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Abstract: When information regarding the effective evaluation of the value of exquisite products
is lacking, the market demand function for such products at a given time point is affected by the
diffusion of historical transaction price information before the time point. This is because historical
transaction prices play an active role in influencing the internal reference price (IRP) of customers,
and the continuous diffusion of historical transaction price information leads to the continuous
correction, adjustment, and updating of customers’ IRPs. Given the varying rates of such information
diffusion, the speed at which customers adjust their IRPs also varies across individuals and contexts.
By considering the exponential distribution of potential customers’ IRPs as an example to establish
the dynamic demand function that considers the effect of historical transaction prices, this paper
discusses the effect of different information diffusion rates on the demand function at a time point.
On the basis of this demand function, a sales price control model that maximizes the discounted
profitability for businesses in the patent term of an exquisite product is then constructed to provide
businesses with an operation method to cultivate prices and increase profits.

Keywords: dynamic pricing; exclusive brand; historical transaction price; internal reference price;
diffusion rate

1. Introduction

Exquisite products, defined as high-quality products in this study, differ from common
consumer products in that customers have increasingly high expectations of the quality
of most consumer products, whereas they consider exquisite products to already be of
high reference quality when they first use them. Therefore, pricing strategies for exquisite
products differ from the periodic high–low pricing strategy commonly adopted for a
consumer product. Specifically, a business maintains the price of an exquisite product
at a high level to “cultivate” the price. In another scenario, the business prices a new
exquisite product higher than the price expected by potential customers upon product
launch to attract these customers’ attention, leading the customers to discuss the product
without actually buying it. Marketing events are subsequently held to prompt the potential
customers to purchase the product, leading to a quick sell-out of the new product and
thereby helping the business achieve its sales target [1].

Under such a price-cultivation model, businesses do not lower their product prices
to promote sales even if they are at losses; such losses are seen as investments in price
cultivation. The purpose of price cultivation is to anchor a reference price in the minds of
customers and to establish customer evaluations of products. However, before making
investments for adopting the price-cultivation practice, businesses must consider the
constant updating of reference prices for such exquisite products in customers’ minds
as well as supplier competition (competition between brands) and retailer competition
(competition within brands) in the product market [2–4].

By solving the above questions, a business will be able to emphasize the scarcity of
products (limited editions or limited-time offers) or exclusively sell or manufacturing the
products of a brand (hereafter referred to as “exclusive brand”) for price cultivation. For

Processes 2021, 9, 1717. https://doi.org/10.3390/pr9101717 https://www.mdpi.com/journal/processes

https://www.mdpi.com/journal/processes
https://www.mdpi.com
https://orcid.org/0000-0001-7769-2752
https://doi.org/10.3390/pr9101717
https://doi.org/10.3390/pr9101717
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/pr9101717
https://www.mdpi.com/journal/processes
https://www.mdpi.com/article/10.3390/pr9101717?type=check_update&version=1


Processes 2021, 9, 1717 2 of 14

example, businesses offer large discounts on their products on various occasions, such as
during their anniversaries, on key shopping days (e.g., 11 November and 12 December),
or in celebration of Taiwanese sports teams winning championships. Such offers can help
businesses achieve sales that would otherwise require an entire year to achieve within
a short period of time of one week. Although numerous studies have explored product
quality and reference prices, few have investigated the effect of the information on historical
price (i.e., historical transaction price or historical sales price) continually diffused through
advertising on customers’ internal reference prices (IRPs) of exquisite products. Studies
have also rarely assessed how businesses determine when to cultivate the price of exquisite
products labeled as an exclusive brand or exclusive agency and when, once customers’
reference prices have been set at a relatively high point, to offer some discounts for a
sell-out. The study was conducted to fill this research gap. The purpose of this study is to
provide businesses with an operation method for cultivating prices and increase profits.

2. Literature Review

Reference price, a critical factor affecting customers’ purchasing decisions, is a diverse
concept and has remained an interesting topic in marketing research. The authors in [5]
reviewed the research on reference prices and discussed them from three dimensions:
(1) the formation of reference prices, (2) the search and use of reference prices, and (3)
the effect of reference prices on different types of decision-making and evaluation. Based
on these dimensions and the trends and patterns of reference price research over recent
years, the present study modified and supplemented the dimensions of reference prices
and adjusted three dimensions: (1) the formation of reference prices, (2) the search and
evaluation of reference price, and (3) the association between product or brand quality
and reference prices. First, relevant studies on the aforementioned three dimensions are
presented, and then the association between the reference price and product or brand
quality as well as the continuous updating of the reference price of exquisite products are
discussed.

