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Abstract: Wax deposition seriously affects the safe and economic operation of pipelines. Mastering
the variation laws of wax deposition thickness is the premise of formulating reasonable pigging
schemes. Although the GM (1,1) model (a kind of gray model) is an effective method for predicting
wax deposition thickness on pipe walls, its prediction accuracy is easily affected by the smoothness of
the original sequence. The improved GM (1,1) was established by introducing the idea of translation
transformation, and an optimal weighted combination model based on the traditional gray model
and a logarithmic function model was proposed. The differences in the predicted results of the
established models were compared and analyzed through indoor wax deposition experimental data.
The research results indicate that the optimal weighted combination model has the highest fitting
accuracy, followed by the logarithmic function model and the improved GM (1,1), while the fitting
accuracy of the traditional gray model is poor. When the number of modeling samples is five, the
average relative error and root mean square error of the prediction results of the optimal weighted
combination model are 1.313% and 0.021, respectively, which shows the highest prediction accuracy.
When the number of modeling samples is six, the average relative error and root mean square error
of the optimal weighted combination model are 2.143% and 0.031, respectively, and its prediction
accuracy is still the highest. Overall, the optimal weighted combination model has the advantages of
high accuracy and easy implementation, and has strong promotion and application value.

Keywords: wax deposit thickness; translational transformation; improved GM (1,1); optimal weighted
combination model; model accuracy

1. Introduction

High viscosity waxy crude oil accounts for a large proportion of China’s oil and gas
production, and the fluidity of crude oil is poor at room temperature. In the South China
Sea, a large number of reservoirs contain unusually waxy fluids, which are characterized
by a high wax content and little dissolved gas [1]. Pipeline transportation is a common
oil transportation method, which has the advantages of economy and high efficiency. In
the process of pipeline transportation, when the wall temperature is lower than the oil
temperature, as well as being lower than the wax appearance temperature of the crude oil,
the wax molecules in the waxy crude oil will move towards the pipe wall and deposit on
the pipe wall [2,3]. Wax deposit sediment reduces the transportation capacity and causes
pipeline blockages in severe cases, which pose many safety hazards to the transportation
of crude oil [4–7]. Therefore, mastering the wax precipitation characteristics and wax
deposition laws of waxy crude oil has always been a focus of attention for scholars both at
home and abroad [1,8,9].
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Accurately obtaining the wax deposition thickness is an important aspect of wax de-
position research, which directly affects the safe operation of pipelines and the formulation
of reasonable wax removal plans. In order to obtain the wax deposition thickness, many
scholars have adopted experimental testing methods. Lu et al. conducted wax deposition
experiments under different factors, and the results showed that the wax deposition thick-
ness increased rapidly during the initial period, followed by a slower growth stage [10].
Similarly, Hoffmann et al. also obtained a variation curve of wax deposition thickness with
time based on indoor experiments, and the results obtained were similar to the results of
Lu et al. [11]. Singh et al. pointed out that the wax oil gel layer initially deposited on the
pipe wall contains a large amount of gel oil, surrounded by a three-dimensional network
structure of wax crystals. Subsequently, the further diffusion of wax molecules leads to an
increase in the wax content of the sedimentary layer [12]. In addition to using experimen-
tal testing methods, the wax deposition thickness can also be obtained through relevant
models, which has the advantages of convenient application and saving financial resources.

Among the relevant prediction models, the gray model is an effective prediction
method. The gray system theory was proposed by Professor Deng in the 1980s, and is
a system engineering discipline based on mathematical theory [13]. The GM (1,1) is the
main model in gray system theory, which can be used to predict the change rules of data
sequences [14]. For the GM (1,1), it has the advantage of requiring fewer samples and has
been applied in many fields, such as environmental science, water conservation projects,
ecological science, energy science, etc. [15–19]. Wu et al. formulated the GM (1,1) to predict
the wax deposition thickness on pipe walls, with the research results conclusively proving
the model’s feasibility [20]. Due to the fact that the GM (1,1) uses exponential curves to fit
the original data sequence and obtain a prediction curve, it is suitable for the situations
in which the original data have good smoothness performance. In order to overcome the
shortcomings of traditional gray models, some scholars have adopted improved methods
to establish gray prediction models, such as function transformation and background value
optimization. Cheng et al. improved the model parameter estimation on the basis of
new background value optimization, and established the GM (1,1) for the prediction of
China’s total clean energy consumption. The results showed that the optimization method
can significantly improve the prediction accuracy of the model [21]. Jin et al. established
an improved GM (1,1) by using a data transformation method, and predicted the wax
deposition thickness. The results showed that the accuracy of the improved model was
higher than that of the traditional gray model [22].

