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Abstract: Modelling the profile of a liquid droplet has been a mainstream technique for researchers
to study the physical properties of a liquid. This study proposes a facile modelling approach using an
elliptic model to generate the profile of sessile droplets, with MATLAB as the simulation environment.
The concept of the elliptic method is simple and easy to use. Only three specific points on the droplet
are needed to generate the complete theoretical droplet profile along with its critical parameters such
as volume, surface area, height, and contact radius. In addition, we introduced fitting coefficients to
accurately determine the contact angle and surface tension of a droplet. Droplet volumes ranging
from 1 to 300 uL were chosen for this investigation, with contact angles ranging from 90° to 180°. Our
proposed method was also applied to images of actual water droplets with good results. This study
demonstrates that the elliptic method is in excellent agreement with the Young-Laplace equation
and can be used for rapid and accurate approximation of liquid droplet profiles to determine the
surface tension and contact angle.

Keywords: surface tension; droplet profile; liquid marble; non-wetting droplet; microfluidics

1. Introduction

The behaviour and properties of a liquid droplet have long been an attractive research
topic. Researchers have been able to study both static and dynamic behaviours of liquid
droplets such as mobility on a solid surface, evaporation, or coalescence by analysing
critical droplet parameters. Throughout the past two centuries, researchers have focused
on studying droplet shapes as a critical parameter [1-3]. Droplet shapes are governed
by the capillary length of the liquid and surface energy of the solid substrate on which
the droplet rests on. Depending on the droplet volume, its shape varies from a spheroid
(<10 pL) to a puddle (>100 puL). The two most commonly used methods to study droplet
shapes are (i) the sessile drop method, where a droplet rests on a horizontal solid substrate,
and (ii) the pendant drop method, where a droplet is suspended from the tip of a needle.
In the pendant drop method, the surface tension is determined through droplet shape
analysis [4,5]. On the other hand, the scope of measurements is wider for the sessile drop
method where the surface tension, contact angle, and surface free energy of the solid
surface are generated from the analysis due to interactions between the droplet and solid
substrate. This information is used to determine the wettability of a surface, which is
essential for many fields including coating, inkjet printing, and digital microfluidics, as
well as biological and chemical processes [6-9].

A hypothetical droplet profile is constructed by fitting a series of data points based on
a suitable mathematical model. Various parameters have been thoroughly studied using
the generated data points of hypothetical droplet profiles. Currently, a variety of curve-
fitting solutions for droplet modelling exist either as separate tools or as integral parts of a
droplet measurement technique. Simple geometrical models such as the spherical method
or the conic section method are mainly used for droplets with a small volume and a limited
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range of contact angles (0-100°) [10,11], whereas the Young-Laplace equation is universally
applied since it is derived from fluid physics. Numerically solving the Young-Laplace
equation generates an ideal droplet which corresponds to a real sessile droplet resting on a
smooth solid surface. Solutions to the Young-Laplace equation have been proposed, with
some notable works on the generation of tables of parameters relating to different droplet
shape factors [12] using the minimisation of energy to obtain the governing differential
equation for the shape of the droplet [13-15], or by applying the fourth-order Runge-Kutta
method as a numerical solution to examine axisymmetric droplet interfaces [16]. Axisym-
metric droplet shape analysis (ADSA) is a powerful droplet analysis technique developed
based on the Young-Laplace equation. Throughout the years, different versions of the
ADSA method have been developed such as ADSA—Profile [17,18], ADSA—Diameter
(ADSA-D) [19], and ADSA—Height and Diameter (ADSA-HD) [20]. Besides measuring
conventional liquid droplets, these tools have been used to analyse liquid marbles, which
are liquid droplets coated with micro- or nanoparticles [21-27]. Thanks to their unique
features such as high elasticity, self-propulsion, and ability to coalesce, liquid marbles are
present in applications such as micro- or nanoscale chemical reaction control, microfluidics,
or cosmetics [28—41]. When liquid marbles rest on a flat and smooth surface, they are
analogous to a sessile droplet on a non-wetting solid surface [42]. Therefore, the shape of
liquid marbles upon interaction with a liquid or solid substrate can be investigated via
modelling techniques catered for conventional liquid droplets.

