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Abstract: This paper presents a methodology for making decisions in the stock market using the AHP-
TOPSIS multi-criteria technique. The problem is related to the stock market’s investment process
considering the criteria of liquidity, risk, and profitability. The proposed methodology includes
integrating economic and financial theories of investment in equity portfolios with the AHP-TOPSIS
multi-criteria technique, which allows for evaluating a finite number of alternatives hierarchically
under qualitative and quantitative criteria. The methodology has been tested in a real case of selecting
a portfolio of high and medium marketability stocks for the Colombian market from April 2012 to
April 2017. The computational results show the importance and efficiency of successfully integrating
traditional equity portfolio investment criteria and multi-criteria methodologies to find an appropriate
balance between profitability and risk in the investment decision-making process in shares in the
Colombian stock market. The proposed methodology could be applied to other emerging markets,
similar to Colombia.

Keywords: stock portfolio; multi-criteria method; hierarchical analytics process; order of preferences;
stock market

1. Introduction

Investing in the financial market has become an increasingly routine activity by
individuals who find an opportunity to increase their capital in this market (Escobar
2015). The incursion into these financial activities occurs through the purchase and sale of
financial instruments, which generate value in specific market situations—situations that
are typically inherent to risk and market volatilities because, in general, assets and financial
instruments are frequently affected by a myriad of variables that can very quickly lead
the investor from a state of economic prosperity to total misfortune (Escobar 2015). In this
sense, investment decisions require intricate knowledge of market conditions (Escobar
2014), in addition to a strong understanding of indicators, techniques, and notions such
that final determinations are the most efficient in terms of earnings. Given that portfolio
selection problems involve a set of decisions linked to a variety of alternatives, conceptual
frameworks such as multi-criteria selection methods are required. These methods cover
a significant number of alternatives (classified and ranked by a number of criteria (N))
under a structured and scientific method that provides the optimal choice while taking into
account the preferences of the decision-maker (Zopounidis 1999).

The use of theory for the optimal selection of efficient portfolios begins with Markowitz
(1952) and benefits from essential contributions such as those by Sharpe (1964) and Stephen
(1976), among other authors who have made significant advances concerning the problems
that stand out in portfolio selection decisions. The use of multi-criteria decision analysis
(MCDA) considers the great variety of criteria or objectives that are part of the optimization
process that the investor must perform. Zopounidis (1999) examines the contribution
of multi-criteria analysis in solving financial decision problems. In this work, the author
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presents a methodological framework of multi-criteria analysis and mentions some methods
that relate directly to financial problems, such as selecting portfolios under the Markowitz
framework and optimizing the Sharpe model, among other financial problems. Finally, the
author provides a vast list of studies highlighting the use of these decision methods on
financial and corporate problems and, in particular, on portfolio management problems.
Research has also been highlighted where financial decision-making is carried out using
multi-criteria methods in the most recent decades (see Xidonas et al. 2021; Mendonça et al.
2020). This work points out the significant contribution of this type of analysis on the
optimal selection problem of financial portfolios. It emphasizes the mean-variance model
(also known as the Markowitz model), which has an important flaw—incorporating all of
the criteria that managers truly require for investment decisions goes beyond analyzing just
two variables. It is essential to highlight the level of subjectivity present in this work since
the preferences of the decision-maker must be taken into account, especially their profile
against risk, which will lead to their choices; however, the scientific and mathematical rigor
of the multi-criteria methods tries to bias as little as possible the optimal choice(s).

The present work proposes a hybrid method between two multi-criteria techniques
applied directly to the optimal selection of financial portfolios in search of a more robust and
complete optimization process. One of the criteria or objectives that are more decisive for
the investor is considered through this process. This type of agent is given more powerful
tools than those available in economic and financial theory—away from the pragmatism
implied by traditional methods based on intuition and experience. The present work also
supposes a structural change in the decision-making process that distances itself from the
prevailing economic theory method. However, this work does not ignore the theory’s
significant advances; it starts from the base of these theoretical developments to arrive at
the optimal selection of assets and, subsequently, a set of portfolios, which is the purpose
of ongoing research.

This work is organized as follows. Section 2 contains a literature review on the begin-
ning and progress of portfolio selection theory and the use and respective contributions
made by multi-criteria methods concerning the field of economics, particularly finance. Sec-
tion 3 presents the proposed methodology detailing the theoretical tools used to construct
the criteria and indicators used in multi-criteria decision methods. Section 4 provides the
results obtained during the process. Finally, Section 5 offers the conclusions obtained from
the results.

2. Literature Review

In the 1950s and 1960s, no specific measure existed to assess the concept of risk in the
investment community. However, Markowitz’s (1952) work and subsequent developments
provided the academic community with a theoretical foundation and investors during this
time with a starting point for formulating models focused on asset allocation. In particular,
modern portfolio theory first provided a measure of expected risk associated with returns—
a variable that, in turn, has been taken as a contribution to the current work. Markowitz
(1952) showed the variance in the expected return as a reasonable risk measure under a
series of rational assumptions, and being nonrestrictive, provided all relevant facts for the
rapid dissemination and acceptance within the academic community.

After the initial formulation proposed in Markowitz (1952), modern portfolio theory
(MPT) required developments of a theoretical nature and practical approaches that directly
benefited investors when making capital allocations and creating portfolios, using the MPT
conceptual framework. This fact was shown as the capital asset pricing model emerged
(Sharpe 1964; Lintner 1965, 1969; Mossin 1966; French 2002). According to the previously
described mean-variance model, this model’s formulation allowed investors to understand
the relationship between the return on assets and risk. More profoundly, the pricing model
distinguished the effects of systematic risk (undiversifiable risk) and nonsystematic risk
(diversified risk). Closely related to this discussion is the possibility of affirming that the
pricing model provided an essential distinction about returns. Formulating the model



Risks 2022, 10, 4 3 of 20

allows for determining returns generated by the market (the beta coefficient), while excess
returns are the alpha coefficient. The close link between the MPT and CAPM popularized
market-weighted indices because this method emphasized diversification in the financial
assets market.

Finally, in Samuelson (1967), the efficient market hypothesis is developed, which
argues that asset prices entirely reflect all available information. The direct implications
of this hypothesis are the impossibility of consistently outperforming the market itself,
and on a risk-adjusted basis, because asset prices in the market should only react to new
information, initially distorting the work that can make an investor. Fama (1970) published
a review of the hypothesis, adding evidence and expanding and refining the theory devel-
oped in the previous decade, including defining three forms of market efficiencies: weak,
semistrong, and strong.