2.1. Formation of Reference Prices

Studies on reference price formation can be roughly divided into two categories
based on the concepts they discuss, namely expected and fair reference price. A fair
reference price is a product price that is identical or similar to the price paid by other
society members [6], namely a normative sales price that is deemed fair or just for the seller
to charge for a product [7]. Expected reference price is the most widely discussed concept of
reference price [5]. With the increasing research on the theoretical aspect of reference price,
researchers have paid increasing attention to the formation and applications of reference
price in marketing. Theoretical research on expected reference price has its origin in the
field of psychology; it was pointed out in [8] that according to the adaptation-level theory,
customers respond to product sales price by comparing the sales price and the price level
they are adapted to (i.e., the reference price). Building on this theoretical basis, the authors
in [9] proposed that reference price serves as the standard for purchase price. Extensive
research has consistently stated that product purchase is limited by the change in IRP. Some
studies have suggested that potential customer’s perceived value of a product is built on
the difference between the market price of the product and the IRP [10–13].

2.2. Search and Evaluation of Reference Price

According to [14], reference price is the expected price shaped by the past experience
of customers and the immediate shopping environment. In other words, reference price is a
combination of the memory-based IRP and the stimulus-based (e.g., stimulation from useful
external price information or from the shop environment) external reference price [15–17].
Some research has focused on the association between external reference price and IRP
and pointed out that the retail price suggested by a retail store is absorbed by customers
as the IRP, which in turn affects their purchase evaluation or behavior [18,19]. Some other
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studies have suggested that historical transaction price observable to customers must also
be considered [20,21]. Another study [22] recommended that the reference price of the field
salesperson should be considered as a factor because it also affects the reference price of
customers.

According to [23,24], customers are willing to buy a product when their IRP for the
product is higher than the product’s sales price indicates a gain to customers, whereas a
lower IRP indicates a loss to them, and customers are more sensitive to a price that causes a
loss than to a price that causes a gain. The authors in [25,26] maintained that retailers must
consider the reference price of customers and provided relevant managerial implications.
Reference price is a result of customers comparing the prices they can recall or past price
experience with the product price displayed on the shelf [27,28]. Past price information
forms the expectation of reference price [29,30], and such information from the nearer past
has a stronger influence on the expectation [31,32]. Accordingly, promotional events of
retailers may imperceptibly reduce customers’ expectations of future price and enhance
their price sensitivity [33–35]. When the price is lower, customers engage in less research
on reference price and exhibit a slower response to the sales price [36,37]. In [38] it is
recommended that businesses establish a higher normal price, offer different discounts
occasionally, and leave no trace of the discounts when the offers end. In [39], a solution
model is proposed for businesses to prevent large drops in the reference price following
price promotions.

Customers’ searches for reference price differ across individuals and contexts. This
is because each piece of historical transaction price information is diffused at a different
rate, and thus some potential customers will receive new transaction price information
first and some later [40,41]. Advertising is a common approach used by businesses to
diffuse product information (including price information) and to induce purchase actions
by customers [25]. The authors in [42] revealed that when the product price returns to a
normal level after a price competition among businesses, customers consider the current
price relatively high and likely to cause a loss to them; advertising can alleviate such a
sense of loss in customers.

The authors in [43] employed the mean IRP of potential customers as the external
variable for a utility function; change in the mean IRP causes the entire utility function
curve to shift. Accordingly, the market demand is better reflected by a demand function
that incorporates reference price [31]. Various studies have developed reference price eval-
uation models under the assumption that reference price is an external variable affecting
customer utility function. In [26,27], simple linear demand models were developed on
the basis of the reference price effect. In [44], a demand function was proposed based
on triangular distribution. The authors in [14] performed a confirmatory comparison of
different reference price models and suggested that the optimal reference price model
should be established on the basis of the IRP mechanism. Regarding the establishment
of reference price models, the authors in [45] stated that an acceptable price range is de-
termined by the ends of reference price distribution. The authors in [46] maintained that
the price distribution pattern must also be considered, and that price refers to a range of
prices or the latitude of acceptable prices, rather than a single price point. Whenever a
buyer observes a reference price, the distribution pattern of the particular reference price
changes continuously [21,47].