In addition to the gray model and the improved gray model, some scholars have
established the combination prediction model and achieved good application results [14,23].
Deng established an improved combination model based on the GM (1,1) and linear
regression model, and applied it to distortion inspections. The author pointed out that the
new combined model can overcome the shortcomings of a single model, so it can obtain
better prediction results [23]. Guo et al. established a combination model based on the
GM (1,1) and the BP neural network model to predict major road traffic accidents in China.
The authors pointed out that the combined prediction model takes into account both the
advantages of the GM (1,1) (better prediction performance with small sample data) and
the BP neural network model (nonlinear approximation), so the accuracy of the combined
model is higher than that of the GM (1,1) and BP neural network model [14].

The combination forecasting model can overcome the shortcomings of a single model,
so it has strong advantages. In the prediction of wax deposition thickness, the research
based on combination models is still rare. Based on this, this paper proposes an optimal
weighted combination prediction model based on the GM (1,1) and the logarithmic function
model, and the validity of the new model was verified based on the indoor wax deposition
experiment data. The research results of this article have important practical significance
for the prediction of wax deposition and the safe operation of pipelines.
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2. Traditional GM (1,1), Logarithmic Function Model and Improved GM (1,1)
2.1. Traditional Model

The GM (1,1) is a kind of gray prediction model, where G represents gray and M
represents model. The first 1 within the brackets represents that the differential equation
is first-order, and the second 1 represents that there is one variable in the equation. The
modeling method is as follows [14,15,19,22]:

The original data sequence is

S(0) =
[
S(0)(1), S(0)(2), · · · , S(0)(n)

]
(1)

The sequence, S(0), is accumulated through the generating operation once, as shown
in Equation (2):

S(1) =
[
S(1)(1), S(1)(2), · · · , S(1)(n)

]
(2)

where S(1)(k) =
k
∑

i=1
S(0)(i) k = 1, 2, 3, · · · , n

The adjacent neighbor mean generation sequence is calculated using Equation (3):

z(1)(k) = 0.5S(1)(k) + 0.5S(1)(k − 1) (k = 2, 3, . . . , n) (3)

The whitening differential equation is shown in Equation (4):

dS(1)(t)
dt

+ aS(1)(t) = b (4)

where a is the development coefficient and b is the gray action quantity.
Based on the principle of least squares, the model parameter lists can be obtained as

follows:
û = [a, b]T =

(
BT B

)−1
BTS (5)

where B =


−z(1)(2) 1
−z(1)(3) 1

...
...

−z(1)(n) 1

, S =


S(0)(2)
S(0)(3)

...
S(0)(n)


The time response equation is shown in Equation (6):

Ŝ(1)(k + 1) =
[

S(0)(1)− b
a

]
e−ak +

b
a
(k = 1, 2, . . . , n − 1) (6)

Based on the calculation results of Equation (6), Equation (7) is used to restore it and
obtain the prediction results of the original data sequence:

Ŝ(0)(k + 1) = Ŝ(1)(k + 1)− Ŝ(1)(k) (k = 1, 2, . . . , n − 1) (7)

2.2. Logarithmic Function Model

Under different operating times, the extension of the deposition time leads to an
increase in the thickness of the pipeline wax deposition. This growth trend is not linear, but
is rather a fast and then slow growth trend. Considering the growth trend of the thickness
and the characteristics of logarithmic function curves, a logarithmic function model was
used to describe the change trend, as expressed in Equation (8).