Early published works using multi-criteria methods for selecting stock portfolios have
been proposed by Hababou and Martel (1998), Bouri et al. (2002), and Costa and Soares
(2004). Hababou and Martel (1998) introduce the multi-criteria method PROMETHEE II
to select a portfolio. The proposed methodology involved four steps: (1) defining a list of
potential solutions to the considered problem; (2) defining a list of critical criteria; (3) eval-
uating the performance of each solution according to each criterion; and (4) aggregating
these performances by using the PROMETHEE II multi-criteria method. Bouri et al. (2002)
include the investor’s attitude to solvency and liquidity solving a stock portfolio problem
with a multi-criteria issue, which should be tackled using appropriate techniques. Costa
and Soares (2004) present a model to select a portfolio of stocks based on the fund managers’
fieldwork results and using direct rating, MACBETH, and optimization techniques.

Zopounidis (1999) provides a complete compilation of the contribution of multi-
criteria analysis in resolving decision problems in the financial field, particularly in real
contexts, because—as the author argues—generally, an organization’s financial decisions
include optimization processes involving several variables and criteria that require a priori
methodological frameworks to be resolved. Such use of multi-criteria decision methods
has been an essential tool for solutions to financial decisions.

Alptekin (2009) proposed evaluating mutual and pension stock funds by using the
TOPSIS method. The method considers all of these fund performance measurement tech-
niques and provides a more appropriate performance measurement. Fasanghari and
Montazer (2010) investigate a Multiple Criteria Decision Making (MCDM) problem based
on a fuzzy expert system for selecting shares dealing with the uncertainty of stock portfolio
performance problem and apply rules used by expert investors. The proposed methodology
has been applied to the Tehran Stock Exchange (TSE) market.

Zopounidis and Doumpos (2002) review MCDA methods applied to the context of
financial problems, including a section that emphasizes portfolio performance problems,
highlighting their multi-dimensional nature—a field in which the MCDA paradigm pro-
vides essential support for treating and solving these problems. The previous conclusion is
reached through an exhaustive literature review that organizes the work through the methods
used and the approach given to them, finds a transversal incursion in the financial field, and
concludes that developing and improving these methods should go along with technological
advances related to the computerized systems used for the respective calculations.

The relevance of the use of MCDA is further reinforced by Xidonas et al. (2009),
which focuses on asset selection through a specific method. This work argues that the
MCDA paradigm provides a broad methodological approach to address portfolio selection
problems effectively. Additionally, in search of delimiting the problem and methods used in
the present work, Bahmani et al. (1987) apply the analytic hierarchy process (AHP) method
to the asset selection process for a given investment. The method’s use is supported by the
nature of the criteria that the authors consider for such asset selection because among the
factors are wealth, age, experience, investor characteristics, and investment alternatives,
among others. He also argues that the AHP method adds a new perspective to the portfolio
selection analysis and serves as an alternative mechanism to maximizing expected utility.
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This study concludes that the AHP model is an excellent tool for solving complex problems
in real financial contexts, demonstrating its effectiveness and efficiency in an investment
selection process.

Xidonas et al. (2011) introduce a combined approach for the construction and selection
of portfolios, considering the inherent multi-dimensional nature of the problem, allowing
the use of multi-criteria methods. The proposed approach considers a multiple-criteria
decision-making (MCDM) method, based on multi-objective mathematical programming
(MMP), called IPSSIS (integrated portfolio synthesis and selection information system).
Marasović and Babić (2011) propose a two-step multi-criteria approach considering the
well-known PROMETHEE II. The former methodology was applied to the Zagreb stock
exchange (ZSE) market.

Similarly, Charouz and Ramík (2010) apply the AHP method to a portfolio manage-
ment process and argue the relevance of the approach used to convert assets into cash.
Setbacks such as contracts, internal requirements, and other relevant criteria are assumed to
exist when making the most appropriate decision. In addition to the classical AHP model,
the authors apply an alternative version that corrects some of the theoretical deficiencies
(called FVK) and reaches approximately equivalent results. This method’s significant con-
tribution lies in that it provides the portfolio manager with rapid information about its
advantages when choosing between assets based on each alternative’s characteristics and
the additional advantage of comparing them.

Yodmun and Witayakiattilerd (2016) consider a stock portfolio problem using a fuzzy
scheme. In particular, the shares are classified according to the type of sector. The shares are
ranked according to the best weight from a fuzzy quantitative approach. Furthermore, the
stocks are ranked according to their group from a fuzzy analytic hierarchy process (FAHP)
and the TOPSIS approach.

The work proposed by Escobar (2015) presents a very current situation close to the
problem to be addressed because it applies the AHP method to the national context through
a focus on the Colombian stock market and the problem of asset selection in search of
forming an efficient portfolio when taking into account specific criteria, such as risk and
profitability. Using a relatively complete sample of stock prices, he generates portfolios
based on these decision criteria, which he weights using the AHP method and, under
this approach, reaches a portfolio that proves to be the most efficient in terms of the
mean-variance model. He concludes that using these alternative methods, supported by
computational experiments, generates greater efficiency in the decision-making process
because it eliminates guesswork by implementing analytical techniques and tools applied
to complex contexts concerning the available alternatives.

Mahmoodzadeh et al. (2007) and Joghi (2016) carry out innovative developments in
which two multi-criteria decision methods are coupled in search of more efficient results
to various financial problems that require more robust approaches. The first approach
applies the AHP method to calculate each alternative’s relative weight and alternative
investments. When obtaining these weights, they use the preference by similarity to
the ideal solution (TOPSIS) method to evaluate the projects and choose the ideal solution.
The second work performs a similar procedure but applies the hybrid model to the portfolio
selection problem to execute an analogous methodology, as it uses the AHP method to find
the relative weight of each criterion. In this case, these criteria are indicators of profitability,
risk, and liquidity, among others. Then, the ideal portfolio is achieved through the TOPSIS
method. Finally, the method is tested using real asset data to demonstrate its validity and
relevance in portfolio selection problems.

