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Abstract: AF1410 is a low carbon high alloy ultra-high strength steel. It not only has high strength and
high toughness, but also has a high stress corrosion resistance. However, due to the characteristics of
hard quality and poor thermal conductivity, AF1410 is a difficult material to process. In the process
of milling, the geometric factors of process parameters, the flexible deformation of milling cutter and
the flutter of the process system all affect the surface roughness, which makes it difficult to predict
the surface roughness of milling parts. In order to solve this problem, a prediction model for surface
topography of ultrahigh strength steel AF1410 was studied. To solve this problem, this paper studies
the formation of milling surface topography, considers the dynamic displacement of the milling
system, proposes a modeling method of surface topography based on the dynamic characteristics of
the milling system and forms a prediction model. On this basis, the surface topography of ultra-high
strength steel is simulated and analyzed, and the accuracy of the model is verified by experiments.
The study realizes the prediction of milling surface topography of AF1410 parts and reveals the
formation mechanism of milling surface topography from geometric and physical perspectives.

Keywords: ultra-high strength steel; roughness; surface topography; dynamic displacement; flexible
deformation; physical simulation

1. Introduction

Ultra-high strength steel is an alloy steel used to manufacture structural parts with
higher stress and is widely used in many fields such as automobiles, ships, aviation aircraft
and military equipment [1]. These application scenarios require higher surface quality.
Ultra-high strength steel is generally characterized by hard quality and poor thermal
conductivity. Therefore, ultra-high strength steel is a kind of material that is difficult to
process and its processing quality is difficult to guarantee [2].

According to the degree of alloying and microstructure, ultrahigh strength steel can
be divided into low alloy, medium alloy and high alloy ultrahigh strength steel. AF1410
belongs to low carbon high alloy ultrahigh strength steel. AF1410 is a secondary hardening
martensitic steel, which has the best toughness among secondary hardening steels. It not
only has high strength and high toughness, but also has high stress corrosion resistance.

The machined surface topography of parts is affected by such factors as tool marks
during machining, plastic deformation during cutting separation, friction between tool
and machined surface, deformation and chatter of machining system, etc. In practical
applications, the machined surface topography of parts is mainly described quantitatively
by surface roughness [3–5]. Surface topography usually defines the functional behavior
of the workpiece and affects the wear resistance, corrosion resistance, fatigue strength,
lubrication, friction, optical properties and many other aspects of the parts [6]. The surface
topography of a part is an important index to ensure its performance. Therefore, it is very
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important to study the formation mechanism of milling surface topography and achieve
accurate surface topography prediction. In recent years, scholars have carried out a lot of
studies on the topography of machined surfaces.

Process parameters are the main factors affecting the surface roughness. Kartal, F. [7]
analyzed the influence of machining parameters on surface roughness and macroscopic
surface characteristics during machining Al-6082 T6 alloy. Durakbasa, M. N. [8] studied
the influence of milling parameters on the surface quality of machined parts. Liu, G. [9]
studied the high-speed milling of 17-4PH stainless steel and found that notch wear existed
in the cutting process. Higher cutting speed would seriously accelerate the formation of
notch wear and the roughness value of the machined surface would significantly increase
after notch wear. Banerjee, N. [10] took Ti-6Al-4V cutting as an example to study the effect
of cooling mode on cutting force and surface roughness. Jersák, J. [11] used the single factor
variable comparison method to describe the consistency between cutting efficiency and
workpiece surface quality.

In order to optimize milling process parameters and improve surface quality, it is very
important to study the formation mechanism of milling surface topography and achieve
accurate surface topography prediction. In recent years, researchers have carried out
relevant experimental studies and modeling studies on the machined surface topography,
and carried out optimization of cutting parameters.

The predicted value of surface roughness in the whole working range can be obtained
by using the limited test data, which is helpful to accurately understand the change law of
machining surface quality with milling parameters. Alagarsamy, S. V. [12] used the Taguchi
method for NC end milling of brass C26130 alloy. The results of variance analysis showed
that spindle speed and feed speed are the most influential parameters on surface roughness
and tool wear. Li, S. [13] collected noise, vibration, surface texture and roughness during
milling, and established a multi-signal monitoring system for nickel metal processing status.
A multidimensional feature fusion roughness prediction model with noise, vibration and
surface texture as input values and roughness as output values was proposed.

For the milling process, tool parameters and cutting parameters are geometric factors
that affect milling surface roughness. Some scholars have proposed surface roughness
prediction models based on geometric factors. Arizmendi, M. [14] proposed a milling
surface topography simulation method based on finite point mesh discretization. When the
cutting edge geometry and cutting edge point trajectory are given, the roughness value can
be predicted according to the geometry of the face milling cutter, feed value and step size
between holes. Urbikain, G. [15] used the end milling cutter to conduct milling experiments
on aluminum alloy Al7075T6 and titanium alloy Ti6Al4V. The geometric model of the
surface was established based on the trace left by the simulation tool and the empirical
model of surface prediction was established based on the cutting parameters. Wang, L. [16]
analyzed the influence of tool runout and workpiece curvature on the height of surface
profile. A surface roughness control method based on surface topography analysis for
five axis side milling was proposed. The optimized feed rate effectively improved the
roughness uniformity and machining quality of the milling surface. Kumar, H. et al. [17–19]
studied the reflection phenomenon of real surfaces, used the non-contact machine vision
method for online measurement of surface roughness and extracted surface texture for
surface roughness prediction.

