Version June 22, 2020 submitted to Processes S1 of S5

Supplementary Materials: Robust Multi-stage
Nonlinear Model Predictive Control using Sigma
Points

Sakthi Thangavel 1*, Radoslav Paulen 2*(0 and Sebastian Engell
1. Formulation of robust multi-stage NMPC

1.1. Multi-stage NMPC based on the vertex over-approximation

The entire formulation of the multi-stage NMPC based on the vertex approximation optimization
problem solved at time ¢ (s sampling time) reads as:

S+ N, —1 NF=+1 s+Np—1 NN
xﬁﬁf k;s ]; Wy (2}, At}) + ) ;Nr ]Z W (hyy, M), V(i k+1) € Ly, (12)
subject to
., = f,ul,ar), V(jk+1) € I4,dD) € D, (1b)
g(x{cﬂ,uk) <0, V(jk+1) € I, (1)
w = ul if 2V = ), V(. k), (LK) € I, (1d)
u<ul <1, VY (j,k) € I, (1e)
xl=x (1f)
d = dy — diag? (Py), d = do + diag? (Py), (1g)
D =dyUCyy(d,d), (1h)

where N, = 2" 41,

1.2. Multi-stage NMPC based on the box over-approximation of the reachable set of states

The entire formulation of the multi-stage NMPC based on the box over-approximation of reachable
set of states optimization problem solved at time ¢ (s sampling time) reads as:

. sENp-1NYT
min . ]SO( k+11Auk + Z Z wk+1 xk+]lAuk) v(]Ik + 1) € ISth € Ib (k)l (2a)
W d 2, X k=s+N; j=
subject to:
=Y ul,a), V(i k+1) € Iy, dD € D, (2b)
g(x 1 w) <0, YV (j,k+1) € I, (20)
u = ul it !V = 20, Y (,k), (k) € Iy, (2d)
u<u, <% v (j, k) € Ist, (2e)
xl =" (2f)
D = $(do, Po), 28)
Njy+1:qN,
x e X0 +1> Uy g, 20 N AN, Yk € I, q € Iy(k), (2h)
! .
X?n,k-i-l = x?n,k-‘,—l — diag? (Xz,k.u)/ Vk € Iy, q € Iy(k), (2i)
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X = x?n o +diag? (X1, ), Vk € Iy, q € Ty(k), 2))
xk+1 mk+1 U Cop(x] mk+17% Z1k+1)' Vk € Iy, q € Iy(k), (2k)
gla,ult Nty < Vk € Iy,q € I(k,xex . @)

where Ny, = 2n; +1, J5 is given as

k—s+1
s+N,—1 Ny onr g

i+g—1 i —1)N,+1
X au) = Y Y Y w L, au N, (2m)
k=s g=1 i=1

1.3. Multi-stage NMPC based on the box over-approximation of the reachable set of the constraint function

The entire formulation of the multi-stage NMPC based on the box over-approximation of reachable
constraint function set optimization problem solved at time ¢ (s sampling time) reads as:

s+N,—1 N ° ™! s+N,—1 NV
xi'"i,?al’zk,cik k;s Jg W a0 +k s;:N, J2 el 8), V1) € L G
subject to:
%,y = Ff,ul, @), V(ik+1) € I dDeD,  (3b)
glxl,,u)) <0, V(jk+1) € I, (3¢)
w = ul if 2PV = 5P, ¥ (j,k), (LK) € I, (3d)
u<u <% Y (j,k) € Iy, (3¢)
xl =" (3f)
D = S(do, Po), (3g)
g{q,kﬂ = g(x{(H,u{c), V(jk+1) € I, (3h)
(821 k+1’GZk+1> = Uk, kr&[q(?ﬁi)NbH qNb]) Vk € Iy, q € Iy(k), (31)
et + diag? (Gli1) <0, Vk € Iy, q € Ip(k), (3))

where N, = 2n; + 1.

2. Formulation of adaptive robust multi-stage NMPC

2.1. Adaptive multi-stage NMPC

The entire formulation of the adaptive multi-stage NMPC optimization problem solved at time ¢

(s™ sampling time) reads as:
s+N—1 N s+Np—1 NN
min )] Z c"k+1 (xk+1/A”k + Z wk+1 xk+1'A”k) V(i k+1) € I, (40)
Xl k=s  j=1 k=s+N, j=1
subject to
%, = f,u,a), V(jk+1) € Ig,dV) € D, (4b)
g(x.,,u)) <0, V(j,k+1) € I, (4c)

=l if V) = 220, ¥ (j,k), (LK) € I, (4d)
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u<u <% Y (j. k) € I, (4e)
xg = x!' (4f)
dio) = ds (o], djo) = ds o], Vo € Iy, (4g)
D = C,(d ds,d). (4h)

where Nj, = 2" 4 1.

2.2. Adaptive multi-stage NMPC based on the vertex over-approximation

The entire formulation of the adaptive multi-stage NMPC based on the vertex approximation
optimization problem solved at time t (s sampling time) reads as:

s+N,—1 Np s+Np—1 N

min )’ 2 wk+1 (xk+1,Auk + ) 2 wk+1 xk+1,Auk) V(j,k+1) € Is, (5a)
x k=s  j=1 k=s+N, j=1

subject to

= fY ), V(,k+1) € Iy, dD) € D, (5b)

g(x, 1) <0, V(jk+1) € I, (50)

= ul it /0 = 2P0, Y (j,k), (1,k) € I, (5d)

u<u <, Y (j,k) € I, (5e)

x = af (50)

dio) = ds o), Ao = ds o), Vo € I, (58)

D = dy U Cop(d, ). (5h)

where N = 2" + 1.