Aouni et al. (2018) reviewed the papers dealing with methods to address portfolio
selection problems based on mean and variance. We also analyze these methodologies,
allowing the portfolio solution problem within a multiple-criteria context, thus extending
the mean-variance approach features that have had an impact on portfolio theory. Recently,
several works related to multi-criteria methods for investment on stock portfolio selection
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have been proposed by Pätäri et al. (2018), Abdelaziz and Mallek (2018), Alali and Tolga
(2019), Galankashi et al. (2020), Nguyen et al. (2020), and Frej et al. (2021).

Pätäri et al. (2018) compare the efficiency of four MCDM methods identifying the
best-performing approach applied to two comprehensive samples of U.S. stocks. The
compared methods are median-scaling (MS), TOPSIS, analytic hierarchy process (AHP),
and additive data envelopment analysis (ADDEA). The results show that all evaluated
approaches could successfully be applied to the equity portfolio selection problem.

Abdelaziz and Mallek (2018) focused on solving the multi-criteria portfolio optimiza-
tion problem by applying two different models derived from the theory of optimal stopping
problems. An interactive method against solution-based algorithms is applied. Alali and
Tolga (2019) propose an approach based on the well-known multi-criteria decision-making
method, called TODIM, to the portfolio problem. The proposed approach uses variance,
correlation, and returns applied to different empirical US stock data periods. The validation
period demonstrated that obtained portfolios by TODIM configurations yield significantly
better results than equally weighted portfolios and inferior results than the theory proposed
by the Sharpe ratio.

Galankashi et al. (2020) propose an approach based on the well-known fuzzy analytic
network process (FANP) to select the portfolio problem on the Tehran Stock Exchange
market. A literature review allowed selection of the main criteria for portfolio selection,
and then a chosen criterion was applied within the FANP scheme to rank ten different
portfolios. The results indicated that profitability, growth, market, and risk are the most
critical portfolio selection criteria.

Nguyen et al. (2020) propose a ranking for the agriculture stocks belonging to the
Vietnam Stock Exchange Market. The former approach uses a combined approach of the
AHP with a grey relational analysis (GRA), multi-objective optimization ratio analysis
(MOORA), and TOPSIS. The obtained results suggest that the integrated model is efficient
in making decisions on different agriculture sectors. Other alternative schemes such as
COPRAS, KEMIRA, and EDAS could be employed to evaluate other companies’ financial
performance in different sectors. Finally, Frej et al. (2021) developed a BCR-based ap-
proach for selecting portfolios under asymmetric information of the market. The proposed
methodology is applied to the Brazilian market to illustrate its practical applicability.

Based on the literature review, many authors and practical investors have studied the
stock portfolio problem and written many papers, news articles, documents, and theses
in the last century. Several articles deal with the stock portfolio optimization problem,
while other papers address a specific problem by proposing numerous criteria for assessing
and selecting portfolios. Despite this, the same authors point out that there are still many
opportunities to improve and expand the research that exists. While most studies have
focused on financial criteria, other qualitative criteria must be considered. Some authors
have narrowed the gap between the proposed approaches to real case applications in
stock markets, indicating that research on the subject has been growing very fast but is
largely detached from real-market applications. However, managers, decision-makers,
and investors face different factors in portfolio assessment. The portfolio selection criteria
should be specifically applicable for use by investors. According to financial theory, there
is no single-criterion decision for real-world problems. Therefore, multi-criteria methods
must be considered where different criteria should be concurrently considered. However,
existing multi-criteria approaches have some limitations. First, some approaches do not
consider the internal relations between criteria because combining techniques can be scary.

Therefore, to address the gap in published works, this paper proposes a methodology
for making decisions in the stock market using the AHP-TOPSIS multi-criteria technique,
which allows for hierarchically evaluating a finite number of alternatives under qualitative
and quantitative criteria. Indeed, the integration of AHP with TOPSIS has been applied
to other financial decisions with successful applications (Alptekin 2009; Mahmoodzadeh
et al. 2007; Joghi 2016). The main contribution of this work is the proposed structure of the
methodology with the consideration and integration of two approaches. This approach
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proposes a model that fits into the reality of the emergent markets and, at the same
time, contributes to the prioritization of specific criteria for portfolio selection. Similarly,
the actual application case results measure the solution strategy’s efficiency, allowing its
scalability to other financial markets with characteristics similar to Colombia.

3. Proposed Methodology

The stages under the proposed methodology and the development of the multi-criteria
decision-making indicators are detailed below. The methodology has been divided into
four stages.

3.1. Stage I

The first step is selecting a sample of medium- and high-marketability shares on which
the base indicators, e.g., profitability, standard deviation, variance, coefficient of variation,
and asymmetry coefficient, are calculated. It is worth mentioning that a relationship
between some of these statistical estimators with financial and economic theory exists
because they provide a priori information on some series’ behavior in a given period, such
as risk and return.

Subsequently, the cost of capital and systematic risk are calculated according to the
theory proposed by Sharpe (1964). Finally, the beta and critical ratios are calculated
according to the theory proposed by Elton et al. (1976). This paper proposes a share
selection rule that includes the following steps:

Step 1: Calculate the beta coefficient (βx) for each share x, according to the methodology
proposed by Sharpe (1970), and then calculate the beta ratio Rβx, using the following expression:

Rβx =
E(x)
βx

(1)

Step 2: Calculate the critical ratio C∗ using the following expression:

C∗ =
∑x=n

x=1

[
σ2

m(E(x)−R f )βx

σ2
x−β2

xσ2
m

]
1 + ∑x=n

x=1

[
σ2

m β2
x

σ2
x−β2

xσ2
m

] (2)

where n represents the total number of shares considered, E(x) is the expected return of
stock x, σ2

m is the variance in the profitability of the market index, σ2
x is the variance in

the profitability of stock x, and R f represents the profitability of the risk-free share of the
country in which the shares for the investment are listed.

Step 3: Compare the beta ratio Rβx of each share with the critical ratio C∗, in such a
way that Rβx > C∗. If this condition is met, it is convenient to invest in the asset.

After these analyses, from the total sample of assets, a smaller sample is selected that
meets the conditions of:

1. Trading during the entire study period;
2. Maintaining a positive average profitability;
3. Meeting the described conditions in the beta ratio theory, which suggests the feasibility

of investing in the share.