In machining, the surface roughness of the workpiece will be affected by the kinematics
of the machining process, the random effects produced by the machine tool, the workpiece
and the surrounding environment. Urbikain, G. [20] proposed a geometric model of surface
topography in the side milling operation of the circular end milling cutter, and established
a time-domain model based on the mechanical and kinematic parameters in the cutting
process, such as tool geometry, feed velocity, radial immersion and tool runout. Arizmendi,
M. [21] proposed a surface topography prediction model for cylindrical milling considering
tool vibration during cutting. The influence of tool vibration was incorporated into the
cutting edge trajectory equation, the cutting edge trajectory equation was transformed into
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an equivalent polynomial equation, and the standard root finder was used to solve the
discrete position of the feed direction. Sun, Y. [22] modeled the dynamic crossover behavior
of the milling region, determined the dynamic displacement and used these intersection
points to construct three-dimensional graphics representing the surface topography of
the milling. A method of surface topography prediction in milling was proposed based
on dynamic tool vibration. Lu, X. [23] studied the influence of multiple regeneration
effects and dynamic response on the surface roughness of Inconel 718 micromilling. In
accordance with the actual cutting path and the flexible deformation of micro-milling
cutter, the surface topography simulation model was established to predict the surface
roughness and the accuracy of the model was verified by experiments. Zhuo, Y. [24]
studied the effect of vibration in milling system on surface topography according to the low
stiffness and time-varying dynamics of thin-walled parts in milling, and proposed a surface
topography prediction model that considered cutting vibration and material removal effects.
Chen, Q. H. [25] established the prediction model of surface topography in cylindrical
milling based on the workpiece Z-map model and the dynamic cutting force model in
cylindrical milling considering the radial runout and axial displacement regeneration effect.
The stability lobe diagram was obtained via the zero-order analytical method, and the
relationship between spindle speed and surface morphology, tool radial runout and axial
displacement after chatter was studied. Chen, W. [26] proposed a modeling method for
3D surface generation in micro-milling based on homogeneous matrix transformation
considering the influence of machining nonlinear dynamics. The relationship between the
machining process and surface morphology was established considering the kinematics of
the machining process, tool runout and nonlinear dynamic regeneration effect of machining
system. Li, G. [27] proposed a physical modeling method for tool marks considering the
mechanism of face milling. An optimization model based on physical information was
established to improve the surface quality of the workpiece with discontinuous surface by
optimizing the machining parameters.

According to the above literature, the current research on milling surface roughness
mostly adopts experimental and simulation methods. The regression model is established
through a large number of experimental data. The simulation method is mainly to explore
the machining mechanism, simulate the geometric and physical factors in the cutting
process and establish the mathematical model of the position of the tool relative to the
workpiece according to the factors that affect the formation of the surface topography.
Compared with the experimental method, the simulation method is more cost-effective and
can reveal the formation mechanism of surface topography. For the study of the analytical
model of roughness, the geometric factors and kinematic parameters in the milling process
are considered to establish the simulation model. In the milling process, due to the flexible
deformation of the milling cutter and the dynamic displacement of the milling system,
the cutting tool deviates from the ideal cutting trajectory, which affects the milling surface
topography. The current simulation model of milling surface roughness has not fully
considered the flexible deformation of milling cutter and the dynamic displacement of the
milling system. In order to better predict the surface topography of the milling system, a
surface topography model based on the dynamic characteristics of the milling system was
established by combining the flexible deformation model of milling cutter and the dynamic
model of the milling system.

The novelty of this paper is that, based on the ideal surface topography modeling
method, combined with the flexible deformation model of the milling cutter and the
dynamic model of the milling system, the surface topography model based on the dynamic
characteristics of the milling system is established for ultra-high strength steel AF1410
milling and the formation mechanism of milling surface topography was revealed.
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2. Materials and Methods
2.1. Material Characteristics

AF1410 contains alloy elements such as Co, Ni, Cr and Mo. Diffusion strengthening
effect of low carbon martensite and precipitated alloy carbide is adopted. The chemi-
cal composition of the material was obtained via spectroscopic analysis. The chemical
composition of AF1410 steel used in this study is shown in Table 1 [28]. The material
adopts forging blank. The pre-processing heat treatment process of the material is high
temperature tempering after normalizing. The hardness of the material is HRC38-39.

Table 1. Chemical composition (wt.%) of AF1410 steel.

Element C Co Ni Cr Mo Si Mn P S

wt.% 0.16 13.83 9.93 1.95 1.04 0.01 0.02 0.006 0.001

The uniaxial tensile test was used to obtain the basic mechanical parameters of the
material. Tensile test equipment is a 100 kN mechanical testing machine (MTS Inc., Eden
Prairie, MN, USA). The mechanical properties of AF1410 steel are listed in Table 2 [28]. It is
noted that the AF1410 steel has high strength and certain percentage elongation, which
makes machining difficult. Therefore, it is necessary to establish the surface topography
model of AF1410 steel.

Table 2. Mechanical properties of AF1410 steel.

Tensile Strength Yield Strength Elongation Rate Surface Shrinkage

1620 MPa 1480 MPa 12% 60%

2.2. Methods
2.2.1. Surface Roughness Characterization Parameters

When evaluating the surface topography model, qualitative comparison is made
between simulated and measured surface topography in shape. At the same time, they
are quantitatively evaluated by using the three-dimensional surface amplitude and the
two-dimensional roughness parameter profile height arithmetic mean deviation (Ra) of
the corresponding section profile [6]. Considering that the dynamic displacement caused
by vibration contains certain randomness in the direction and magnitude, the arithmetic
mean deviation (Sa) of surface amplitude is used as the index to measure the roughness
of the three-dimensional surface. The arithmetic mean deviation of surface amplitude Sa
is the arithmetic mean of the height direction distance of the represented surface z(x,y)
relative to the datum surface z0(x,y) in the assessment area D. Sa is the average value of
the coordinates absolute value of the distribution points of the microscopic components of
the surface geometry with respect to the reference plane in the height direction. Sa is an
important parameter reflecting the surface roughness in the plane domain. It reflects the
surface roughness from the three-dimensional space, which is more comprehensive and
objective than the two-dimensional roughness parameter. According to ISO 25178-2-2012,
the value of Sa can be calculated by:

Sa =
1
A

x

D

|z(x, y)|dxdy ≈ 1
mn

m+1

∑
ii=1

n+1

∑
jj=1

∣∣z(xii, yjj)− z0(xii, yjj)
∣∣ (1)

where A is the assessment area D, z(x,y) is the height coordinates of the distribution points
of the surface microscopic geometric topography, and xii (ii = 1, 2, . . . , m + 1) and yjj
(jj = 1, 2, . . . , n + 1) are the coordinates of the workpiece grid points in x and y directions,
respectively.
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2.2.2. Experimental Equipment and Conditions

The machine used in the experiment was HAAS-VF1 vertical machining center (HAAS
Inc., Oxnard, CA, USA). The experimental tool was Walther end mill H4020017-10-1 (Walter
Inc., Tubingen, Germany). Its material was carbide, its diameter is 10 mm, the overall length
is 65 mm, the number of teeth is 4, the elastic modulus is 210 GPa and the experimental
clamping suspension length is 40 mm. The milling force sensor was a type 9257B three-way
dynamic voltage power sensor (Kistler Inc., Shanghai, China). Shank adopts spring chuck
shank. The photography of the milling experiment and force measuring equipment are
shown in Figure 1 [28].
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The LMS dynamic performance test system was used to obtain system modal param-
eters. The system is composed of force hammer, acceleration sensor, corresponding data
acquisition equipment and signal analysis software LMS Test.Lab8b (LMS Inc., Leuven,
Belgium). The experimental equipment is shown in Figure 2. Table 3 shows the tool modal
parameters.
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Table 3. Modal parameters of carbide cutting tools.

Mode Natural Frequency (Hz) Damping Ratio (%)

1 197.334 5.65
2 281.122 3.08

In order to reduce the influence of high-frequency errors on the results, the surface
topography was characterized by three-dimensional surface roughness parameter values
and two-dimensional surface roughness parameter values. Noise removal for area (3D)
data should be considered when profile (2D) features are applied [29,30]. The non-contact
measuring instrument laser confocal microscope DCM-3D (Leica Inc., Weztlar, Germany)
was used to measure three-dimensional surface roughness, and the contact measuring
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instrument RC50H (VALE, Xi’an, Shaanxi, China) was used to measure two-dimensional
surface roughness, as shown in Figure 3. Ra is the two-dimensional surface roughness
parameter value; Sa is the three-dimensional surface roughness parameter value.
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MATLAB was used for data processing and analysis, and a roughness prediction
model was established.

3. Results
3.1. Milling Surface Topography Model
3.1.1. Formation of Milling Surface Topography

For the milling process, the diagram of milling surface topography is shown in Figure 4.
After determining the cutting parameters and tool geometric parameters, the machined
surface topography under ideal machining conditions can be obtained. The boundary point
of the machined surface contour was determined by calculating the intersection point of
two adjacent tool tooth profiles, and the cutting surface of the workpiece was obtained by
connecting two tool points. The profile of the tool relative to the workpiece is determined
by the actual cutting path of the tool in the process of machining. The actual cutting path of
the tool is not only related to the cutting parameters, but also to the dynamic characteristics
of the process system during machining [31]. As shown in Figure 5, the chatter of the
process system leads to the relative vibration displacement of tool and workpiece and the
dynamic parameters of the milling system change with the change in machining position
and cutting depth. The formation process of surface topography is affected by the dynamic
characteristics of the milling system, so that the ideal tool path is disturbed. Due to the
relative vibration between the tool and the workpiece, the subsequent teeth will cut the
higher residual surface out of the cutting front teeth. Therefore, in the milling process, it is
necessary to consider the influence of the dynamic characteristics of the tool-workpiece
system in the machining process and establish the milling surface topography model from
the physical angle.
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3.1.2. Milling Tool Flexible Deformation Model

Figure 6 shows the peripheral milling process, where x is the feed direction, y is the
feed normal direction and Z is the axial direction. The coordinate system is fixed on the
workpiece and the origin of the coordinate is the center point of the front end of the milling
tool in the initial state.
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The milling surface is machined from the circumferential surface of the end milling
tool. The machined surface of the workpiece is perpendicular to the feed direction. Any
deviation in the y axis direction will produce static deviation. Because the diameter of the
tool is relatively small compared to the length from collet to tool head, the tool is usually
the weakest link in a machine tool system. The end mill can be simplified as a cantilever
structure by means of a chuck and chuck cantilever on a spindle. Figure 7 shows the flexible
deformation model of the end milling tool.
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The milling force produced by the spiral end mills changes with the rotation of the
end mills. In order to explain the formation mechanism of the milling surfaces, the case of
straight slot end mills (that is, the spiral angle is 0) is considered first, and the deviation
perpendicular to the workpiece surface direction (normal y direction) is the most significant.
Static deviation of the free end of the end milling tool caused by the normal force (Fy) is:

δy =
Fy

3EI/l3 (2)

where E is the elastic modulus of the milling tool material, I (I = πD4/64) is the moment
of inertia of the milling tool shaft, and l is the distance of the tool from the chuck to the
end face.

