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Abstract- In this paper a procedure is considered for a new modified goodness of fit
test for the normal type2 censored population. Samples of sizes 10(10)60 are chosen
and censored at a specified percentage. Cramer von Mises and Anderson Darling test
statistics are used with a nonparametric density estimator in place of the empirical
distribution function. Tables of critical values for the two tests are generated. The
power of the tests for nine alternative distributions is shown. Results show high power
of discriminating the alternatives.
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1. INTRODUCTION

An important problem in statistics is to find information about the form of the
population from which a sample is drawn. Goodness of fit tests are given for the
normal distribution with unknown mean and unknown variance from type 2 censored
samples. We use the modified Cramer-von Mises (CvM) and Anderson-Darling (AD)
goodness of fit tests.

A Monte Carlo procedure is used to develop and compare the modified
goodness of fit (GOF) tests from censored samples. Critical values for different sample
sizes n are generated. Let 7, be the percentage at which a sample will be censored. In

order to find which order statistic will determine the largest observation in the sample,
let us define r as an integer that rounds r xnto the largest integer not greater than

r; xn. Thus, if =60%, for a sample of size 20, the sample will be censored at the

12" order statistic. Samples of sizes 10(10) 60 (i.e. sample sizes started at n=10 and

ends at n=60 with a step of 1) are chosen and censored at the »” order statistic. The
modified CvM and AD test statistics are calculated for the given values of n. This
procedure is repeated 10000 times for each test statistic. These 10000 values are then
ranked, and we find the 80%, 85%, 90%, 95%, and 99% quantiles. These quantiles
approximate the critical values for respective significance levels of 0.20, 0.15, 0.10,
0.05, and 0.01 for each test. Tables of critical values for the two modified test statistics
from type 2 censored samples for the normal model are found. Also the power study of
the modified tests to compare the efficiency of the CvM and AD tests for different
sample sizes is discussed.

2. THE NORMAL DISTRIBUTION
The normal distribution is without a doubt the most important and most widely
used continuous probability distribution. It is the fundamental base of the application
of statistical inference in analysis of data, because the distributions of several important
sample statistics tend toward a normal distribution as the sample sizes increase.
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The probability density function of the normal distribution is given by
1 (v 2 /2 2
f()=—g=e
o2 (2-1)

-0<x<w, o< u<wo ,og>0,

where the parameters 1 and 0'2 are the mean and variance, respectively.
Let X(7),X(2),..., X(p ) represent an order sample from a normal population.

If some of these observations are not observed, the sample is said to be censored. At
the 7" order statistic, if all the observations less than X, are missing, then the sample

is known as left-censored, and if all the observations greater than X(p )are missing, it

is right-censored or type2 censoring. In this paper we consider the case of type 2
censoring.

Maximum likelihood estimates are complicated to calculate and percentage
points of the test statistics for finite n appear to converge more slowly to the
asymptotic points when these estimates are used (D’Agostino and Stephens 1986).
Gupta (1952) suggested estimates of 4 and o which we used here, these are linear

combinations of the available order statistics
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and m; is the expected value of the i * order statistic of a sample of size n from the

" m:
standard normal distribution and where m = ), —L  Values of m; are tabulated or

i=1"7
can be well approximated by Blom(1958):
" :®1(1—0.375j (2-3)
n—0.125

where @_1(. ) is the inverse C.D.F of the standard normal, and the estimates

% %
M ,0 have been shown to be asymptotically efficient (Ali and Chan 1964). These
estimates are the same as those obtained by least squares when X; is regressed against

m;,i = 1,...,r (D’Agostino and Stephens 1986).

3. GOODNESS OF FIT TEST STATISTICS FOR TYPE 2 CENSORED DATA

Goodness of fit tests (GOF) measure the degree of agreement between the
distribution of an observed data sample and the theoretical statistical distribution.
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A goodness of fit test based on the empirical distribution function (EDF), where
the parameters are estimated, is called a modified goodness of fit test.
EDF statistics are based on the vertical differences between the empirical

distribution function £, ('x ) and the theoretical statistical distribution (' x ) and they

are divided into two classes, the supremum class and the quadratic class.
The supremum statistics class:

This includes, DT and D~ defined as:
Dt =sup {F,(x)—-F(x)},and D™ = sup {F(x)—F,(x)}.
the most well known EDF statistic is D
D= supx|Fn(x)—F(x)| =max(D*,D” ).