D = a1 ln t + a2 (8)

where D is the deposition thickness, t is the deposition time and a1 and a2 are the fitting
coefficients.
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2.3. Improved Model

The modeling method is as follows:
The translation transformation method is used for the sequence S(0); the expression is

shown in Equation (9):

G(0) =
[

G(0)(1), G(0)(2), · · · , G(0)(n)
]
=
[
S(0)(1) + C, S(0)(2) + C, · · · , S(0)(n) + C

]
(9)

where C is the translation amount, equal to the average value of the original modeling
sequence.

According to Equation (2), G(0) is accumulated through the generating operation once,
to obtain the sequence G(1), and the sequence j(1) can be obtained according to Equation (3).

j(1)(k) = 0.5G(1)(k) + 0.5G(1)(k − 1) (k = 2, 3, . . . , n) (10)

The whitening differential equation is shown in Equation (11):

dG(1)(t)
dt

+ cG(1)(t) = d (11)

The model parameter lists, r̂ = [c, d]T , can be obtained according to Equation (12):

r̂ = [c, d]T =
(

QTQ
)−1

QTG (12)

where Q =


−j(1)(2) 1
−j(1)(3) 1

...
...

−j(1)(n) 1

, G =


G(0)(2)
G(0)(3)

...
G(0)(n)


When the parameters c and d are determined, the equation of the improved model

can be obtained:

Ĝ(1)(k + 1) =
[

G(0)(1)− d
c

]
e−ck +

d
c
(k = 1, 2, . . . , n − 1) (13)

For the calculation results obtained from Equation (13), Equation (14) is used to restore
it and obtain the prediction results of the G(0):

Ĝ(0)(k + 1) = Ĝ(1)(k + 1)− Ĝ(1)(k) (14)

The prediction values are restored using Equation (15), and finally, the prediction
results of the improved model are obtained.

Ŝ(0) =
(

Ĝ(0)
)
− C (15)

3. Establishment of the Optimal Weighted Combination Model

The combined forecasting model can combine different forecasting models and make
full use of the advantages of different forecasting models. Therefore, the combined forecast-
ing model is more systematic and comprehensive than a single forecasting model.

Based on this, a combination prediction method combining the GM (1,1) and the
logarithmic function model is used to predict the deposition thickness. In the applica-
tion process of the combined model, it is particularly important to determine the weight
coefficient of a single model.

There are many methods to determine the weight coefficients, and this article adopts
the optimal weighting method to determine the weight coefficient of each model.
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3.1. Determination of Weight Coefficients Based on Optimal Weighting Method

The essence of the optimal weighting method is to construct the objective function, L,
based on a certain optimal criterion, minimize it under constraint conditions and finally
obtain the weighting coefficients of the combined model. The process of determining the
weight coefficient is as follows [24,25]:

Assuming there are m single prediction models for predicting the wax deposition
thickness, and the predicted time period is n, the actual value of the i-th model in time
period t is defined as yit; the predicted value of the i-th model in time period t is defined
as ŷit; the prediction error of the i-th model in time period t is defined as eit; and pi is the

weight coefficients, and satisfies
m
∑

i=1
pi = 1. Therefore, the form of the combined prediction

model is as follows:

Y = p1ŷ1 + p2ŷ2 + · · ·+ pmŷm =
m

∑
i=1

pi ŷi (16)

If the fitting error of an independent model is

eit = yit − ŷit (i = 1, 2, · · ·m; t = 1, 2, · · · , n) (17)

then the fitting error matrix of each model is obtained:

E =



n
∑

t=1
e2

1t

n
∑

t=1
e1te2t · · ·

n
∑

t=1
e1temt

n
∑

t=1
e2te1t

n
∑

t=1
e2

2t · · ·
n
∑

t=1
e2temt

...
...

...
...

n
∑

t=1
emte1t

n
∑

t=1
emte2t · · ·

n
∑

t=1
e2

mt


(18)

The objective function and constraint condition are min L,

s.t.
m
∑

i=1
pi = 1 (19)

where L is the objective function and
m
∑

i=1
pi = 1 is the constraint condition.