3.2. Stage II

After individual stocks are selected, an ordered classification is used to prioritize those
that maintain a balance between profitability and risk because it is desirable to use stocks
that are closer to the behavior of the stock market index. In this work, the decision of the
number of shares—a size that did not exceed the computational capacity and that would not
demand valuable time for the final analysis—was chosen because it is worth remembering
that, in addition to economic and financial theory, multi-criteria decision-making methods
are used.
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The number of portfolios should involve all possible combinations between the se-
lected shares, which is how the following expression is used, as extracted from Alexeev
and Tapon (2012): (

N
n

)
=

N!
n!(N − n)!

(3)

where N is the number of shares selected and n represents the possible combinations. With
seven different shares selected, portfolios of at least two shares must exist, even one that
includes all of the stocks.

In this stage, the number of portfolios to analyze is calculated by considering the
number of stocks. In particular, the stocks to make the portfolios are selected and are fixed
according to stage 1. Portfolios of two to seven shares are conformed. These portfolios are
analyzed and refined in the following stages using the multi-criteria methods, generating
an assessment of the different selection criteria for each.

3.3. Stage III

At this stage, the criteria to be applied to all portfolios have been selected for evaluation
using multi-criteria methods. Such criteria need to address crucial aspects so that an
investor’s decision is optimal, thereby increasing profitability and mitigating the risk
present in any financial decision. Such aspects should cover topics previously mentioned
and issues related to liquidity, non-diversifiable risk, and investment viability, among
others, that provide tools to the investor and, in particular, lead to achieving the desired
results from using the methodologies proposed in the present work.

The criteria selected to evaluate the portfolios were the following:

• C1: Average profitability;
• C2: Conditional value at risk;
• C3: Weighted cost of capital;
• C4: Idiosyncratic volatility index;
• C5: Stock market index;
• C6: Profitability-weighted cost of capital.

Criterion C1 is derived from the mean-variance model proposed by Markowitz (1952,
1959). In this model, portfolio efficiency is considered, a rule that is reached by minimizing
the variance in the portfolio ( σ2

c ). The general model is as follows:
Minimize:

σ2
c =

N

∑
i=1

N

∑
j=1

xixjσij (4)

Subject to:
N

∑
i=1

Ri xi = R (5)

N

∑
i=1

xi = 1 (6)

Constraint (6) indicates that the total portfolio return is equivalent to the return on
each share multiplied by its percentage invested. Constraint (7) indicates that the sums
of the percentages to be invested in each share must be equivalent to 100%. In this case,
the formalization of the performance indicator of each asset or portfolio is taken as:

Ri =
1
T

T

∑
t=1

Ri,t (7)

where:

• Ri = Average market return of the stock or portfolio i.
• Ri,t = Return of stock i at time t.
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• T = Period of the stock or portfolio return.

The estimation of the variance-covariance matrix represents a fundamental element in
determining efficiency in terms of both assets and portfolios because it contains information
on the volatility of financial assets and joint movements between assets or portfolios.
The notion of an efficient frontier refers to the set of points on the return-risk plane,
in which all possible combinations of assets remain, forming portfolios that maintain a
minimum risk in the face of a given expected return. This border will allow us to know
the best previously diversified portfolios. Once these portfolios are known, investors will
choose according to their preferences.

Regarding criterion C2, the conditional value at risk (CVaR) is a variant of the known
value at risk (VaR), which is a useful indicator in the field of financial economics because it
is intuitive and understandable through its exposure of the amount of money that can be
lost for a certain level of probability and during a specific period. These characteristics have
caused this tool to be generalized in terms of its usefulness in the financial field. Sarykalin
et al. (2008) define the VaR of the variable X with a confidence level α є[0.1] as:

VaRα(X) = min{z |FX(z) ≥ α} (8)

where, by definition, VaRα(X) is the lowest α percentile of the random variable X. A signif-
icant disadvantage of this measure lies in the fact that it does not comply with the property
of subadditivity, characteristic of a coherent risk measure described by Artzner et al. (1999).
This property’s importance lies in the problem that would be incurred when comparing
the VaR of a diversified portfolio with the sum of the VaR of the assets separately from
such a portfolio because the latter may be lower. This disadvantage allowed room for
the formulation of the CVaR (Rockafellar and Uryasev 2000). Additionally, known as the
expected loss that corrects the VaR deficiency, the CVaR also does not generally lose the
previous measure’s simplicity. The CVaR manages to capture or quantify the expected
losses if the worst-case threshold is crossed. In other words, this measure obtains a more
pessimistic estimate for the investor’s potential losses because it is a complete tool and
theoretically more robust than the VaR. Sarykalin et al. (2008) define the CVaR for random
variables with a possible discontinuous distribution function and a confidence level α є[0.1]
as the average of the generalized distribution of the α tail:

CVaRα(X) =
∫ ∞

−∞
zdFα

X(z) (9)

where:

Fα
X(z) =

{
0, where z < VaRα(X)

FX(z)−α
1−α , where z > VaRα(X)

(10)

The C3 criterion equivalent to the weighted cost of capital (ke) was calculated according
to the theory proposed by Sharpe (1964):

ke = R f + β
(

Rm − R f

)
(11)

where R f is the risk-free rate, β is the systematic risk indicator, and
(

Rm − R f

)
is the

market risk premium.
An additional factor immersed in the choice of shares or assets when selecting a

portfolio is the fraction of risk not explained by the beta factor of the pricing model—a
component of which extensive evidence has been found on its relationship with movements
in the returns on assets (Bali and Cakici 2008). This study analyzes the effect of this
variability component and the variation in returns using a measure called IVOL, which is
an estimate of idiosyncratic volatility (criterion C4) that follows directly from the CAPM
pricing model, defined as:

IVOL =
√

var(εi,t) (12)
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where εi,t is the idiosyncratic return of the i-th value; the return of this value is defined
as follows:

εi,t = Ri,t − r f ,t − βi,t

(
Rm,t − r f ,t

)
(13)

where r f ,t is the risk-free rate, βi,t is the coefficient of variability of the value relative to the
market, and Rm,t represents the market return.

In exploring influential factors in the choice of assets and portfolios, the shares’ liq-
uidity property was considered because it is desirable that these financial instruments
can be quickly exchanged for money. In the research process, the stock exchange index
(Índice de Bursatilidad Accionaria—IBA) was found; this indicator was adopted by the
Financial Superintendence of Colombia and captured the shares’ liquidity that makes up
the Colombian stock market through a numerical scale from 0 to 10. It is calculated by a
weighting of the following four aspects:

(1) Average value traded per round;
(2) Relationship between the number of shares traded and the number of shares outstanding;
(3) Several trades over the number of rounds completed;
(4) The number of rounds in which the number of rounds was traded.