2.3. Adaptive multi-stage NMPC based on the box over-approximation of the reachable set of states

The entire formulation of the adaptive multi-stage NMPC based on the box over-approximation
of reachable set of states optimization problem solved at time ¢ (s sampling time) reads as:

_ sENp-1NYT

min Jso (X kH,Auk Y. Z “’k+1 ka,Auk) V(j,k+1) € I, q € I(k), (6a)

xlukd]x/mkxck k=s+N; j=

subject to:

=V ul,a)), V(i k+1) € Iy, dD e D,  (6b)
g(xiﬂ,u;()SO, V(j,k+1)€ Iy, (6¢)
= ul if V) = 2P0, Y (j,k), (1k) € I, (6d)
u< u{; <1u V(j, k) € I, (6e)
xl =" (6£)
P{=(1—¢(1—¢)(ds —diy) Py E Y (PLy) " (ds —diy) P, (68)
d; = F N (¢(Pyq) ' + (1 - ¢)Ps'dy), (6h)
D = S(d;, P), (61)
X0 i1 K ) = Ul 2y VRN, Vk € Iy,q € y(k), (6)
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X1 = ?nk-&-l diag? (X k1) Vk € Iy, q € Iy(k), (6k)
1 = Ty + diag? (X Tes1) Vk € Iy, q € Ip(k), (61
Xiy =250 U Cop (), 1 % 50), Vk € Iy, q € Iy(k), (6m)
g(x,u,((q UNetly <, Vk € Iy, q € Iy(k),x € X] ;. (6n)

where N, =21y + 1, F = ¢(P* )71 + (1 — ¢)P; !, and Js, is given as

k7
s+N,—1 Ny e g

JoX 8wy = Y Y Y @ L, au N, (60)
i=1

2.4. Adaptive multi-stage NMPC based on the box over-approximation of the reachable set of the constraint

function

The entire formulation of the adaptive multi-stage NMPC based on the box over-approximation
of reachable constraint function set optimization problem solved at time ¢ (s" sampling time) reads as:

stN,—1 N1 o sEN-INYT
Z wk+1l(xk+1'Auk )3 Z Wiy ka,Auk) V(i k+1) € L, (7a)
k=s j=1 k=s+N; j=
subject to:

%,y = Ff, ul, @), V(i k+1) € Iq,d'V) € D, (7b)
g(x;m,uk) <0, Y (jk+1) € Iy, (7¢)
w = ub if 2P = 5P, Y (j,k), (1K) € Iy, (7d)
u<u < ¥ (j,k) € L, (7e)
x1 = x’s” (7f)
= (1—¢p(1—¢)(ds —d;_1) PN (P;_y) ' (ds —diq))F, (7g)

d* =B Y (p(Piy) iy + (1 ¢)PSMdy), (7h)
= S(dg, PY), (7i)
g’n,kﬂ = g(x,1,4)), Y (jk+1) € I, (7)
(g0, WGZM) = Ulke gy T, Vk € Ly, € 15(K), (7K)
gl 4 +diag? (Gl 1) <0, Vk € Iy, q € I,(k), (71)

where N, =21y + 1, E = ¢(P* )1 + (1 - ¢)P; L.

3. Tuning of the scaling factor x of multi-stage NMPC based on the box over-approximation of the
reachable set of the constraint function

The scaling factor x can be computed such that the box over-approximation of the scaled constraint
ellipsoids tightly over-approximates the entire reachable set of the constraint function by solving #,
optimization problems given below, where 7, gives the number of constraints, j € I := {1,---,n.},

85— gmai)

R = max —_— (8a)

il K2, AWe e di €5 (do, Py) /Gfl[jj] ’
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subject to
g1 =gy, uy<, d), uy®), Vi€ Iy, d' € S(dy, Po), (8b)
(g1, G2 ) = (gl (89
81 = g(f(xt,uy<,d™), uyc), (8d)
g(xy,uf®) <0, (8e)
14
Gefj >0 (8f)

The objective function (8a) gives the maximum value by which the constraint ellipsoids should be
scaled such that its box over-approximation encloses the reachable set of /" constraint function. The
predicted value of the constraint function obtained using the sigma points is given by (8b). The mean
(gm,1) and unscaled constraint covariance matrix (Gfl) is given by (8c). The vector g7'° in (8d) denotes
the constraint value prediction obtained in the whole operating region of the plant that results in the
maximum value of the objective function. Vectors x}® and uy® are bounded by operating region of the
plant using (8e). The constraint (8f) makes sure that the optimization problem becomes infeasible if
the sensitivity of the constraints to the uncertain parameters is 0. The scaling factor corresponding to
different constraint is given by

, Vje I )

)0 if (8) is infeasible
Kelil =

., il otherwise

where &, € R". The scaling factor is set to 0 for the constraint which is not influenced by the
uncertainty considered in the scenario tree. The scaling factor x} is given by ||&}||c. This makes sure
that the box over-approximation of the scaled constraint ellipsoids encloses the reachable set of the
constraint function.
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