Equation (19) can be converted into a mathematical problem, as shown in Equation (20).
min L =

n
∑

t=1
e2

t = PTEP

s.t.
m
∑

i=1
pi = RTP = 1

(20)

where R = [1, 1, · · · , 1]T, P = [p1, p2, · · · , pm].
The Lagrange multiplier method is used for Equation (20) to obtain the optimal weight

vector:

P0 =
E−1R

RTE−1R
(21)

The minimum value of the objective function is

minL =
1

RTE−1R
(22)

3.2. The Establishment Steps of the Combined Model

The specific steps are as follows:
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Step 1: Based on the indoor wax deposition experimental data, the modeling samples
are determined.

Step 2: The gray model is established by using the establishment steps of the traditional
GM (1,1) (as described in Section 2.1), and the calculation results of the GM (1,1) are obtained.
For convenience, the predicted values of the GM (1,1) are recorded as f 1.

Step 3: Equation (8) is used to fit the modeling sample, the logarithmic function model
is established, and the calculation results of the model are obtained. For convenience, the
predicted values of the logarithmic function model are recorded as f 2.

Step 4: The optimal weighting method (as described in Section 3.1) is used to obtain
the weights of the GM (1,1) (p1) and the logarithmic function model (p2), and the optimal
weighted combination model is shown in Equation (23).

f = p1 f1 + p2 f2 (23)

Among them, f is the predicted values of the combination model, and p1 and p2 are
weight coefficients and satisfy p1 + p2 = 1.

4. Accuracy Comparison and Analysis of Various Models

Su conducted wax deposition experiments using a loop experimental device, and
calculated the wax deposition thickness at different operating times using the static differ-
ential pressure method. The experimental data of wax deposition at 50 ◦C are shown in
Table 1 [26].

Table 1. Indoor wax deposition experimental data.

Time (h) Thickness (mm)

1 0
2 0
3 0
4 0
5 0.33
6 0.65
7 0.82
8 0.97
9 1.08
10 1.19
11 1.3
12 1.42

From Table 1, it can be seen that within the initial 4 h, the wax deposition thickness was
0. Therefore, the wax deposition thickness data of 5–12 h were selected as the data sample
for this article. For the convenience of comparative analysis, the GM (1,1), improved GM
(1,1), logarithmic function model and optimal weighted combination model were recorded
as model I, model II, model III and model IV, respectively.

4.1. Comparative and Analysis of the Accuracy of Various Models (Based on 5–9 Sets of Data to
Establish Models)

Using the data of the 5 h–9 h in Table 1, the GM (1,1), improved GM (1,1), logarith-
mic function model and optimal weighted combination model were established, and the
deposition thickness at 10 h, 11 h and 12 h were predicted based on the four models.

The expressions of the models were obtained as follows:
Model I:

Ŝ(1)(t + 1) = [0.33 + 0.57332/0.16057]e0.16057t − 0.57332/0.16057 (24)
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Model II:

Ĝ(1)(t + 1) = [1.1 + 1.28493/0.08651]e0.08651t − 1.28493/0.08651 (25)

Model III:
D = 0.463 ln t + 0.3267 (26)

where R2 = 0.9991.
Model IV:

f = 0.2003 f1 + 0.7997 f2 (27)

Among them, the weights of model I and model III are 0.2003 and 0.7997, respectively.
Based on the expressions of the above models, the calculation results and relative

errors of the models were obtained, as shown in Table 2. The average relative errors of the
fitting results of each model were further obtained, as shown in Table 3.

Table 2. Calculation results and relative errors of each model (based on 5–9 sets of data to
establish models).