This indicator is considered criterion C5. It is essential to mention that, for the stock
market index related to the liquidity of the stocks, the analysis must be performed for each
stock, taking the place it occupies in the IBA ranking. The weighted average of each share
combination is a numerical value that reflects the portfolio’s liquidity. Finally, criterion
C6 is calculated as the difference between criteria C1 and C3. Indeed, we consider that
the average return of the stock/portfolio (C1) must be greater than its cost of capital (C3)
under a given risk level, indicating economic value generation. Note that the required rate
of return must be the minimum return that an investor will accept for owning a company’s
stock (C3) as compensation for a given level of risk associated with holding the share.

Importantly, for each portfolio configuration, the media-variance models (5)–(7) were
applied to optimize each stock’s weights in each portfolio to maximize the benefit and,
in turn, minimize the associated risk. The average of the daily returns determined the
profitability of each portfolio by weighing each stock. In contrast, the CVaR was calculated
using the parametric or nonparametric method (historical method) depending on the results
obtained using a specific normality test applied to the data. In our study, the Shapiro–Wilk
(Shapiro and Wilk 1965) and Jarque–Bera (Jarque and Bera 1987) tests were selected, which
validate whether specific data follow a normal distribution.

The Shapiro–Wilk test consists of, first, ordering the sample (x1, x2, . . . xn), size n, in
ascending order to obtain a sample vector

(
x(1), x(2), . . . x(n)

)
, where x(j) is the j-th sample

vector. Then, the contrast statistics are calculated.

W =
1

ns2

(
h

∑
j=1

ain(xn−i+1 − xi)

)2

(14)

where s2 denotes the sample variance,

h =

{ n
2 , i f n is even number

n−1
2 , i f n is odd number

(15)

We obtain the value of the statistic W and calculate the critical value of the test based
on its distribution to make decisions about the normality of the sample. Finally, calculating
the critical probability is contrasted with the null hypothesis of normality.

The Jarque–Bera test is asymptotic; in large samples, based on the residues of the
ordinary least squares (OLS) method. It calculates the asymmetry and kurtosis of the OLS
residues in the first instance. This test’s basic principle is to determine the degree to which
the coefficients of asymmetry and kurtosis deviate from the residuals when using these
same asymmetry and kurtosis coefficients of the normal distribution.
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Skewness:

A =
∑T

t=1
u3

t
n(

∑T
t=1

u2
t

n

) 3
2

(16)

Kurtosis coefficient:

K =
∑T

t=1
u4

t
n(

∑T
t=1

u2
t

n

)2 (17)

Statistical:

JB = T

[
A2

6
+

(K− 3)2

24

]
(18)

A procedure similar to that described in the previous test was performed and con-
trasted the values of the critical probability against the null hypothesis of normality.

In this stage, the six portfolios that presented the best balance between return and risk
were selected by superimposing the criteria of profitability (C1), risk (C2), and liquidity
(C5). These criteria were selected before the others and after consulting experts in the
financial field and stock transactions. This fact could be reflected in the criteria weighting
matrix, where they are superimposed on C3, C4, C6.

The Shapiro–Wilk and Jarque-Bera normality tests were utilized to show that the distribu-
tion is normal; this must not, however, be confused with the C1–C6 selection criteria.

3.4. Stage IV

This stage includes everything related to using the hybrid multi-criteria method chosen
to address this work, which already uses the portfolios analyzed in Stage III as input. In
particular, the use of the AHP–TOPSIS multi-criteria methodology has been proposed due
to its applicability in the context of the considered problem.

The literature review shows a large number of multi-criteria methods or techniques.
Simultaneously, a wide variety was found in their combinations, particularly the use of the
analytic network process (ANP, Saaty 1990), the most general form of the AHP method.
However, we decided to select the AHP method due to its greater use in the financial
literature; this could be corroborated with a simple bibliometric analysis in the main
scientific databases. Furthermore, AHP structures the considered decision problem into a
hierarchy with a goal, decision criteria, and alternatives. Moreover, the application of ANP
is complicated and requires much more effort from the participants than AHP. However,
AHP is very popular, and ANP is less prominent (Othman et al. 2011).

Saaty (1990) developed the AHP, a model that allows decision-makers to represent
multiple factors’ interactions in complex situations. This model requires that decision-
makers develop a hierarchical structure for explicit factors in the problem to be addressed
to provide judgments about each’s relative importance. The use of the relative judgment
scale developed by Saaty (1990) is decisive in developing the model because it allows us
to separately compare and provide a hierarchy of different factors representing both the
alternatives and the criteria. The scale is as follows.

The previous scale serves as a tool for the decision-maker to compare alternatives
and assigns a numerical value from 1 to 9, articulating their analytical process preferences.
It should be noted that the even values are not considered in the table but have relevance
and space within the analysis because they represent intermediate values in the scale.
In addition to this crucial tool, Saaty (1990) proposes a logical sequence of steps to develop
the model, and the steps are as follows.

Step 1: Determine an objective (best stocks portfolio) and the evaluation factors,
identify the objectives or purposes at a higher level, the factors or criteria at the second
level (return, liquidity, and risk criteria), and the alternatives at the third level (portfolios).

Step 2: Find the relative importance of the criteria (return, liquidity, and risk criteria) in
relation to the objective outlined in the previous step. For this, a pairwise comparison matrix
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is constructed using the relative importance scale, in which the comparison judgments are
detailed in Table 1. Assuming N criteria, the pairwise comparison among criteria yields a
square matrix that we call A1N×N, where aij indicates the relative importance of criterion i
with respect to criterion j; in addition aij = 1, when i = j and aij = 1/aji.

Table 1. AHP Scale for Pairwise Comparison on stock performance. Source: owner elaboration based
on Saaty (1990).

Intensity of Importance Definition Explanation

1 Equal
importance

The portfolios have the same importance concerning
a given criterion (return, liquidity, and risk criteria)

3 Moderate
importance

A portfolio has moderate importance concerning a
given criterion over the other portfolio (return,
liquidity, and risk criteria)

5 Strong
importance

A portfolio has strong importance concerning a
given criterion over the other portfolio (return,
liquidity, and risk criteria)

7 Very strong
importance

A portfolio has very strong importance concerning a
given criterion over the other portfolio (return,
liquidity, and risk criteria)

9 Extreme
importance

A portfolio has extreme importance concerning a
given criterion over the other portfolio (return,
liquidity, and risk criteria)

Subsequently, the normalized relative weight of each criterion must be found to
calculate the geometric mean of the i-th row and to normalize the geometric means of the
rows in the comparison matrix.