The value of the milling force by it is proportional to the chip thickness can be calcu-
lated by [32]:

Fy(ϕ) = Ktaph(ϕ)× [cos( ϕ) + Kr sin(ϕ)] (3)

where ϕ is the angle between the tool tooth and the y axis, h(ϕ) is chip thickness (h(ϕ) = fzsinϕ),
Kt and Kr are milling force coefficient and fz is feed per tooth (the unit is mm/z). The tool
tooth generates the workpiece surface when it is in contact with the workpiece or located
on the y axis, as shown in Figure 8. The schematic diagram of the milling area is shown
in Figure 9. When the tool teeth are on the y axis, the chip thickness is 0. This happens
in up milling (ϕ = 0) and in down milling (ϕ = π). Therefore, if the elasticity and cutting
amount of the tool are not considered, the static deviation will be 0 when only one tool
tooth is cutting for straight slot end mills. This is why the radial contact angle common in
finishing is much smaller than the intertooth angle of the tool. However, if two or more
tool teeth are involved in the cutting at the same time, the cutting force is not zero when
one of the tool teeth is on the y axis. This is because the other spiral grooves are cutting in
the cutting contact area. In this case, for reverse milling, the deviation is in the direction of
entering the workpiece surface, thus causing overcut shape error; for down milling, the
deviation is in the direction of leaving the surface, causing undercut shape error.
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When using the spiral groove end milling tool, the spiral groove cutting edge is located
at the y axis at the bottom of the end milling cutter and the contact angle of the cutter
position ϕ(z = 0) = 0. With the rotation of the tool, the top of the spiral groove moves to the
position of the tool contact angle. At this time, the position of the coordinate z from the
top of the spiral groove is just in the position of the y axis, forming the workpiece surface.
Because the normal cutting force Fy is not 0 at this time, the elastic displacement of the
end milling tool will produce deviation on the workpiece surface. Because of the helical
angle, the cutting edge points forming the workpiece surface will move up along the helical
groove. Depending on the number of spiral slots and the cutting width, there may be more
than one cutting edge point in contact with the formed surface or located on the y axis. The
schematic diagram of the Mill Area is shown in Figure 9. The axial position of the contact
point is:  z = ϕ+(j−1)φ

2 tan β/D (up milling)

z = π−ϕ−(j−1)φ
2 tan β/D (down milling)

(4)

where β is the spiral angle of end milling tool, j is the blade number, φ is the intertooth
angle which can be calculated by φ = 2π/Z.

As shown in Figure 7, the ap of the axial cutting depth of the tool is divided into W
micro-elements, which rotate with the increment of the tool angle δ. The cutting depth of
each element is ∆Z = ap/W, and the cutting force element generated by element M is:

∆Fy,b(ϕ) = Kt fz∆z
Z−1

∑
j=0

[
sin ϕj(z)− Kr cos ϕj(z)

]
sin ϕj (5)
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The contact angle of element b is ϕ(b):

ϕj(b) = ϕ + (j− 1)φ− 2b∆z tan β/D (6)

The y-direction deviation of the cutting force on element b at the contact point za can
be given by the cantilever beam formula:

δy(za, b) =


∆Fy,b(l−zb)

2[3(l−zb)−(l−za)]
6EI , 0 < (l − za) < (l − zb)

∆Fy,b(l−zb)
2[3(l−za)−(l−zb)]

6EI , (l − zb) < (l − za)
(7)

The total static deviation generated at axial contact points can be obtained by superim-
posing the deviation generated by all W micro cutting forces acting on the end mill:

δy(za) =
W

∑
m=1

δy(za, m) (8)

Generally, the effect of static forces is ignored in the stability analysis of the milling
systems [33,34]. However, according to the above analysis and calculation, the flexible
deformation caused by the static force of the end mill will produce geometric deviations
in the milling area, which will affect the surface topography. In order to establish a more
accurate prediction model of surface topography, in this paper, it is proposed that the
geometric deviation of surface is calculated using the milling force based on chip thickness
and the geometric deviation is taken as one of the components of surface roughness
parameters.

3.1.3. Tool-Workpiece Dynamic Displacement Based on Regenerative Flutter Model

The dynamic model of milling ultra-high strength steel with a carbide tool is the
theoretical basis for analyzing the dynamic displacement of tool and workpiece. According
to the characteristics of rigid and flexible combination between tool and workpiece, the
hard alloy tool milling ultra-high strength steel is assumed to be a flexible tool–rigidity
workpiece dynamic milling system. The dynamic milling process dynamic model is shown
in Figure 10. The system is simplified as a flexible double degree of freedom system
perpendicular to the x and y directions.
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Considering the regenerative chip thickness caused by the dynamic displacement of
the tool induced by vibration, the dynamic equation is a delay differential equation set
with excitation [32].

M
••
q (t) + C

•
q(t) + Kq(t) = ap{KS(t)[q(t)− q(t− T)] + F0(t)} (9)

where, M is the tool modal mass matrix and its unit is kg, C is the tool modal damping
matrix and its unit is N S·m−1, K is the tool modal stiffness matrix and the unit is N·m−1,
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q(t) is the modal coordinates of the tool’s dynamic displacement at time t and its unit is
mm, q(t) = [x(t) y(t)] T, Ks(t) is the cutting force calculation coefficient matrix of the tool at
time T, T is cutting period of tool teeth, namely time delay and its unit is S, F0(t) is the static
cutting force matrix of the tool at time T and its unit is N.

The calculated coefficient matrix Ks(t) of the cutting force is

Ks(t) =
Z

∑
j=1

gj(t)
[
−Kt sin ϕj(t) cos ϕj(t)− Kr sin2 ϕj(t) −Kt cos2 ϕj(t)− Kr sin ϕj(t) cos ϕj(t)
Kt sin2 ϕj(t)− Kr sin ϕj(t) cos ϕj(t) Kt sin ϕj(t) cos ϕj(t)− Kr cos2 ϕj(t)

]
(10)

where gj(t) is the transformation function; if the cutter tooth j participates in milling, then
gj(t) = 1; otherwise, gj(t) = 0. The parameters Kt and Kr are tangential and radial milling
force coefficients, respectively, and ϕ are the position angle of the milling tool.