Modern droplet modelling tools are extremely versatile and highly effective in terms
of producing and analysing liquid droplets [43-46]. However, highly precise instruments
packaged with proprietary analysis software tend to cost tens of thousands of dollars. Thus,
the development of a cost-effective and easily accessible alternative modelling technique
will facilitate the research of sessile droplets in various settings. This study proposes an
elliptic model to generate sessile droplet profiles which provide measurable parameters
such as contact angles and surface tensions. This model divides the droplet into two elliptic
curves which can be uniquely defined using an analytical method. The model accurately
generates the surface tension of the liquid using only two points from the top half of the
droplet. Moreover, if the position of the three-phase contact point is known, the model
can generate the contact angle which is difficult to measure accurately. Our elliptic model
generates all these critical parameters without iteration which eliminates the need for
complex algorithm optimisation.

2. Theoretical Background

The profile of a sessile droplet can be approximated as a truncated circle. However,
this approximation only applies to extremely small droplets. For larger droplets, the profile
can be estimated as a truncated ellipse instead. This approximation applies to droplets with
contact angles less than 90°. For larger contact angles, the bottom portion of the droplet no
longer conforms with the elliptic curve. This study accurately models the profiles using
distinct top and bottom half ellipses. The asymmetric ellipses are bordered by a shared
equator where the droplet width is at its maximum.

2.1. Defining the Ellipses

First, we split the droplet into the top and bottom ellipses, Figure 1. The origin of the
coordinate system is defined as the intersection between the equator and the vertical axis
of symmetry. The general equation for an ellipse can be formulated as

(x — x0)°
aZ

2
v —vo)” _ 1)

+ 2

where a and b are the semi-major and semi-minor axes, respectively; x and y are represented
as standard parametric equations such that x = a cos t and y = b sin t, where ¢ is an angle
that ranges from 0 to 90°. The top ellipse is centred at the origin (0,0) such that xyp =y = 0.
For the bottom ellipse, the semi-major and semi-minor axes are defined as a and V. The
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bottom ellipse is centred at (1—a’,0) instead of the origin such that both the top and bottom
ellipses share the same equatorial point.

y
A

Droplet apex ;. Semi-major axis, top ellipse
b: Semi-minor axis, top ellipse
K a’: Semi-major axis, bottom ellipse

¢
4 >~ b’: Semi-minor axis, bottom ellipse
Top ellipse
b a
Equator
v - > X
O Equatorial point
¥ Bottom ellipse
(l,J)‘
: sl
Y e o J Three-phase

contact point

Figure 1. Schematic of the coordinate system for the elliptic model. O is the coordinate of the origin,
whereas (i, j) is the coordinate of the three-phase contact point.

The respective ellipses were defined using image analysis on a captured digital image
of a real droplet to determine the coordinates of three critical points. The critical points are
the top point, the equatorial point, and the bottom point, which is the three-phase contact
point, Figure 1.

The interpl command in MATLAB was used to generate the interpolated function f as
the elliptical curve. By revolving the elliptical curve f around the vertical axis, we obtained
the volume and surface area of the ellipses. Therefore, the volume V and surface area S can
be written as

V=n /b fody @)
]

b
s=o2m /] FIV1+ [Py 3)

where the lower limit of the integral is the vertical coordinate of the three-phase contact
point j, and the upper limit is the vertical coordinate of the droplet apex b.

As the shape of a sessile droplet is dependent on its volume, density, surface tension,
and gravitational acceleration, the dimensionless Bond number can be used as a shape
descriptor. The Bond number represents the ratio of gravitational to capillary forces, given
by the equation

2
Bo = L’fL 4)
_ Apg (3V\*?
o — 248 ( 4n> 5)

where Ap is the difference in density between the measured fluid and the surrounding
fluid, g is the gravitational acceleration, L is the characteristic length, -y is the interfacial
tension, and V is the volume of the undeformed spherical droplet. As the elliptic model can
fit a range of droplet profiles with different volumes, densities, and surface tensions, the
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Bond number is used to represent the operational range since this dimensionless number
takes these parameters into account.