MGi = (
N

∏
j=1

aij)

1/N

(19)

Wi =
MGi

∑N
j=1 MGi

(20)

where:

• MGi = Geometric average of criterion i.
• Wi = Normalized relative weight of criterion i.

After these calculations, matrices A3 and A4 were calculated, such that A3 = A1 × A2
and A4 = A3/A2, where A2 = [W1, W2, . . . , Wi, . . . , WN]T. Subsequently, the maximum
eigenvalue λmax must be calculated, which is the average of matrix A4; consequently,
the consistency index is calculated as CI = (λmax − N)/(N − 1), in which a lower index
value results in a smaller deviation of consistency. Subsequently, the random index (RI)
is obtained for the number of criteria used in constructing the model. After this process,
the consistency ratio CR = CI/CR is calculated, for which a consistency ratio of 0.1 or
less is considered generally acceptable because it considers the analyst’s knowledge to be
minimally consistent with the study problem (Bahloul and Abid 2011).

Step 3: This step consists of comparing the resulting alternatives (portfolios) in pairs
concerning which is the best (dominant) in satisfying each criterion (return, liquidity, and
risk criteria), that is, whether each alternative satisfies the criteria included in the model.
If there are M candidate alternatives, then there are N judgment matrices of size M ∗ M,
given that there are N criteria. The pairwise comparison matrices are constructed using
one of the aforementioned relative importance scales, and the process is similar to that in
Step 2.
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Step 4: This last step is to obtain the composite weights of the alternatives such that
the product is made between the normalized relative weight Wi of each criterion obtained
in Step 2, with its corresponding value for the normalized weight for each alternative
obtained in Step 3 and, finally, summed over all of the criteria for each portfolio. A list of
percentages is then obtained in which each portfolio has a value that reflects its relative
weight in the total of portfolios, suggesting a final classification.

With the AHP method, the technique for the order of the preference using a similar
ideal solution (TOPSIS) proposed by Chen and Hwang (1992) is addressed. This work
shows that the chosen portfolio’s basic principle should be that which has the shortest
distance to the ideal solution to maximize the benefit and simultaneously minimize the
total cost. This portfolio should have the longest distance to the negative ideal solution that
minimizes the benefit and maximizes the total cost (Joghi 2016). The TOPSIS method has
been applied through the following steps.

Step 1: The normalized decision matrix is calculated, and each normalized value rij is
calculated using the following expression:

rij =
Xi

∑n
i=1 X2

ij
, ∀i,j (21)

where rij refers to the normalized value for the normalization of portfolio i against criterion
j; while Xij refers to the value of the indicator of each alternative i against criterion j.

Step 2: The weighted normalized decision matrix is calculated, and each normalized
value vij is calculated using the following expression:

vij = wj rij , ∀i,j (22)

where wj corresponds to the weight of the criterion (return, liquidity, and risk) j, and:

m

∑
j=1

wj = 1 (23)

Step 3: The ideal solution and the negative ideal solution are determined for which Cb
is associated with criteria that provide benefits (return), and Cc is associated with criteria
that provide costs (liquidity and risk).

A+ = {v∗, . . . , v∗m} =
{
(maxivij

∣∣j∈Cb
)

, (minivij
∣∣j∈Cc

)
} (24)

A− =
{

v−, . . . , v−m
}
=
{
(minivij

∣∣j∈Cb
)

, (maxivij
∣∣j∈Cc

)
} (25)

where Cb is associated with the criteria providing profits, and Cc is associated with the
criteria providing costs.

Step 4: The separation measures are calculated using an m-dimensional Euclidean
distance, and the separation of each portfolio of the ideal solution is calculated from the
following expression:

S∗ =

√√√√ m

∑
j=1

(
vij − v∗j

)2
, ∀i (26)

Similarly, the separation of each portfolio from the negative ideal solution is calculated
using the following expression:

S− =

√√√√ m

∑
j=1

(
vij − v−j

)2
, ∀i (27)

It is worth mentioning that, for the calculation of (27) and (28), the Euclidean distance
measure is used, which basically refers to the square root of the difference of the squared vectors.
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Step 5: The relative proximity to the ideal solution is calculated; each element of matrix
Ai with respect to A* is defined by the following expression:

RC∗i =
S−i

S∗i + S−i
∀i (28)

Step 6: Finally, the order of the preference (order of portfolios) is classified. The values
of the relative closeness index are in the interval (0,1), where a value close to 1 indicates
being closer to the ideal solution for the alternatives.

At first, the portfolio selection problem is carried out, doing a debugging of actions
through stages 1, 2, and 3. Subsequently, after the formation of the portfolios, the AHP
methodology is applied to identify, under the multi-criteria methods, the best portfolio.

3.5. Stage V

Another notable comparison in the methodology is to analyze the autoregressive
integrated moving average (ARIMA) series of portfolio performance to model the portfolios’
volatility during the study period considered. In this manner, in a search for a contrast of
methods, the ARIMA modeling of the portfolio returns was used; in particular, by using
the ARCH/GARCH methodology to model the volatility of these portfolios given that this
modeling method captures the dynamic behavior of portfolios and the models’ conditional
variance (Bollerslev 1986).

VOLj
t = α0 +

q

∑
i=1

αiε
2
t−i +

p

∑
i=1

βiVOLj
t−i (29)

Theoretically, VOLj
t represents the variance in the portfolio j and, in turn, its volatility,

and εt represents the error term. Both ∑ αi and ∑ βi are expected to be <1; however, the
volatility of the portfolios might not respond symmetrically to the shocks produced by the
series of returns.

There is no dominant criterion in the stock portfolio selection problem for deciding
the best stocks to select. Profitability, risk, and liquidity criteria are important in the
decision-making process. Usually, the criteria do not converge to a single decision, making
it necessary to use multi-criteria techniques that integrate all the criteria. The proposed
methodology allows the decision-maker to make long-term investments considering an
adequate balance for all criteria.