Many studies have highlighted the fact that customers do not make judgements based
only on the absolute price; rather, they evaluate the price according to a reference point,
namely the reference price as a price point [48]. Several studies [27,41,49] considered
reference price to be a weighted mean of previous prices. The authors in [38] proposed a
model integrating the reference price range and price point. The authors in [50] pointed
out that although reference price points are applicable to most marketing fields, decision-
makers lack the understanding of how reference price points are formed in a price series.
Reference price points are time-variable and form an S-shaped weighted function; the
first and last prices in the time series are attached the highest weight and the price in
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the middle and lower weights. In [51] customers’ reference prices were considered to be
weighted means of the lowest past price and the latest price. The authors in [52] believed
that customers, to a certain extent, research the expected price distribution of a product
before buying it and verified that a higher expected price, despite not prompting purchase
actions, affects the customer’s reference price. In was explained in [53] that the reference
price is affected through the behavior of customers setting their reference price according
to external factors when the product price is unknown to them, and customers’ expected
maximum utility of the external choice was compared with the product’s marginal utility
observed internally.

Customers constantly take in new price information, including from advertisements,
etc. [54], which causes their reference price to change with time; therefore, the initial
reference price of customers changes. A new piece of price information may not result in a
complex process of reference price formation; instead, it may prompt a new reference price
directly [55,56]. Although the reference price effect is easily observed by businesses, the
exact amount of a customer’s reference price is not directly available to them. Therefore,
businesses should use demand information to estimate customers’ reference prices and
constantly adjust the estimate [57], because the customer demand function, considering the
changes in customers’ IRPs, is dynamic. A study on the quality and effect of reference prices
pointed out that studies have predominantly focused on one-off pricing and emphasized
the importance of including dynamic pricing, because all variables of dynamic pricing
involve the functions of time and system parameters [58]. Dynamic pricing is also a
topic of interest for future research on reference prices or pricing. Previous studies have
predominantly assumed that reference price is an external variable that affects the customer
utility function. Therefore, they have rarely addressed the effect of advertising diffusion,
particularly continuous diffusion, on price information.

2.3. Association of Reference Price with Product or Brand Quality

In the face of fierce market competition, businesses need to emphasize product quality
and sales price as the main market variables, making quality management and product
pricing strategies the most critical operational tools for most businesses. In fact, a dynamic
relationship exists among the market demand for, quality of, and sales price of a product.
By controlling the sales price, which substantially affects product sales, businesses can
boost their sales and profitability [59,60]. Various empirical studies [61] have revealed
that customers often rely on their reference price and the sales price to judge information
related to product quality. This explains why customers do not prefer products with the
lowest price. In other words, the sales price and reference price concurrently affect cus-
tomers’ resource allocations and provide information to them; such a complex relationship
indicates the inapplicability of a demand function that considers only a single price factor.
Understanding the demand function is fundamental to pricing management; therefore, a
wrong assumption regarding the demand pattern can lead to an incorrect decision, and
consequently, business losses.

Studies on the relationship between product quality and reference price can be divided
into two types based on the attributes of products they have discussed. The first type of
study discussed fresh, or deteriorating, products whose “freshness” (i.e., quality) declines
with time; examples of these products are food, flowers, and medications. This type
of study focused on how product freshness affects customer utility and in turn affects
customer demand [62–64]. Some retail chains offer discounts on products according to
their expiration dates (for example, PX Mart in Taiwan provides a 20% off discount on
all fresh products that will expire soon); such a practice is not appropriate, because it
neglects the fact that customers’ different requirements for product expiration date (i.e.,
freshness) may reflect customers’ different considerations apart from price. The negligence
has a significant effect on retailers’ price discrimination and expected profitability [65,66].
Various promotional models have been proposed, but these studies have predominantly
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focused on the optimization of price reduction and rarely discussed the optimization of
dynamic pricing [63,67,68]. Some of them also discuss the reference price effect [56,69,70].