Static cutting force matrix F0(t)

F0(t) =
Z

∑
j=1

gj(t)


fz ·
[
−Kt sin ϕj(t) cos ϕj(t)− Kr sin2 ϕj(t)
Kt sin2 ϕj(t)− Kr sin ϕj(t) cos ϕj(t)

]
+

[
−Kt cos2 ϕj(t)− Kr sin ϕj(t) cos ϕj(t)
Kt sin ϕj(t) cos ϕj(t)− Kr cos2 ϕj(t)

]
 (11)

Ks(t) and F0(t) are periodic matrices, Ks(t) = Ks(t + T), F0(t) = F0(t + T).
In Formula (10), p(t) = M

•
q(t) + Cq(t)/2, x(t) =

[
q(t) p(t)

]T ; namely, q(t) =[
x(t) y(t)

]T ; q(t) is the dynamic displacement of the tool. Then, Formula (10) can be
expressed as

•
x(t) = A0x(t) + A(t)x(t) + B(t)x(t− T) + F0(t) (12)

where A0 is the constant matrix of systematic time-invariant property, A(t) and B(t) are
the comprehensive coefficient matrices of dynamic cutting force considering regeneration
effect and A(t) and B(t) are periodic matrices, namely, A(t) = A(t + T), B(t) = B(t + T)

A0 =

[
−M−1C

2 M−1

CM−1C
4 − K −CM−1

2

]
, B(t) =

[
0 0

KS(t) 0

]
(13)

Take the integral at the time period T, k = 0, 1, 2, . . . , m, at the time interval [kτ, kτ + τ],
x = x(kτ), the solution of Equation (15) is

x(t) = eA0(t−kτ)x(kτ) +
∫ t

kτ

{
eA0(t−ξ)[A(ξ)x(ξ) + B(ξ)x(ξ − T)]

}
dξ+∫ t

kτ eA0(t−ξ)F0(ξ)dξ
(14)

x(kτ + τ) = xk + 1, then

xk+1 = eA0τxk+∫ τ
0 eA0ξ [A(kτ + τ − ξ)x(kτ + τ − ξ) + B(kτ + τ − ξ)x(kτ + τ − ξ − T)]dξ+∫ t
kτ eA0ξ F0(kτ + τ − ξ)dξ

(15)
A(kτ + τ − ξ) and B(kτ + τ − ξ) are periodic coefficient matrix, x(kτ + τ − ξ) is

status item, x(kτ + τ − ξ − T) is the time delay item. They are approximated by linear
interpolation in the time interval [kτ, kτ + τ].

A(kτ + τ − ξ) = A(k)
0 + A(k)

1 ξ (16)

Here, A(k)
0 = Ak+1 = A(kτ + τ), A(k)

1 = (Ak − Ak+1)/τ = [A(kτ)− A(kτ + τ)]/τ

B(kτ + τ − ξ) = B(k)
0 + B(k)

1 ξ (17)
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Here, B(k)
0 = Bk+1 = B(kτ + τ), B(k)

1 = (Bk − Bk+1)/τ = [B(kτ)− B(kτ + τ)]/τ

x(kτ + τ − ξ) = xk+1 + ξ(xk − xk+1)/τ (18)

x(kτ + τ − ξ − T) = xk+1−m + ξ(xk−m − xk+1−m)/τ (19)

Here, m = T/τ.
The static term is F0(kτ + τ − ξ), approached by pressing down on time interval

[kτ, kτ + τ].
F0(kτ + τ − ξ) = F(k)

00 + F(k)
01 ξ (20)

Here, F(k)
00 = F0k+1 = F0(kτ + τ), F(k)

01 = (F0k − F0k+1)/τ = [F0(kτ)− F0(kτ + τ)]/τ
Substitute Formulas (17)–(21) into Formula (16); xk+1 is expressed as:

xk+1 = (R0 + R0,k)xk + Rk+1xk+1 + Rm−1xk+1−m + Rmxk−m + Pk (21)

Here, Pk is expressed as
Pk = D1F(k)

00 + D2F(k)
01 (22)

If [I − Rk +1] is nonsingular and the inverse matrix [I − Rk +1]−1 exists, then

xk+1 = [I − Rk+1]
−1[R0 + R0,k]xk + [I − Rk+1]

−1Rm−1xk+1−m+

[I − Rk+1]
−1Rmxk−m + [I − Rk+1]

−1Pk
(23)

Count all time units; set yk = (xk, xk−1, . . . , xk+1−m, xk−m)
T ; construct discrete map-

ping
yk+1 = Qkyk + EkPk (24)

In the Formula (24), Qk and Ek are expressed in the following formula

Qk =

[I − Rk+1]
−1[R0 + R0,k] 0 0 · · · 0 [I − Rk+1]

−1Rm−1 [I − Rk+1]
−1Rm · · · 0 0 0

I 0 0 · · · 0 0 0 · · · 0 0 0
0 I 0 · · · 0 0 0 · · · 0 0 0
...

...
...

. . .
...

...
...

...
...

...
...