2.2. Determining Surface Tension Using Droplet Apex and Equatorial Point

To simplify the discussion from this point onwards, we assumed that the droplet
density is a known quantity. As such, surface tension can be determined from a droplet
profile. Our method uses the apex point and the equatorial point of the top ellipse to
determine the surface tension. These points are chosen because the sums of their principal
radii can be easily calculated.

The Laplace pressure at any point on the droplet profile is expressed as

1 1

where R; and R; are the principal radii of curvature. These radii cannot be directly
measured and therefore derived from the geometry of the droplet profile. Using the elliptic
model, Ry and R; can be easily approximated as it is relatively trivial to determine the radii
of curvature of an ellipse at its apexes.
Since R; is not equal to the radius of curvature of the fitting ellipse, we introduced a
2
set of constant correction factors C to improve the approximation such that Ry = Ry = ClT”
at the apex. At the equator, we set the latitudinal radius to Ry = a, whereas the longitudinal
2
radius was set to Ry, = %
Assuming axisymmetry at the droplet apex, its Laplace pressure AP, can be written as

b b \_ 2
C1612 C1a2 _C1a2

AP, = 7( 7)

whereas the Laplace pressure at the equatorial point AP, is written as

- (1 a [ Cob?+a?
sre=a (G ) =1 ©

As the difference in Laplace pressure arises from hydrostatic pressure, these two
equations can be subtracted to yield

C1Cpab? + Cya® — 2C2b3>

AP — AP, = pgb = 7< C,Cya?l?

©)
As such, the surface tension can be calculated using the coordinates of the apex and

the equatorial point of the droplet. C; and C; are determined such that the resultant surface

tensions are closest to the nominal values, using the numerical Excel goal seek function.

2.3. Determining Contact Angles

First, at least three distinct points should be measured from the droplet profile for
Equation (1) to be fully constrained. We used the apex point, the equatorial point, and the
three-phase contact point to determine the contact angle using the elliptic method. As the
top ellipse is already fully defined in the previous section, we will discuss the procedure to
define the bottom ellipse in this section.

As the contact angle of the three-phase contact point is unknown, the ellipse is under-
constrained. Therefore, we introduced an additional constraint such that the longitudinal
radius of curvature of the bottom ellipse R, at the equator is related to the longitudinal
radius of curvature of the top ellipse R, such that: R, = C3R, = C3uh2 . C3 is also determined
using the Excel goal seek function, with the target to minimise the difference between
the generated contact angles and nominal contact angles. From Equation (1), we require

4 constraints for the bottom ellipse to be fully defined. For the parameters associated with
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the bottom ellipse, we assigned the prime symbol such that the semi-major and semi-minor
axes are defined as @’ and ¥/, respectively.
The constraints are thus:
(i) yo =0, since the bottom ellipse foci are located on the x-axis;
(i) Whenx =a,y =D, since the equatorial point is known;
(iii) When x =1, y = j, since the three-phase contact point is known;

. b/Z Cs 2 .
(iv) % = =~ from the radius of curvature.

The general equation of a tangent line that passes through the three-phase contact
point can be described as
y=xtan(mw —a)+m (10)

where tan(7r — «) is the gradient of the line, « is the contact angle, and m is the intercept of
the vertical axis. For the case of an ellipse, this tangent line can also be expressed as

Xy _
Aty = 1 (11)
With Equations (10) and (11), and the four constraints listed above, the contact angle
and final elliptic droplet profile were generated.

3. Methods

MATLAB was used as the sole computational environment for setting up the mod-
elling code, and for the generation and analysis of both theoretical and elliptic droplet
profiles. Recorded images of sessile droplets resting on a solid substrate were analysed
using Image] and the Low-Bond Axisymmetric Drop Analysis (LBADSA) plugin. Reference
profiles of sessile droplets on a solid substrate were generated using a numerical solution
to the Young-Laplace equation. All the parameters generated from this theoretical droplet
modelling method were compared with their respective counterparts from our elliptic
modelling method. Different apex curvatures and contact angles of droplets were inserted
into MATLAB to generate various droplet profiles to verify the accuracy of the elliptic
method through the curve and parameter comparisons.