Another type of study examined the relationship between the quality and price of
products. Conventional studies have believed that customers make rational purchase
decisions according to the current price, product quality, and other market factors. The
authors in [71] studied the relationship between the expected product quality and reference
price. Customers compare their expected product quality (i.e., reference quality) with the
actual product quality and accordingly perceive an increase or decrease in the product
quality on the basis of the comparison result [57]. This in turn affects the customers’
reference prices. The authors in [72] emphasized that the relationship between product
demand and quality is dynamic, and that product quality is a result of the tangible quality
and the brand’s reputation. The authors in [73] consolidated the relationship between the
quality and sales price of products and demonstrated that a high price is likely to result in
high perceived quality; such a phenomenon is observed for exquisite products marketed
as products with a high quality (or high design quality).

A review of the literature showed that despite the large amount of research on refer-
ence price, little research has been conducted on the integration between the price effect,
product quality, and advertising effect [74]. Therefore, this study established a dynamic
demand model that considered the continuous diffusion of historical price information
and the association of such information with the constant correction, adjustment, and
updating of customers’ IRPs. Unlike previous studies that have mostly used simple linear
functions or triangular distribution functions to address this topic [27,33,49,50], the present
study adopted the exponential distribution of customers’ IRPs, which better reflected the
characteristics of exquisite products. The study results could help businesses determine
the appropriate time to cultivate the price to set the customers’ reference price high and
the appropriate time to offer discounts for a sell-out. To achieve these objectives of model
development, this study (1) expressed the demand function at a time point in terms of
historical prices at a given diffusion rate of historical transaction prices/historical sales
prices; (2) determined the effect of different information diffusion rates on the demand
function at a time point; and (3) based on the dynamic demand established according to
points (1) and (2), established a sales price control model that maximized the discounted
profit for exquisite products to provide businesses with an operation method for cultivating
prices.

3. Dynamic Demand Model Shaped by Historical Prices
3.1. Mathematical Symbols and Assumptions

c: unit product cost of the business.
N: number of potential customers, with each potential customer’s IRP being greater than

the unit cost c.
z: each potential customer’s IRP, which varies across individuals and time.

This study assumed that the demand function of the potential customer group at each
time point, t, during the sales period features an exponential distribution, and the variation
in the distribution’s expected value u with t, u′ (u is related to t), is the number of times
the sales price is higher or lower than u at t (the number of times is an indicator of the
diffusion rate). The probability density function ft(z) of z at time point, t, is as follows:

ft(z): ft(z) =
1
ut

exp
(
−z
ut

)
, 0 ≤ z < ∞, (1)

where ut is the mean of z, expressed as follows:

ut =
∫ ∞

0
z ft(z)dz =

∫ ∞

0
z

1
ut

exp
(
−z
ut

)
dz > 0 (2)
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pt: transaction price (sales price) of a product at t; pt is the sales price control variable for
the business.

λ: λ ≥ 0; indicator of the diffusion effectiveness of a product’s transaction price informa-
tion. Among them, the greater λ is, the more substantial the diffusion effectiveness is;
see Equation (3).

qt: qt = qt(pt); the amount of demand per unit time for a product at time point t and
sales price pt; qt = qt(pt) is the demand function for the product at t.

r: r ≥ 0; the discount rate, namely the cost per unit time.

According to previous studies on reference price, the effects of product sales price and
the diffusion of transaction price information on reference price have the following two
“features”:

Feature 1. If a business’ product sales price at t is pt, then, potential customers whose IRP
at t is higher (or lower) than pt will, after they receive the information that the
transaction price at t is pt, correct their IRP downward (or upward). This means
that potential customers’ IRP distributions at t converge toward pt with time.