The quadratic statistics class:
A second and wide class of measures of discrepancy is given by the Cramer-
von Mises family

0
2
Q=n [{F,(x)-F(x){"¥(x)dF(x) (3-1)
—o0
where W(x)is a suitable function, which gives weights to the squared difference

{Fn (x)—F(x )}2 When W(x)=1 the statistic is the Cramer-von Mises statistic

CvM denoted by W2, and when ‘P(x)Z[{F (x )}{( 1-F(x) )}]_1 the statistic is the

Anderson-Darling
We will define the goodness of fit test statistics for type 2 censored data. First,
for a specified sample of size n from the normal population, we get the ordered type 2

censored statistics X(1)<X2)<..<X) and suppose the distribution of x is F(x).
Based on this sample the probability integral transformation defined by:

zi) =F(xgi)) (3-2)
is itself censored, i.e. 2(1) <Z(2) <--<Zp) with Z(r) corresponding to the largest

observation.
Pettitt and Stephens (1976) introduced versions of the Cramer-von Mises

ZW,,Z,n , and Anderson-Darling > A,{ j Statistics, obtained for type 2 censored data by
modifying the upper limit of integration in the definition of these statistics, given

Zqy < Z3y5-- < Z(; the formulas are

! 2i—1 2 7 n r ’
w? = E Z — + +—z -1, 3-3
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—i[(r—l)zloél—z(i)}—rzlog(,.) iz, | (3-4)
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To this point, an approach depending on the replacement of the EDF by the
nonparametric density is used. The kernel estimator with Gaussian kernel is defined

~ 1 X — X,
f(x)—ﬁzk[ 7 J

i=1

1 <& 1 1(x-xY
= exp — — : 3-5
nh ,Zzll 2 P 2 ( h ] ( :
is given as: F(x) The distribution function C.D.F. of this kernel density

ﬁ(x):_j Z\/zﬂe ;_(x—}lxijdx

_I_Z“:ji 1 exp—l—(x_xijzdx

niT L N2mh 2 h
I—ZCD(X x,-j (3 - 6)
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where ®(x) denotes the C.D.F. for the standard normal random variable, and the

kernel function K is a symmetric probability density function on the entire real line.
In equations (3-3) and (3-4) the expression of the EDF will be replaced

by F(x), the cumulative distribution function C.D.F of the nonparametric kernel

estimator f (x), for i=1,2,..,r, and the bandwidth h will be taken h=1.065n"
(Silverman 1986), where S is the sample standard deviation.

4. CRITICAL VALUES
Critical values for the modified goodness of fit tests are generated using Monte
Carlo procedure. Lilliefors (1967) first used this approach to find tables of critical
values for a modified Kolmogrov-Smirnov (K-S) test for the normal distribution with
estimated mean and variance. And for the exponential distribution with unknown
mean, Lilliefors (1967) were introduced with a study of the power of the test, which
showed that the modified K-S test had higher power than y” -test for the normal case.

Choulakian, Lockhart and Stephens( 1994) developed the Cramer-von Mises
statistics for use in testing the discrete distribution and gave tables for tests for the
discrete uniform distribution.

Now suppose the sample is type 2 censored, and the null hypothesis is

H: the censored sample x;, <x,..<X,, comes from the normal distribution
F(x), with unknown mean and unknown variance.

The Monte Carlo procedure for the critical values determination can be
described in the following 9 steps for the null hypothesis:
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Step 1 A sample of n normal random variates x,,x,,...,x, 1s generated from the normal

distribution with mean 100 and variance 10, n takes the values 10(10) 60 using the
RNNOR routine from IMSL library.

Step 2 The random variates are converted to order statistics by sorting them in
ascending order, then the ordered sample is censored at the rth order statistic as
defined in section 1.

Step 3 The normal parameters 4 and o are obtained using equation (2-2) .

Step 4 Find w, = {x(,.) - ,u*}/ o ,i=12,.r.
Step S Calculate Z;) = CD(V%) where ) () is the standard normal C.D.F.

Step 6 Find a continuous nonparametric estimator F (x)as in equation (3-6) for
i=1,2...r.
Step 7 The modified />, ,4°, test statistics are calculated by substituting the

FNES L,2,...r values and the nonparametric estimator F (x) in place of the EDF in

equations (3-3) and (3-4).
Step 8 Steps 1-7 are repeated 10000 times to generate 10000 independent test statistics
for the Cramer von Mises as well as Anderson- Darling tests.

Step 9 For each type, the 10000 test statistic are ordered, and the 80”,85" 90" 95"

and 99" percentiles are found. These percentiles approximate the critical values for
respective significance levels o of 0.20, 0.15,0.10, 0.05, 0.01.

5. POWER COMPARISON AND RESULTS
The corresponding power study for testing the hypotheses is conducted under
H ;and the power is computed. The test shows powers, which were reasonably close to
the o levels.
The power of a statistical test is the probability of correctly rejecting a false
null hypothesis. In our case, the null hypothesis ( /() )is that the censored sample
X1y < Xy <. <X, comes from the normal distribution. The alternative hypothesis

(H,) is that the sample follows some other distribution. The following alternative

distributions are considered:
e H, :Uniform over the range 0.0 to 1.0.

H, :Chisquare with 1 degree of freedom.
e H, : Chisquare with 4 degree of freedom.
. 1, : Negative Exponential.

e [, : Cauchy.

e H, : Double Exponential.

e [, : t-student distribution with 3 d.f.

e H, : Logistic distribution.

e H, : Normal distribution.
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These distributions cover a wide spectrum of various shapes. Some of these
shapes are close to the original distribution. However some of them are dramatically
far a way from the normal shape such as uniform, Chi square with 1 and 4 degrees of
freedom and Exponential distributions, such distributions are considered to show how
good the proposed test can discriminates any censored sample that comes from these
distributions.

