability    and    convergence    of    the    

modified Newton's method are satisfied .Therefore , the following theorem is  valid. 
Theorem  4.1 
            Let     the     conditions    of     lemma         (4 .2)        be    satisfied     and    let  
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Then ,   equation      (1.2)      has  a  unique  solution     v*     in   the  sphere  
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