0 0 0 · · · 0 0 0 · · · 0 0 0
0 0 0 · · · I 0 0 · · · 0 0 0
0 0 0 · · · 0 I 0 · · · 0 0 0
0 0 0 · · · 0 0 I · · · 0 0 0
0 0 0 · · · 0 0 0 · · · 0 0 0
0 0 0 · · · 0 0 0 · · · I 0 0
0 0 0 · · · 0 0 0 · · · 0 I 0



(25)

Ek =
[
[I − Rk+1]

−1, 0, . . . , 0
]T

(26)

The dynamic displacement of the tool–workpiece in the milling system of ultra-high
strength steel is solved in the calculation.

3.1.4. Milling Surface Topography Model

It can be seen from the motion of the milling tool that the tool has translation and
harmonic motion along the x and y axes. The trajectory equation of the j cutting edge tip
milling process is obtained as follows:{

X = Ft + R sin(nt− 2π j/Z)
Y = R cos(nt− 2π j/Z)

(27)
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F =
fz × n× Z

60
(28)

where F is the feed speed and its unit is mm/s, fz is the feed per tooth and its unit is mm/z,
R is the milling tool radius and its unit is mm, n is the spindle speed and its unit is r/min, t
is the time and its unit is s, Z is the number of cutting edges of a milling tool.

The trajectory equation of the end milling tool j cutting edge with spiral Angle β at
height Z is considered as follows:{

X = Ft + R sin(nt− 2π j/Z− z tan β/R)
Y = R cos(nt− 2π j/Z− z tan β/R)

(29)

After determining the cutting parameters and tool geometry parameters, the machined
surface topography under ideal machining conditions can be obtained. In the process of
milling, the flexible deformation of the milling tool and the dynamic displacement of
the milling system lead to the tool deviating from the ideal cutting trajectory, which
affects the cutting surface topography. In order to predict the milling surface topography
better, a surface topography model based on the dynamic characteristics of the milling
system was established on the basis of the modeling method of ideal surface topography,
combined with the established milling tool flexible deformation model and the milling
system dynamics model.{

X = Ft + R sin(nt− 2π j/Z− z tan β/R) + x + δx
Y = R cos(nt− 2π j/Z− z tan β/R) + y + δy

(30)

where x, y is the dynamic displacement of the milling tool, β is the milling tool helix angle, z
is the milling tool micro element height, and δx and δy are the deviations caused by flexible
deformation of the milling tool.

3.2. Simulation of Surface Topography Based on Dynamic Characteristics of Milling System
3.2.1. Simulation Model
Ultra-High Strength Steel Workpiece Model

It is impossible to predict the surface topography in the milling process accurately
by calculating the tool path between the intersecting points of the geometric profiles of
adjacent tool teeth. In order to obtain the surface topography of the ultra-high strength
steel milling workpiece, the workpiece was meshed along the feed direction and the axial
direction. Then, with ∆x and ∆z as intervals, the whole workpiece is divided into m × n
cubes with equal lengths along the feed direction and the axial direction. The formation
process of milling surface topography is regarded as a process in which the geometric
profile of the milling tool duplicates the height of several small discrete cubes.

The matrix H = [hi,j] (i = 1, 2, . . . , m; j = 1, 2, . . . , n) is used to represent the residual
height of the workpiece milling face to the corresponding position. By searching each grid
in turn, the residual height value was obtained and the milling surface topography was
reconstructed. The appropriate mesh density should ensure that the simulation data is
not distorted and the program has reasonable computing amount. If the mesh density
is too high, the tool elements are too dense, resulting in a sharp increase in computing
amount of the program or even failure. If the mesh density is too small and each cell is
too large, the surface topography simulation data is distorted and cannot reflect the real
surface topography.

Milling Tool Micro Element Setting

The milling tool is divided into micro units and the projection height of each axial
micro unit is obtained in the ultra-high strength steel workpiece. The length of the tool
discrete element depends on the density generated by the workpiece mesh. Ensure that
after the workpiece mesh is generated, each unit has the repetition of the tool geometric
outline, that is, the micro-units divided into tool teeth can traverse all the workpiece mesh.
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The projected length of axial microcells on the meshed surface should be less than the
meshes of the least spaced workpiece. In the milling process, the surface topography of the
milling side wall is affected by the part of the milling tool involved in cutting. Therefore,
only the cutting edges involved in cutting need to be discretized in microunits.

3.2.2. Simulation Program Flow

The milling surface topography model was established by combining the milling
system dynamic model and tool contour geometry model. Figure 11 shows the flowchart.
The input variables are milling parameters and tool geometry parameters. According to the
ideal cutting path of the tool, the instantaneous cutting thickness and instantaneous cutting
force are calculated. According to the dynamic response model of the milling system, the
dynamic displacement of the cutting tool under the current cutting force was obtained,
which was added to the ideal cutting path of the tool to obtain the actual cutting path of
the tool. Through the principle of tool shape replication, the tool contour is mapped to
the workpiece surface. The surface roughness was obtained by extracting the workpiece
surface and reconstructing the surface topography of the milling side wall.
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The physical simulation process of milling surface topography based on the dynamic
characteristics of the milling system is shown in Figure 11. The specific simulation process
is as follows:

Parameter Setting

1. Cutting parameter setting

Main spindle speed N, feed per tooth fz, axial milling depth ap, radial milling depth ae, etc.