Feature 2. If the potential customers are seen as a whole, then the mean of their IRP
distribution at t, ut, is a representative value of their collective IRP. According
to Feature 1, the representative value ut moves in the opposite direction to
(pt − ut), and the variation in ut per unit time is positively correlated with the
diffusion effectiveness of transaction price information λ. The relationship can
be expressed as follows:

dut

dt
= λ (pt − ut ), t ∈ [0, ∞) (3)

λ > 0 is an indicator of the diffusion effectiveness of transaction price information (the
greater λ is, the higher the effectiveness becomes). This study established a dynamic
demand function that considers the diffusion effectiveness of historical transaction price
information by investigating how the difference between the mean ut of the distribution
of potential customers’ highest willingness to pay (IRP) at t and the sales price pt affects
dut/dt (see Equation (3)). The dynamic demand function can be used to estimate the sales
and inventory level of a product per unit time at a future time point and to determine
the optimal sales price at a future time point. The necessary condition for a customer to
purchase a product at price p at time point t is as follows:

The highest price a customer is able and willing to pay at t is equal to
or higher than the sales price p at t

(4)

In this study, the highest price a potential customer is able and willing to pay at t
is defined as the customer’s IRP at t. This signifies that a potential customer’s IRP is a
variable, set as z. The distribution function of z concerns time point t, set as ft(z).

3.2. Mathematical Models for Developing the Dynamic Demand Function

By replacing t with x in Equation (3) and adding eλx to both sides of the equation, we
obtain the following equation:

d
dx
(
eλxux

)
= λeλxux + eλx d

dx ux; using Equation (3)
= λeλx px. ∀ x ∈ [0. ∞)

(5)

By integrating Equation (5), we derive the following equation:∫ t

0
λeλx pxdx = eλtut − u0 (6)
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That is,

ut = e−λt
[∫ t

0
λeλx pxdx + u0

]
∀t (7)

According to Equation (7), the demand function curve for any given business at t
must consider the psychological effect of historical transaction prices px at various time
points x before t that may influence potential customers’ willingness to pay (IRP).

Proposition 1. For an exclusive exquisite product, the following relationships exist between
the mean ut of potential customers’ IRP distribution at t and the historical transaction price
px, x ∈ [0, t) :

(i) ut = e−λt
[∫ t

0
λeλx pxdx + u0

]
(8)

(ii)
∂ut

∂u0
= e−λt > 0 (9)

(iii)
∂ut

∂λ
=

1
λ

e−λt
∫ t

0
eλxu′xdx (10)

Proof. By using Equation (7), we obtain (8) and (9). By taking the partial derivative of λ
according to Equation (7), we can derive the following:

∂ut
∂λ = −te−λt

[∫ t
0 λeλx pxdx + u0

]
+ e−λt

[∫ t
0 eλx pxdx +

∫ t
0 λxeλx pxdx

]
= e−λt

[∫ t
0 (λx + 1)eλx pxdx − t

(∫ t
0 λeλx pxdx + u0

)]
; using Equation (7)

= e−λt
[∫ t

0 (λx + 1)eλx pxdx − teλtut

]
; by taking the integral of the parts using Equation (5)

= e−λt
[
(λx + 1)

(
1
λ eλxux

)∣∣∣t
0
−
∫ t

0 eλxuxdx − teλtut

]
= e−λt

[
1
λ eλtut − 1

λ u0 −
∫ t

0 eλxuxdx

]
; by taking the integral of the parts using

∫ t
0 eλxuxdx

= e−λt 1
λ

∫ t
0 eλxu′xdx

(11)

Therefore, (10) can be obtained. �

As aforementioned, reference price ut changes with time t. Therefore, the dynamic
demand function for exquisite products can be derived as follows:

Proposition 2. Dynamic demand function, qt(p), with consideration of the diffusion of
historical transaction price information.

(i) The demand function qt(p) for a business to determine the sales price p at t according to
the historical sales price px, x ∈ [0, t) before t is as follows (qt(p) is the sales per unit time at t as
a result of customers’ IRP being higher than the sales price p):

qt(p) = N
∫ ∞

p

1
ut

exp
(
−z
ut

)
dz = N exp

(
−p
ut

)
(12)

Equation (7) shows the relationship between ut and historical sales price px, x ∈ [0, t)
before t.