The sample size 7 is varied from 10 to 60 with increments of 10 observations,
and the significance levels « , again include 0.20, 0.15, 0.10, 0.05 and 0.01, for each
alternative.

The following steps describe the procedure for establishing tests under the
predefined nine alternatives.

Step 1 A sample of n random variates is generated from the selected alternative
distributions.

Step 2 The null hypothesis /) is assumed and steps 2-7 of the critical value

generation procedure are performed to compute values for the CvM and AD test
statistics.

Step 3 For the given distribution and significance level o, H, is rejected if the test

statistic exceeds the corresponding critical value.

Step 4 Steps 1-3 are repeated 10000 times to generate 10000 independent sets of test
statistic values.

Step S The power of each test is obtained by counting the number of times in which
H, is rejected divided by 10000.

The results for the proposed goodness of fit test for censored normal samples
are shown in Table lup to Table 16. Table 1 gives the critical values at different
significant levels in case of the modified CvM test statistic. Table 2 shows the power
of the test in case of censored normal samples different from those used to determine
the critical values in Table 1. The power of the test in this table is close enough to the
corresponding «-levels which means that the test performed right with normal
distribution. Table 3 to Table 8 show the performance of the test under the nine
different alternatives. These tables show an increasing power when the sample size
increase. The test discriminates all alternatives with high power except for the logistic
distribution which has a shape close to the normal.

Similar tables (Table 9 - Table 16) are describing results in case of AD test.
Finally it is noted that the modified test using the AD statistic gives better power than
the test based on the CvM statistic for different alternatives.
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Table 1. Simulated Critical Values for the New Suggested Test for Normal Censored
samples at Censored ratio 0.6 with Sample Sizes n =10 (10) 60 (Using CvM) (at
Signiﬁcance Levels aa=.2,. 15, 1,.05, 01)

Table 2. Power of Tests for the Normal Censored samples at Censored ratio 0.6 for
Sample Sizesn =10 (10) 60 (Using CvM) (at Signiﬁcance Levels a=.2,.15,. 1, 05, 01)

Table 3. Power of the test for Normal censored sample of size 10 at censored ratio .6
(Usm CVM)(Normal ag ainst one of the followm:
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Table 4. Power of the test for Normal censored sample of size 20 at censored ratio .6
(Usin CVM) (Normal a ainst one of the followin ')

Table 5. Power of the test for Normal censored sample of size 30 at censored ratio.6
(Usm CVM) (Norrnal ag amst one of the followm 9)

Unif.=Uniform  Chi(k)=Chi square with k d.f Exp.=Negative Exponential
D.E.=Double Exponential t(3)=t-student distribution with 3 d.f.

Table 6. Power of the test for Normal censored sample of size 40 at censored ratio .6
(Using CvM) (Normal against one of the following')
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Table 7. Power of the test for Normal censored sample of size 50 at censored ratio .6
(Using CvM) (Normal against one of the following:)

Crea | e 1oy 1o ] b T con |

Table 8. Power of the test for Normal censored sample of size 60 at censored ratio .6
(Using CvM) (N ormal against one of the following')
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Table 9. Simulated Critical Values for the New Suggested Test for Normal Censored
Samples at censored ratio 0.6 with Sample Sizes n== 10 (10) 60 (Using AD) (at
Significance Levels a=.2,.15,.1,.05,.01)

Table 10. Power of Tests for Normal Censored Samples at Censored ratio 0.6 for
Sample Sizes n = 10 (10) 60 (Using AD) (at Significance Levels «=.2,.15,.1,.05,.01)

Table 11. Power of the test for Normal censored sample of size 10 at censored ratio .6
(Using AD) (Normal against one of the following:)

M| Unit. || Chi) || Chi@ | E | Cauchz |

Slgn Level ! D.E. |! t(3) ! LOélSth ! NORMAL |
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Table 12. Power of the test for Normal censored sample of size 20 at censored ratio .6
(Using AD) (Normal against one of the following:)

! Slén Level ! Unif. |! Chi(1) ! Chi(4) ! E |! Cauchz

I Slén Level m 3] I lOélStlc NORMAL I

Table 13. Power of the test for Normal censored sample of size 30 at censored ratio .6
(Using AD) (Normal against one of the following:)

mml Chich_||_Chic) _ m

| Slgn Level i D.E. |i t(3) i lOélSth i NORMAL
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Table 14. Power of the test for Normal censored sample of size 40 at censored ratio .6
(Using AD) (Normal against one of the following:)

! Slén Level ! Unif. |! Chi(1) ! Chi(4) |! E ! Cauchz |

[Sign. Level ] slén Level m [ )] _ | NORMAL |

Table 15. Power of the test for Normal censored sample of size 50 at censored ratio .6
(Using AD) (Normal against one of the following:)

mml Chich_||_Chic) _ m

| Slgn Level i D.E. |i t(3) i lOélSth i NORMAL
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Table 16. Power of the test for Normal censored sample of size 60 at censored ratio .6
(Using AD) (Normal against one of the following:)

! Slén Level ! Unif. Chi(1) ! Chi(4) ! E ! Cauchz

[Sign. Level ] slén Level m )] _ | NORMAL |
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