2. Tool parameter setting

Set the milling tool radius R, the total number of tool teeth Z, helix Angle β, etc.,
and set the axial position angle increment λθ of the adjacent two discrete points on the
tool tooth.
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3. Time step setting

In order to obtain the actual cutting trajectory of milling tool teeth on the ultra-high
strength steel workpiece, it is necessary to decompose the machining time into multiple
steps and calculate the cutting trajectory of each micro-element at the time step of each
element in addition to discretizing the axial micro-element of tool teeth. In the process of
milling, the tool moves along the sweep path curve of the discrete points of the tool tooth,
which is a cycloid. When setting the time step, ensure that the cycloid arc length per unit
time step is less than the mesh length of the workpiece, i.e.,

∆s ≤ min(∆x, ∆y) (31)

In the formula, ∆s is the arc length of cycloid movement within a unit step, ∆x is the
mesh length generated by the workpiece along the feed direction and ∆y is the mesh length
generated by the workpiece along the feed normal direction. According to the cycloid
formula, the arc length per unit time is calculated as follows

ds =

√
(

dx
dt

)
2
+ (

dy
dt

)
2
dt (32)

Substitute Equation (31) into Equation (33), we obtain

ds =
√
[F + Rn cos(nt)]2 + [Rn sin(nt)]2dt (33)

By integrating the arc length of unit time, the arc length of cycloid movement in unit
step time is obtained

∆s =
∫ ∆t

0
ds =

∫ ∆t

0

√
[F + Rn cos(nt)]2 + [Rn sin(nt)]2dt (34)

where ∆t is the unit step time. When the mesh size of the workpiece is determined, the
maximum unit step time is determined.

Stability Analysis

According to the established dynamic model of the ultra-high strength steel milling
system and the stability determination method of the full discrete method, the stability is
determined by the eigenvalue of the state transition matrix. At the same time, the stability
can also be determined via the spectrum analysis of the dynamic displacement of the tool
and the workpiece.

Static Milling Force Calculation

The static milling force of ultra-high strength steel milling is calculated based on the
semi-analytical method.

Tool and Workpiece Dynamic Displacement Calculation

According to the theory, the dynamic displacements of tool and workpiece under the
combined action of static force and dynamic force caused by regenerative effect are solved.

Geometric Simulation of Surface Topography

(1) Determine the position of the tool teeth.
After the time step is set, the tool rotates at a certain angle in each unit step. The angle

of the tool tooth position is defined as the angle change between the tool head and the y
axis of the workpiece coordinate system. When the spindle rotates a full circle, the angle
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of the tool tooth position changes from 0 to 2π. The angular velocity of the tool is zero.
Instantaneous tooth angle of tool tooth is:

dφ(t) =
2πn
60

dt (35)

where n as the spindle speed, with units of r/min, and dt is the unit time step.
When the time step and spindle speed are set, the spindle rotates once to calculate the

number of changes in the position angle of the tool tooth. Each rotation of a milling tool is
considered as a microunit. The unit time step of the instantaneous tooth position angle is
dφ(t), and the number of micro elements is i when the spindle rotates once.

i =
2π

dφ(t)
(36)

(2) Determine the participating milling tool teeth
A milling tool has two or four cutting edges and the cutting force consists of the

cutting force on each cutting edge during the cutting process. There is an angle between
the milling tool teeth. The instantaneous angle of different teeth is different in the milling
process. The included angle at the tip of the Z cutting edge is

φz = 2π/Z (37)

The tool teeth are numbered sequentially when they are first involved in cutting. The
first tooth involved in cutting is the first tooth. At time t, the tooth position angle of the
j-tooth is as shown in Formula (38).

φ(j) = φ− (j− 1)φz (38)

(3) Axial dispersion of tool teeth
Milling tool teeth have spiral angles, so instantaneous tooth angle and instantaneous

cutting thickness change simultaneously at different heights. In order to simulate the
actual milling process, the milling tool was discretized in the axial direction and the
instantaneous tooth angle and instantaneous cutting thickness of each axial micro element
were calculated. The instantaneous cutting force of each axial micro-element is calculated
by using the instantaneous cutting thickness. The instantaneous cutting force of the milling
tool is the component of the instantaneous cutting force of each axial micro-element.

Physical Simulation of Surface Topography

Through geometric simulation, the tool tooth sweep information of each mesh point
of the workpiece driven by geometric motion is obtained. However, under the influence
of vibration-induced dynamic displacement of the tool and the workpiece, the tool tooth
sweep information obtained from geometric simulation will change, resulting in the change
of the sweep height of the mesh point of the workpiece. Therefore, it needs to be recalculated
in the physical simulation of surface topography considering the dynamic displacement.
Because the vibration-induced dynamic displacements of tool and workpiece are relatively
small in actual machining, the actual height of the machined surface under vibration can be
calculated based on the Taylor formula based on the geometric simulation results of surface
topography and dynamic displacements of tool and workpiece and then the physical
simulation results of surface topography can be obtained.
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3.3. Experimental Verification

In order to verify the validity of the simulation results of the surface topography based
on the dynamic characteristics of the milling system, milling experiments were carried out
using the tool conditions of the stability experiment to obtain the actual machined surface.
Then the surface topography was measured and the measurement results were compared
with the simulation results to verify the validity of the simulation results.

The measured and simulation results of the milling surface topography of ultra-high
strength steel are shown in Figure 12. The change trend of measured and simulated
surface topography is consistent, the shape is close and the simulated and measured
surface roughness parameters are close, the simulated values of Sa have an average error
of 10.9%. The results show that the milling system simulation results based on the dynamic
characteristics of ultra-high strength steel can get close to the measured surface topography.
The difference between the geometric simulation and the measured surface section profile
Ra is 0.16 µm and the difference between the simulation considering dynamic characteristics
and the measured surface section profile Ra is 0.07 µm, indicating that the simulation
considering dynamic characteristics is closer to the measured value than the geometric
simulation. Because the material in the axial plastic flows to a certain extent and due to the
large milling depth, the milling force is bigger, making the plastic deformation of metal
in the cutting area larger. At the same time, under the strong impact of forced vibration,
the tool significantly deviates from the spindle center axis, which may lead to a secondary
back angle cutting. At this point, the tool increases friction, impact force and friction force
after the tooth surface touches the workpiece. Under the joint action of the metal near the
blade, a large plastic flow can be generated. When the flow direction is along the feed
direction, the metal near the plastic flow between layers will undergo plastic deformation
and elastic deformation. Therefore, when the blade cuts away from the workpiece, the
elastic deformation is restored, so that the measured profile fluctuation is different from the
theoretical simulation. However, the geometric simulation does not calculate the flexible
deformation of the milling cutter and the dynamic deviation in the milling process, so the
simulation error is large. In addition, the error of modal parameters measured via the force
hammer percussion method will have a direct impact on surface topography prediction.
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In addition, the error of modal parameters measured by force hammer will also have
a direct impact on surface topography prediction.