(ii)
d

dp
qt(p) =

−N
ut

exp
(
−p
ut

)
< 0 (13)

(iii)
d2qt(p)

dp2 = N
1

ut2 exp
(
−p
ut

)
> 0 (14)

Proof. Using Equations (2), (3), and (7), we derive (i). Differentiating Equations (7) and (12)
and using Equation (2), we obtain (13) and (14). �
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Proposition 3. When a business adopts a linear historical sales price strategy, px = p0 +
bx, x ∈ [0, t) (if b < 0, t must satisfy t < p0

−b ), and the demand function at t qt = qt(p) is as
follows:

qt(p) = N exp
(
−p
ut

)
= N exp

(
−p

p0
(
1− e−λt

)
+ b

λ

(
λt− 1 + e−λt

)
+ u0

)
(15)

Proof. According to Equation (7),

ux = e−λx ∫ x
0 λ eλz(p0 + bz)dz + u0; by taking the integral of the parts

= e−λx
[
(p0 + bz)eλz

∣∣z=x
z=0 −

b
λ eλz

∣∣z=x
z=0

]
+ u0

= (p0 + bx)− e−λx p0 − b
λ + e−λx b

λ + u0
= p0

(
1− e−λx)+ b

λ

(
λx− 1 + e−λx)+ u0 ∀ x ∈ [0, t)

(16)

Using Equations (12) and (16), we derive Equation (15). �

Considering ux in Equation (16) and differentiating x, we have the following:

dµx

dx
= p0 λ e−λx + b

(
1− e−λx

)
(17)

From Equation (17), we know how p0, λ, and b parameters affect dµx
dx .

3.3. Sales Price Control Model That Maximizes the Discounted Profit of Exquisite Products in the
Patent Term [0,t]

To enable a business to control the sales price pt at t in a way that maximizes the
discounted profitability in [0, T], the following mathematical model, which uses Equations
(1) and (12), is used, as follows:{

Maxp
∫ T

0 exp(−rt)(pt − c) N exp
(
−pt
ut

)
dz

s.t. function ut differs with feasible solution pt, t ∈ [0, T], where
(18)

u′t = λ(pt − ut), t ∈ [0, T]; u0 and λ > 0 are both parameters (19)

According to Equation (19), we obtain the following:

pt = ut +
u′t
λ

, ∀ t ∈ [0, T], u0 and λ are both given parameters (20)

After substituting Equation (20) into Equation (18) and using Equation (5), we can
rewrite the above model as follows:

MaxuN
∫ T

0 exp(−rt)
(

ut +
u′t
λ − c

)
exp
(

1− u′t
λut

)
dt

s.t. u0 is a fixed value; uT is a free value
(i.e., the value of uT differs with feasible solution u = ut, t ∈ [0, T])

(21)

Apparently, the model in (21) has the same optimal solution as the following:{
Maxu

∫ T
0

[
exp
(
−rt− u′t

λut

)](
ut +

u′t
λ − c

)
dt

s.t. u0 is a fixed value; uT is a free value
(22)
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Equation (22) is a calculus of variations problem. Let the integrated function in
Equation (22) be

F
(
t, ut, u′t

)
=

[
exp
(
−rt− u′t

λut

)](
ut +

u′t
λ
− c
)

(23)

Then, we can obtain the optimal solution for the calculus of variations problem; the
solution, written as u∗ = u∗t , has three necessary conditions.

(1) First-order optimality condition (Euler equation): when ut = u∗t , the following equa-
tion is true:

exp
(
−rt− u′t

λut

)
+
[
exp
(
−rt− u′t

λut

)]
u′t
λ

1
ut2

(
ut +

u′t
λ − c

)
= Fu = d

dt Fu′

= d
dt

[
1
λ exp

(
−rt− u′t

λut

)
− 1

λut

(
ut +

u′t
λ − c

)
exp
(
−rt− u′t

λut

)]
;

(24)

the first and second terms in the square brackets cancel each other out
Thus

1
λ

d
dt

[(
−u′t
λut

+ c
ut

)
exp
(
−rt− u′t

λut

)]
= 1

λ

[
exp
(
−rt− c

ut
− u′t

λut

)][(
−u′′t
λut

+
u′t

2

λut2 −
cu′t
ut2

)
+
(
−u′t
λut

+ c
ut

)(
−r− u′′t

λut
+

u′t
2

λut2

)] (25)

(2) Transversality condition for uT as a free value: when ut = u∗t , and t = T, the following
equation is true:
0 = Fu|t=T ; by using Equation (24), we derive the following:

0 = 1 +
u∗
′

T
λ

1

u∗2
T

(
u∗T +

u∗
′

T
λ
− c

)
= 1 +

u∗
′

T
λ

1

u∗2
T

(p∗T − c) (26)