A MATLAB code was written to generate an elliptic droplet profile and all its related
parameters. First, the coordinates of the three main points and contact angle of the droplet
were defined. The nominal surface tension of the droplet was fixed at 72 mN/m with
reference to pure water. Subsequently, the coordinates of the points were determined based
on the newly set up coordinate system and used as the inputs for the elliptic MATLAB code.
Finally, the complete droplet profile was produced with the desired parameters. Herein,
the simulation was carried out at different contact angle values, ranging from above 90° up
to 180°, and at five different droplet volumes (1 pL, 10 uL, 30 L, 100 uL, 300 uL).

The elliptic model was also tested on actual droplet profiles by extracting the coordi-
nates of three main points with the aid of the LBADSA curve fitting tool—an Image] plugin
developed based on a perturbation solution of the axisymmetric Laplace equation. Droplet
properties such as volume, surface area, contact angle, and capillary constant c—which is
used to calculate the surface tension of a droplet—were recorded. Next, the height of the
droplet i was adjusted such that the contact angle was as close to 90° as possible. At this
contact angle, the hypothetical line that connects two asymmetrical end points of the curve
was regarded as the equator of the elliptic model. The coordinates of the three main points
of the droplet were defined based on the & value at 90° (apex point), surface of contact at
90° (equatorial point), and difference between the h value at 90° and the final contact angle
(three-phase contact point).

4. Results and Discussion
4.1. Surface Tension Determination

The feasibility of this modelling approach in terms of determining the surface tension
of a sessile droplet was investigated by comparing the generated and nominal surface
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tension values for droplet volumes of 1 to 300 pL. Numerically generated Young-Laplace
water droplets were used as reference droplet profiles. From the reference profiles, the
coordinates of the apex and equatorial points were extracted to calculate the surface tension
using the elliptic method, as shown in Equation (9). The Excel goal seek function was
used to minimise the total error of the generated surface tension values to determine C;
and Cy, resulting in C; = 0.923579 and C; = 0.859953. The generated surface tensions
with the correction factors implemented agreed well with the nominal value of 72 mN/m,
Table 1. The errors were less than 2% for droplets smaller than or equal to 100 pL. The error
was slightly larger at 4.5% for a large droplet of 300 uL. We also performed an additional
comparison between errors of the generated surface tension with correction factors and
without correction factors, as shown in Table S1. Without correction factors, there were
significant errors in the calculated surface tension at more than 10%.

Table 1. Comparison between nominal and generated surface tension of droplets at different volumes.

Input Parameters (cm) Surface Tension (mN/m)
Volume (uL)
a b Generated Error (%)

1 0.0636 0.0628 72.00 0.000

10 0.1388 0.1314 72.29 0.403

30 0.2087 0.1866 73.69 2.347

100 0.3280 0.2589 71.99 0.139

300 0.5135 0.3323 70.47 2.125

4.2. Generation of Elliptic Droplet Profile and Contact Angle

The profiles of the ellipses almost exactly match the profile generated using the Young-
Laplace equation, Figure 2. Contact angles of elliptic droplets were generated using defined
constraints from the bottom ellipse and tangent line, Equations (10) and (11). The correction
factor for the bottom ellipse C3 = 0.963238 was determined similarly to C; and C,. Without
the correction factor C3, the errors for volume and surface area calculation were significant
as they reached up to 10% (Table S3). We compared parameters derived from droplet
profiles such as surface areas and droplet volumes to demonstrate the accuracy of the
elliptic method. Table 2 shows that the volume and surface area are in good agreement
with the numerical method. Errors tend to increase with the volume and contact angle
because the droplet shape starts to deviate from an ellipsoid in these extreme regions.

The Bond numbers of the droplets generated using the Young-Laplace numerical
method and the elliptic method were also compared (Table 3). The Bond number of each
droplet volume was taken as the average value of all of the contact angles investigated.
Table 3 shows that the Bond number values are in excellent agreement with each other.
Hence, we can conclude that the elliptic method is applicable for a large range of Bond
numbers from 0.055 to 2.379.
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Figure 2. Comparison between droplet profiles with the Young-Laplace theoretical model (continuous lines) and elliptic

model (scattered data points) at different nominal contact angles.

Table 2. Droplet parameters at different volumes and various contact angles: (i) Young-Laplace theoretical droplet; (ii)

generated droplet using the elliptic model.