Num
Test

Value
(mm)

Model I Model II Model III Model IV

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

5 0.33 0.33 0.000 0.33 0.000 0.3267 1.000 0.3274 0.788

6 0.65 0.6794 4.523 0.6715 3.308 0.6476 0.369 0.6540 0.615

7 0.82 0.7977 2.720 0.8018 2.220 0.8354 1.878 0.8278 0.951

8 0.97 0.9367 3.433 0.9438 2.701 0.9686 0.144 0.9622 0.804

9 1.08 1.0998 1.833 1.0987 1.731 1.0719 0.750 1.0775 0.231

10 1.19 1.2914 8.521 1.2676 6.521 1.1563 2.832 1.1834 0.555

11 1.3 1.5163 16.638 1.4517 11.669 1.2277 5.562 1.2855 1.115

12 1.42 1.7805 25.387 1.6524 16.366 1.2895 9.190 1.3878 2.268

Table 3. Average relative error of fitting results for each model (based on 5–9 sets of data to establish
models).

Model Average Relative Error (%)

Model I 2.502
Model II 1.992
Model III 0.828
Model IV 0.678

From Tables 2 and 3, it can be seen that the maximum fitting relative error of model I
is 4.523%, and its average relative error is 2.502%; the fitting results differ significantly from
the test values. After using translation transformation, the smoothness of the original data
sequence is improved. Therefore, model II has good fitting accuracy (the maximum fitting
relative error is 3.308% and the average relative error is 1.992%). For the optimal weighted
combination model, its maximum fitting relative error is only 0.951%, and the average
relative error is only 0.678%. Overall, the optimal weighted combination model has the
highest fitting accuracy, followed by the logarithmic function model and the improved GM
(1,1), while the traditional gray model has the worst fitting accuracy.

Based on the above calculation results, the average relative errors and root mean
square errors of the prediction results were further obtained, as shown in Figures 1 and 2.
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From Figures 1 and 2, it can be seen that the average relative error (16.849%) and root
mean square error (0.25) of the prediction results of model I are both relatively high. After
using translation transformation, the average relative error and root mean square error of
model II are reduced (11.519% and 0.166, respectively), so its prediction accuracy is higher
than that of model I. In addition, the logarithmic function model also has good prediction
accuracy. For the optimal weighted combination model, its predicted results are closer to
the test values (the average relative error is only 1.313% and the root mean square error is
only 0.021).

In the process of combination model prediction, the choice of a single model has
a greater impact on the prediction results. The GM (1,1) establishes a growth model
by accumulating the original data, and then looks for the overall rule of the system,
which has strong advantages in the prediction of small samples and poor information.
Therefore, this study selects the GM (1,1) as a basic model of the combination model.
As the deposition time prolongs, the wax deposition thickness on the pipe wall shows a
trend of first rapidly increasing and then slowly increasing. Considering this changing
trend and the characteristics of logarithmic function, the logarithmic function model is
selected as another basic model for the combination model. The combination prediction
model can comprehensively utilize the effective information and advantages of various
models, and compensate for the one-sidedness of a single prediction model. Therefore, the
combination prediction model is more systematic than a single prediction model, and can
reduce the bias of a single prediction method. In addition, the determination of weights in
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the combined model has a significant impact on the prediction accuracy of the model. This
study uses the optimal weighting method to reasonably determine the weight of a single
model, which helps to improve the prediction accuracy. Therefore, the prediction accuracy
of the combined prediction model is higher than that of model I and model III.

4.2. Comparative and Analysis of the Accuracy of Various Models (Based on 5–10 Sets of Data to
Establish Models)

Using the data of 5 h–10 h in Table 1, the GM (1,1), improved GM (1,1), logarith-
mic function model and optimal weighted combination model were established, and the
deposition thickness at 11 h and 12 h were predicted based on the four models.

The specific expressions of the models were obtained as follows:
Model I:

Ŝ(1)(t + 1) = [0.33 + 0.60625/0.13891]e0.13891t − 0.60625/0.13891 (28)

Model II:

Ĝ(1)(t + 1) = [1.17 + 1.38354/0.07438]e0.07438t − 1.38354/0.07438 (29)

Model III:
D = 0.4737 ln t + 0.3206 (30)

where R2 = 0.9979.
Model IV:

f = 0.2437 f1 + 0.7563 f2 (31)

Among them, the weights of model I and model III are 0.2437 and 0.7563, respectively.
Based on the expressions of the above models, the calculation results and relative

errors of the models were obtained, as shown in Table 4. The average relative errors of the
fitting results of each model were further obtained, as shown in Table 5.