Therefore, −λu∗
2

T = u∗
′

T (p∗T − c); u∗
′

T = −λ
u∗

2
T

(p∗T−c)
< 0; according to Equation (19),

we know that
u∗T > p∗T

(3) Legendre’s second-order optimality condition: when ut = u∗t ,

0 ≥ Fu′u′ =
1
λ

[
−1
λut

exp
(
−rt− u′t

λut

)
+

(
−u′t
λut

+
c
ut

)
−1
λut

exp
(
−rt− u′t

λut

)]
(27)

That is, ut + c ≥ u′t
λ , ∀ t, and thus 2u∗t + c ≥ u∗t +

u∗
′

t
λ = p∗t (see Equation (19)). (28)

Removing exp
(
−rt− c

ut
− u′t

λut

)
on both sides of Equation (25), we obtain the follow-

ing equation, which holds true when t ∈ [0, T]:

1 + u∗
′

t
λ

1
u∗2t

(
u∗t +

u∗
′

t
λ − c

)
= 1

λ

[(
−u∗

′′
t

λu∗t
+

(
u∗
′

t

)2

λ(u∗t )
2 −

cu∗
′

t

(u∗t )
2

)
+

(
−u∗

′
t

λu∗t
+ c

u∗t

)(
−r− u∗

′′
t

λu∗t
+

(
u∗
′

t

)2

λ(u∗t )
2

)] (29)

By simplifying Equation (29), we have the following:

λ +
u∗
′

t
u∗t

=

−u∗′′t
λu∗t

+

(
−u∗

′
t

λu∗t
+

c
u∗t

)−r− u∗′′t
λu∗t

+

(
u∗
′

t

)2

λ(u∗t )
2


 (30)
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Proposition 4. Assuming that a business wishes to set the sales price of an innovative product at
pt at time point, t, so that the corresponding ut (Equation (19)) of pt maximizes the discounted
profitability (Equation (18)) within the patent term [0, T], we must derive the necessary conditions
for the optimal solution p∗t , t ∈ [0, T] (or u∗t t ∈ [0, T], where u∗0 = u0 is a given parameter rather
than a decision variable), as shown in Equations (26), (28), and (30).

Proof. The above discussion through Equation (18) to Equation (30) proves that Proposition
4 is true. �

Proposition 5. The optimal solution u∗t of Equation (22) for innovative product in the patent term
[0, T] has the following features:

(i) [0, T] has no minimum and only one maximum at most.
(ii) If a business’ sales price p∗0 in the beginning of the term satisfies p∗0 > u0 (u0 is a parameter

in Equation (22) and the starting point for all feasible solutions, ut), then u∗t has a maximum
t1, t1 ∈ (0, T) in [0, T], and u∗t1

= maxt∈[0,T]u∗t , where ∂u∗t
∂λ > 0, ∀ t ∈ [0, t1] (this indicates

that when the diffusion rate of historical transaction price information λ increases,u∗t increases
for any given t ∈ [0, t1]).

(iii) If a business’ sales price p∗0 in the beginning of the term satisfies p∗0 ≤ u0, then u∗t is a

strictly decreasing function of t in [0, T], and ∂u∗t
∂λ < 0, ∀ t ∈ [0, T] (this indicates that when

the diffusion rate of historical transaction price information λ increases, u∗t decreases for any
given t ∈ [0, T]).

(iv) t2 ∈ [0, T] exists, which makes u∗t a strictly decreasing function of t in [t2, T].

Proof.

(i) Using proof by contradiction to prove that u∗t has no minimum value: If u∗t has a
maximum value in [0, T], t0, then u∗

′
t0
= 0, and u∗′′t0

≥ 0. When t = t0 , the left side of
Equation (30) is λ > 0, and the right side of the equation < 0, which contradict each
other. Accordingly, u∗t has no minimum value. If u∗t has two maximum values, then,
given that u∗t is a continuous function, a minimum value must exist between the two
maximum values, which contradicts the proven fact that u∗t has no minimum value.