Surface Area (cm?)

Pre-Defined Contact Angle (°) Volume (uL)
Volume (uL) @) (i) Error (%) () (ii) Error (%) ) (ii) Error (%)
90 90 0 1.0 1.0 0 0.039 0.039 0
1 135 134.13 0.65 1.0 1.0 0 0.044 0.043 0.23
180 174.75 3 1.0 1.0 0 0.050 0.049 0.41
9 9 0 9.9 10.0 1.00 0.178 0.178 0.28
10 135 137.12 1.55 10.4 10.4 0 0.199 0.199 0.10
180 179.21 0.44 10.0 10.0 0 0.218 0.219 023
30 9 90 0 30.8 30.8 0 0.379 0.379 0.03
135 138.76 2.71 31.6 31.7 0.32 0.410 0.410 0.19
180 180.00 0 30.9 31.1 0.64 0.452 0.454 0.57
100 9 9 0 100.7 101.0 0.30 0.846 0.848 0.19
135 141.35 4.49 101.2 101.5 0.30 0.871 0.871 0.01
180 180.00 0.00 100.4 101.3 0.89 0.963 0.972 0.88
300 90 9 0 300.7 294.4 2.14 1.821 1.801 1.10
135 139.82 3.45 298.9 297.0 0.64 1.784 1.772 0.67
180 180.00 0 300.8 300.0 0.27 1.959 1.964 0.28
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Table 3. Comparison of Bond number between (i) Young-Laplace theoretical droplet and (ii) gener-
ated droplet using the elliptic model.

Bond Number
Pre-Defined Volume (uL) - ”
(1] (ii) Error (%)
1 0.0536 0.0534 0.374
10 0.2461 0.2462 0.041
30 0.5195 0.5201 0.115
100 1.1423 1.1444 0.184
300 2.3654 2.3505 0.64

4.3. Compatibility of Elliptic Model with Actual Sessile Droplet

Images of sessile droplets were captured and analysed following the method described
in Section 3 to investigate the applicability of the elliptic model method to actual liquid
droplets. The volume of droplets was fixed at 10 pL for comparison. Figure 3 shows
the fitted droplets with the green curves that are generated by the LBADSA method.
Meanwhile, the critical parameters produced using LBADSA and the elliptic model are
compared in Table 4. The results show that for all of the elliptic droplets, their parameters
are extremely close to those of the LBADSA-based counterparts, which demonstrates
that the asymmetric elliptic model has the ability to model real sessile droplets with
good accuracy.

Figure 3. (a—c) Images of 10 uL droplets with constructed fitting curves using Image]’s plugin LBADSA. Scale bar is 1 mm.

Table 4. Comparison of droplet parameters between two methods: (i) LBADSA,; (ii) axisymmetrical elliptic model.

Volume (uL) Surface Area (cm?) Contact Angle (°) Surface Tension (mN/m)
R
o i) (ii) Error (%) i) (ii) Error (%) ® (ii) Error (%) @ (ii) Error (%)
1 10.7 107 0 0.203  0.204 0.49 137 138.46 1.07 8175 787 3.87
2 105  10.6 0.95 0.201  0.202 0.5 137.72  139.46 1.26 7267  69.6 441
3 10.8 108 0 0.205 0.206 0.49 138.91 140.84 1.39 72.67 70 3.81

5. Conclusions

In this study, we developed a simple and convenient method to model a sessile droplet
based on elliptic analytical representation. From the comparison with a reference droplet
based on Young-Laplace differential equations and actual droplet profiles, we demon-
strated that the elliptic model can be used for practical applications such as determining
the surface tension and contact angle of an unidentified sessile droplet. The elliptic model
also accurately constructed droplet profiles at different droplet volumes (1-300 nL), within
the effective range of the contact angle from 90° to 180°. The high precision and ease of
operation enable this elliptic model to be used as an alternative for studying sessile droplets
with large contact angles.
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Supplementary Materials: The following are available online at https://www.mdpi.com/article/
10.3390/pr9112081/s1, Table S1: Comparison between nominal and generated surface tension, Table
S2: Droplet parameters at different volumes and full range of contact angles, Figure S1: Comparison
between droplet profile of Young-Laplace theoretical model.
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