4. Obtained Results

The proposed methodology’s efficiency has been tested using historical data on Colom-
bian stock market prices. Initially, 25 series of stock prices with medium and high mar-
ketability of the Colombian stock market were used during the period from April 2012 to
April 2017; we also used the COLCAP index’s price during the same study period. These
price series are characterized by daily periodicity with official day-end prices. Of the total
sample, the company’s shares CEMEX LATAM HOLDINGS SA and the preferred shares
of the companies CEMENTO ARGOS SA and GRUPO ARGOS SA were not taken into
account because their stocks began trading on the exchange after April 2012. This drawback
could affect the validity and consistency of the subsequent results obtained. The COLCAP
index had a negative average variation of 0.017% during the study period, with the most
significant decline during November 2015 and January 2016, followed by a slight recovery
in the subsequent months and stabilization in the last year. Eighty percent of the shares had
average returns higher than the COLCAP index, and 64% of the shares showed positive
average returns. Based on these data, the sample was reduced to 22 shares in search of
more robust and consistent results.

After applying Stage I of the methodology, the shares in Table 2 were obtained.
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According to Stage II, a prioritization is performed from the total list of the 25 shares to
achieve an adequate balance and profitability. In this case, seven shares were selected to form
portfolios (see Table 3). In total, 120 portfolios with two to seven stocks were analyzed.

Table 2. Selected stocks after applying Stage 1 of the proposed methodology. Source: owner.

N◦ Stock Company Name

1 AVAL CB Grupo Aval Acciones y Valores

2 BCOLO CB Bancolombia

3 BOGOTA CB Banco de Bogotá

5 CELSIA CB Celsia

6 CEMARGOS CB Cementos Argos

8 CNEC CB Canacol Energy Ltd.

10 CORFICOL CB Corporación Financiera Colombiana

12 EEB CB Empresa de Energía de Bogotá

13 ETB CB Empresa de Telecomunicaciones de Bogotá

15 GRUPOARG CB Grupo Argos

16 GRUPOSUR CB Grupo de Inv Suramericana

17 ISA CB Interconexión Eléctrica

18 NUTRESA CB Grupo Nutresa

21 PFBCOLO CB Bancolombia Preferencial

23 PFDAVVND CB Banco Davivienda Preferencial

25 PFGRUPSU CB Grupo de Inv. Suramericana Preferencial

Table 3. Selected stocks for the portfolios. Source: owner.

1 AVAL CB Grupo Aval Acciones y Valores

5 CELSIA CB Celsia

6 CEMARGOS CB Cementos Argos

8 CNEC CB Canacol Energy Ltd.

12 EEB CB Empresa de Energía de Bogotá

13 ETB CB Empresa de Telecomunicaciones de Bogotá

17 ISA CB Interconexión Eléctrica

After constructing the indicators for the 120 portfolios, Table 4 shows the ordered
classification of the portfolios with the highest and lowest values in each indicator, dis-
criminated by the number of shares that constitute each portfolio. This table shows the six
portfolios that maintained the strongest balance between the indicators, which is called the
criteria. The nomenclature used to identify a portfolio is EX-Y, where E means shares, X is
the number of shares, and Y is the number of the portfolio (see Table 4).

As a result of the previous table, the portfolios with the most balanced criteria of the
total constructed portfolios were selected (P1–P6). These six portfolios were the input for
applying Phase IV, which includes multi-criteria decision methods. Table 5 summarizes the
results obtained for each portfolio.

In this table, it is relevant to highlight that the profitability criteria (C1), liquidity (C5),
and profitability-cost of capital (C6) are preferable to the extent that their values are high.
Otherwise, with the risk criteria (C2), cost of capital (C3), and volatility (C4), low values
are preferable. As mentioned in Stage IV, after obtaining the alternatives, we proceeded to
build the pairwise comparison matrices, starting with each criterion and ending with the
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comparison matrix between the decision criteria using the relative numerical scale by Saaty
(2008).

Table 4. Portfolio classification according to criteria. Source: owner.

C1 C2 C3 C4 C5 C6

2 STOCKS E2-13 E2-18 E2-9 E2-4 E2-18 E2-13

3 STOCKS E3-47 E3-49 E3-53 E3-34 E3-49 E3-47

4 STOCKS E4-87 E4-79 E4-73 E4-70 E4-79 E4-87

5 STOCKS E5-110 E5-108 E5-98 E5-95 E5-107 E5-110

6 STOCKS E6-113 E6-117 E6-119 E6-117 E6-113 E6-113

7 STOCKS E7-120 E7-120 E7-120 E7-120 E7-120 E7-120

Table 5. Obtained results of the portfolios for the six criteria. Source: owner.

Reference Portfolio Stocks Composition (%) C1 (%) C2 (%) C3 (%) C4 (%) C5 (%) C6 (%)

P1 E2-13
CEMARGOS CB 34.5

0.054 −1.579 0.034 1.032 7.853 0.026EEB CB 65.5

P2 E3-47
CEMARGOS CB 33.4

0.052 −1.627 0.035 1.018 7.896 0.023CNEC CB 6.5
EEB CB 60.1

P3 E5-110

CEMARGOS CB 18.3

0.040 −1.779 0.035 0.857 7.821 0.012
CNEC CB 4.0

EEB CB 34.7
ETB CB 23.5
ISA CB 19.4

P4 E4-87

CEMARGOS CB 23.4

0.047 −1.616 0.033 0.898 7.687 0.020
CNEC CB 4.9

EEB CB 42.8
ETB CB 28.9

P5 E2-19
EEB CB 60.2

0.045 −1.478 0.029 1.002 7.421 0.023ETB CB 39.8

P6 E6-113

CELSIA CB 17.8

0.034 −1.801 0.036 0.829 7.798 0.005

CEMARGOS CB 15.0
CNEC CB 3.3

EEB CB 28.7
ETB CB 19.5
ISA CB 15.7

This matrix of criteria maintains a conservative configuration in which the criteria
corresponding to profitability, risk, and volatility are prioritized over the criteria related
to the cost of capital, idiosyncratic volatility, and profitability/cost of capital ratio. This
assessment is supported by the rating performed by experts on the subject, especially in
the financials and stock markets. Thus, using the AHP scale, the following table is reached.