(ii) If p∗0 > u0, then we have u∗
′

0 > 0 according to Equation (19) and u∗
′

T < 0 according to
Equation (26). Therefore, given Feature (i) in this Proposition, we know that u∗t has
one maximum in [0, T], and t1 ∈ (0, T). Considering Feature (i) in the Proposition
and (iii) in Proposition 1, we obtain ∂u∗t

∂λ > 0, ∀ t ∈ [0, t1].
(iii) If p∗0 ≤ u0, we have u∗

′
0 ≤ 0 according to Equation (19); according to (i), we know

that u∗t ∈ [0, T] has no minimum value. Therefore, u∗t in [0, T] is a strictly decreas-
ing function of t. According to Features (i) and (ii) of this Proposition and (iii) in
Proposition 1, we obtain ∂u∗t

∂λ < 0, ∀ t ∈ [0, T].
(iv) Combining (ii) and (iii), we prove that Feature (iv) is true.

�

Proposition 6. A business’ optimal sales price function p∗t , t ∈ [0, T] for an exquisite product in
the patent term [0, T] has the following features:

(i) If a business’ sales price p∗0 in the beginning of the term satisfies p∗0 > u0, then t0 ∈ (0, T)
exists, which makes p∗t > ut, ∀ t ∈ [0, t0) , p∗t0

= u∗t0
, p∗t < u∗t , ∀ t ∈ (t0, T] , and p∗t is a

strictly decreasing function of t at any given point near and on the right of t0.
(ii) If a business’ sales price p∗0 in the beginning of the term satisfies p∗0 < u0, then p∗t <

u∗t , ∀ t ∈ (t0, T] .
(iii) t0 ∈ (0, T) exists, which makes p∗t < u∗t , ∀ t ∈ (t0, T] .
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Proof.

(i) According to (ii) in Proposition 5, we know that u∗t has a maximum value t0; therefore,
u∗t and u∗

′
t , near and on the right of t0, are both strictly decreasing functions of t. Based

on Equation (20), we obtain that p∗t = u∗t +
u∗t
λ strictly decreases near and on the right

of t0.
(ii) Using (iii) in Proposition 5, we prove that Feature (ii) of Proposition 6 is true.
(iii) Combining Propositions 1 and 2, we prove that Feature (iii) of Proposition 6 is true.

�

4. Conclusions

Businesses set their product sales price according to historical prices; this seemingly
simple pricing decision actually involves an intricate process. Each piece of historical price
information is diffused at a different rate, which makes customers adjust their IRPs at
different rates, depending on the individuals or contexts. In practice, businesses selling
exquisite products may cultivate product prices by emphasizing product scarcity (limited
editions or limited-time offers) and using the exclusive brand strategies of an exclusive
agency, exclusive dealing agreement, and, within the patent term, exclusive manufactur-
ing from the manufacturer of the brand. Before cultivating the price of such products,
businesses should consider, first, the product differentiation strategy and pricing of the
competitors, and, second, how the potential customers’ willingness to pay (IRP) may be
affected by historical transaction price px, x ∈ [0 , t) at a time point x before t. This study
focuses on the latter part of the foregoing.

Unlike previous studies that have predominantly assumed that reference price is an
external variable that affects the customer utility function, this study considers (1) that
product price information will be affected by the effect of advertising diffusion, and (2)
the integration between the price effect, product quality, and advertising effect. Therefore,
this study used the exponential distribution of potential customers’ IRPs as an example to
establish the dynamic demand function that considers the effect of historical transaction
prices. On the basis of this demand function, a sales price control model that maximized the
discounted profitability for businesses in the patent term of an exquisite product was then
constructed. Finally, the necessary conditions, namely relevant features, of this optimal
sales price control model were discussed.

Therefore, a business will be able to emphasize the scarcity of products (limited
editions or limited-time offers) or exclusively sell or manufacture the products of a brand
(hereafter referred to as “exclusive brand”) for the time-course control of price cultivation.
In addition, it is common for businesses to use e-commerce platforms to display their high-
price products without actively encouraging purchases in the early stage of product launch;
such behavior helps establish price anchors for the products in the minds of potential
customers. Such product displays are usually followed by promotional events in other
market channels to boost sales. This study provides businesses with an operation method
for cultivating prices and contributing to the business’s increase in profits. It must be
considered that the differences in the environment of each product category or quality, and
information diffusion rate at each stage of the marketing, may have varied with changes
by the strategy (e.g., peak-season business cycle). These topics and their corresponding
numerical analyses should be worthy of further and more in-depth discussion in future
studies.
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