Table 4. Calculation results and relative errors of each model (based on 5–10 sets of data to establish
models).

Num
Test

Value
(mm)

Model I Model II Model III Model IV

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

Calculated
Value
(mm)

Relative
Error (%)

5 0.33 0.33 0.000 0.33 0.000 0.3206 2.848 0.3229 2.152

6 0.65 0.6996 7.631 0.6866 5.631 0.6489 0.169 0.6613 1.738

7 0.82 0.8038 1.976 0.8045 1.890 0.8410 2.561 0.8319 1.451

8 0.97 0.9236 4.784 0.9315 3.969 0.9773 0.753 0.9642 0.598

9 1.08 1.0612 1.741 1.0683 1.083 1.0830 0.278 1.0777 0.213

10 1.19 1.2194 2.471 1.2156 2.151 1.1694 1.731 1.1816 0.706

11 1.3 1.4011 7.777 1.3744 5.723 1.2424 4.431 1.2811 1.454

12 1.42 1.6099 13.373 1.5454 8.831 1.3056 8.056 1.3798 2.831

From Tables 4 and 5, it can be seen that the maximum fitting relative error (7.631%) and
average relative error (3.101%) of model I are both high, so its fitting accuracy is still poor.
For model II, the maximum fitting relative error and average relative error are both reduced
compared to the traditional GM (1,1). Therefore, the translation transformation method can
improve the fitting accuracy of the traditional GM (1,1). In addition, when using 5–10 sets
of data to establish the model, the maximum fitting relative error and average relative error
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of the optimal weighted combination model are the lowest, and its fitting accuracy is still
the highest.

Table 5. Average relative error of fitting results for each model (based on 5–10 sets of data to establish
models).

Model Average Relative Error (%)

Model I 3.101
Model II 2.454
Model III 1.390
Model IV 1.143

Based on the above calculation results, the average relative errors and root mean
square errors of the prediction results were further obtained, as shown in Figures 3 and 4.
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It can be seen from Figures 3 and 4 that the average relative error and root mean
square error of the traditional gray model are 10.575% and 0.152, respectively. Therefore,
its prediction accuracy is still relatively poor. After adopting translation transformation
(model II), the smoothness of the original data sequence is improved, which helps to
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improve the prediction accuracy of model I. For the optimal weighted combination model,
the prediction accuracy is still the highest, and its average relative error and root mean
square error are only 2.143% and 0.031, respectively. In addition, the logarithmic function
model also has good prediction accuracy, followed by model II and model I.

Based on the above results, it can be seen that the optimal weighted combination
model has higher fitting and prediction accuracy under different numbers of modeling
samples, so the model is effective in predicting wax deposition thickness.

5. Conclusions

(1) Based on the modeling characteristics of the traditional GM (1,1), an improved GM
(1,1) based on translation transformation was proposed, and the effectiveness of the
improved model was verified. The results showed that the average relative error of the
improved model is always lower than that of the traditional model when the number
of modeling samples is different. Therefore, translation transformation method can
improve the accuracy of the traditional model and broaden the application range of
the gray model.

(2) Based on the traditional GM (1,1) and the logarithmic function model, a new com-
bination model was proposed, and the weight coefficient of each single model was
obtained by using the optimal weighting method. The calculation results of different
modeling samples showed that the optimal weighted combination model has higher
fitting accuracy and prediction accuracy than the traditional model and logarithmic
function model, which can be used to predict the wax deposition thickness.

(3) The improved GM (1,1) and the optimal weighted combination model that are
proposed in this paper provide new ideas for predicting wax deposition. In the
application process, the optimal weighted combination model only needs to de-
termine the weight coefficient of each single model, so it has the characteristic of
convenient application.
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