Significantly, the values obtained in Table 6 can be modified according to the investor’s
evaluation of the risk and profitability criteria. In this case, the general idea proposed by
Escobar (2015) was followed to define the values in Table 6. This matrix is interpreted by
comparing each column’s criterion with its corresponding criterion of each row, such
that the main diagonal is composed of unit values, whereas the components on this
diagonal are the pairwise comparisons of the criteria. Analogously, the components under
this diagonal are the inverses of the pairwise comparison of the criteria. This matrix’s
normalization provides the relative weights of each criterion—an indispensable factor for
the subsequent use of the TOPSIS method. These values should be contrasted against the
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random consistency index. This index is fundamental to providing validity and consistency
to the analysts’ judgments.

Table 6. Matrix of criteria. Source: owner.

C1 C2 C3 C4 C5 C6

C1 1 1 1/3 1/3 1 1/3

C2 1 1 1/3 1/3 1 1/3

C3 3 3 1 1 3 1

C4 3 3 1 1 3 1

C5 1 1 1/3 1/3 1 1/3

After normalizing the decision matrix composed of the alternatives and weighing it using
the relative weights of the AHP method, the ideal solutions—both positive and negative—are
found and organized. After this step, each alternative’s distance to the ideal solution—both
positive and negative—is calculated. Then, the relative proximity to each alternative’s ideal
solution is estimated. Finally, the alternatives were classified, and Table 7 was obtained.

Table 7. Final classification TOPSIS method. Source: owner.

Reference Ci Preference

P1 0.94887740 1

P2 0.64024809 2

P3 0.34610574 5

P4 0.46427500 4

P5 0.55998053 3

P6 0.04356514 6

MAX 0.94887740 P1

This table shows that the alternative corresponding to the portfolio made up of the
two shares (CEMARGOS CB and EEB CB), with 34.5% and 65.5% participation, respectively,
is the most successful choice according to this hybrid multi-criteria decision method, given
the configuration and preference detailed in the criteria comparison matrix. It is also
important to mention that the alternatives corresponding to portfolios 2 and 5 are the
subsequent choices that yield the results closest to the positive ideal and farthest from the
negative ideal. This fact becomes important when comparing the results obtained using
this AHP–TOPSIS hybrid method with the results that would have been obtained using
only the AHP method. Although the first three choices are the same, their order varies,
especially with the optimal choice—using only the AHP method, the alternative that the
investor should choose would be the one corresponding to portfolio 5.

The suggested approach’s optimal portfolio is a two-stock, non-diversified portfolio.
One of the financial advantages of a more concentrated portfolio (two stocks) is that the
potential returns are higher if the risk is low. Investment portfolios with the best returns
for investors are typically not highly diversified. Those who focus their investments in a
few firms or industries have a higher chance of amassing vast sums of money. A smaller
portfolio allows investors to concentrate on a smaller number of high-quality investments.
Furthermore, the more extensive a portfolio’s assets are, the more expensive it is because
purchasing and selling various holdings results in more transaction fees and brokerage
charges. Diversification’s spreading-out technique, more fundamentally, works both ways,
lowering both risk and profit.

Another notable comparison is using ARIMA modeling of portfolio performance to
model volatility during the study period. This analysis shows that the three most volatile
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alternatives are the same as those included in the hybrid method and the result of the AHP–
TOPSIS analysis. This is a considerable distance from the other alternatives, as observed in
the following graph (Figure 1).
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5. Concluding Remarks

This work has integrated various aspects, and notions focused on financial problems
and specific investments in the financial market, which is currently becoming an activity
frequented by individuals with excess capital who wish to increase their profits. When ac-
cessing these types of markets, investors find themselves in a rather complex environment
regarding knowledge, experience, and financial barriers. In this work, an AHP-TOPSIS
methodology is proposed for investment in the stock market. The incorporation of various
theories and their conjunction has given rise to this work. In particular, we started with a
base model of an economic and financial nature, such as the mean-variance model, continu-
ing with multi-criteria decision methods that have served as methodological support, and
notions that functioned as indicators as criteria for constructing the formed portfolios.

The use of multi-criteria decision methods for solving this type of problem is an
innovative development concerning the vast techniques used for the optimal conformation
of financial portfolios. This practice maintains a logical, mathematical rigor and ensures
specific parameters and consistency of the results. Simultaneously, the integrated use
of methods brings together each method’s advantages and complements each method’s
gaps. Although the hierarchical analytical process (AHP) provides an effective structured
technique based on mathematical concepts and ease of use, it also clarifies the alternatives.
For its part, the technique for ordering preferences by using similarity towards the ideal
solution (TOPSIS) is known for its great simplicity and ability to maintain the same number
of steps regardless of the problem’s size. It has also been an optimal tool to complement
other multi-criteria decision methods, according to Velasquez and Hester (2013).

As mentioned, these methods are not entirely isolated from subjectivity since pref-
erences on the part of investors can become more or less conservative. However, all the
theoretical support used provides logical solidity and consistency. The configuration of
preferences highlighted and prioritized profitability, risk, and asset marketability, which
led to the optimal portfolios having been those that kept values in these indicators closer to
ideal. Each portfolio’s volatility modeling also supported this result. The most variable
portfolios were the same as those initially found under the AHP-TOPSIS analysis and later
by the AHP analysis; in this sense, a crucial result is achieved that supports the research
using qualitative methodologies and taking into account the subjectivity of the investor’s
preferences. These results are similar to that provided by pure data (through modeling
ARIMA), to the extent that those portfolios with the highest performance were similar to
those optimally selected under the hybrid AHP-TOPSIS method.
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An exciting field of future research remains open by considering a combination
of multi-criteria decision methods that can be carried out, or the improvement of the
methods used here, such as the TOPSIS technique’s refinement, by incorporating the
Mahalanobis distance. Magaña and Zúñiga (2007) researched a selection process for ad-
vanced manufacturing (TMA). This statistical measure, in particular, offers the possibility
of admitting in its construction the correlations that exist between the variables involved
since a variance-covariance matrix is integrated into the expression. This element is ex-
cluded in the expression of the Euclidean distance. According to Magaña and Zúñiga
(2007), this application shows more reliable results since it integrates the collinearity factor
between variables. In this sense, the incorporation of criteria with greater explanatory
power in situations related to the formation of portfolios provides more accurate results
in search of significant benefits to the investor and less exposure to losses. Furthermore,
changes in the objective function (5) and one of the selected criteria (Stage III), by replacing
these indicators with the Sharpe Ratio, could be considered to validate the efficiency of the
proposed approach.
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