On the whole, the simulation results are in good agreement with the measured ones,
which can be used to predict the actual machined surface topography.
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4. Discussion

In order to further analyze the influence of different milling parameters on the sur-
face topography, the surface topography under different conditions was measured and
predicted. The two-dimensional surface roughness parameter value Ra and the three-
dimensional surface roughness parameter value Sa were extracted from the measurement
results and simulation results, respectively. The simulation results and the measured
results are shown in Figure 13. It can be seen that the simulation results are in good agree-
ment with the measured results in terms of the influence trend of milling parameters on
surface roughness.
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Figure 13. Effect of milling parameters on surface topography.

The comparison of surface topography at different milling speeds is shown in Figure 14.
In terms of amplitude and trend, the simulation results are in good agreement with the
experimental values. The simulated values of Ra have an average error of 9.98%. The milling
speed has no obvious effect on the surface topography only considering the influence of
geometric factors. However, milling speed is the main factor affecting milling stability. It
can be seen from Figures 13a and 14 that when the milling speed is small, the dynamic
displacement of the milling system is small. When the milling speed vc is higher than
87.92 m/min, the dynamic displacement of the milling system increases sharply and the Sa
deviation value of the milling surface becomes larger and larger.
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fz is the most significant process parameter that affects surface roughness through
geometric factors. Figures 13b and 15 show that the simulation results have the same
periodicity and variation trend as the experimental values. The simulated values of Ra have
an average error of 10.93%. The Sa of the machined surface increases with the increase of fz,
which is caused by the fact that the height of the residual body on the machined surface
increases with the increase in fz. However, when fz is small, the dynamic displacement of
the milling system is small. With the increase in fz, the Sa deviation value of the milling
surface becomes larger and larger, and the amplitude of the dynamic displacement of
the tool and the workpiece increases with the increase in fz. The dynamic displacement
leads to a change in the actual feed route and the feed amount in the machining process,
and then an increase in the residual volume of the surface, resulting in a change in the
surface roughness.
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From the geometric point of view, the increase in radial cutting depth ae will increase
the height of the residual body on the machined surface in the intermittent feeding direction,
so the surface roughness characterization parameters Sa will increase with the increase
in ae. At the same time, radial cutting depth ae affects the dynamic displacement of the
tool and workpiece by affecting the physical factors such as cutting force and cutting
stability, and finally indirectly affects the surface topography of parts. It can be seen
from Figures 13c and 16 that when the radial cutting depth ae is greater than 0.5 mm, the
dynamic displacement of the milling system increases sharply and the Sa deviation value of
the milling surface becomes larger and larger. The simulated values of Ra have an average
error of 7.44%.
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Axial milling depth directly determines the stability and dynamic displacement of
the milling system and then has a direct impact on the surface topography. It can be seen
from Figures 13d and 17 that ap directly affects the dynamic displacement of the cutting
tool in an ultra-high strength steel milling, thus causing the change in the roughness of the
machining surface. However, when ap = 5 mm, the system is in an unstable state. Most
of the self-excited vibration energy caused by the cutter teeth in the range of cutting the
workpiece cannot rely on free vibration consumption after cutting the workpiece to the
next cutter teeth before cutting the workpiece, which causes the dynamic displacement
of the tool to diverge, resulting in a large range of vibration, so that the roughness of the
machining surface increases sharply. The simulated values of Ra have an average error
of 11.32%.
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Figure 17. Surface topography of different axial radial milling depths.

5. Conclusions

In this paper, a surface topography modeling method based on the dynamic charac-
teristics of the milling system is proposed considering the dynamic displacement of the
milling system. On this basis, the surface topography of ultra-high strength steel was
simulated and analyzed and the formation mechanism of surface topography was revealed
from geometric and physical perspectives. According to the verification experiment, the
simulation value is in good agreement with the measured value, indicating that the predic-
tion model can be used to predict the surface topography of an ultra-high strength steel
milling in actual production instead of in an experiment.

The roughness prediction model considers both the flexible deformation of the milling
cutter and the dynamic displacement of the milling system. The average error of the
simulated value of Sa is 10.9%, which can accurately describe the surface morphology
under the combination of the static deformation of the cutter and the regenerative vibration
of the milling system. The difference between the geometric simulation and the measured
surface profile Ra is 0.16 µm. The difference between the dynamic characteristic simulation
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and the measured surface profile Ra is 0.07 µm. These show that the simulation considering
dynamic characteristics is closer to the measured value than the geometric simulation.

Based on the surface topography analysis of the dynamic characteristics of the milling
system, the influence of different milling parameters on the surface topography is obtained.
If only geometric factors are considered, the influence of vc, ae and ap on the surface mor-
phology is not obvious. However, when the milling speed vc is higher than 87.92 m/min,
the radial cutting depth ae is greater than 0.5 mm and ap is greater than 5 mm, the dynamic
displacement of the milling system increases sharply, the system is in an unstable state and
the roughness of the machined surface increases sharply.
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