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Abstract: This paper proposes a novel control strategy to address the precise trajectory tracking
control problem of a ship towing system. At first, the kinematics and dynamics models of a ship
towing system are established by introducing a passive steering angle and using its structure rela-
tionship. Then, by using the motion law derived from its nonholonomic constraints, the relative
curvature of the target trajectory curve is applied to design a dynamical tracking target. By applying
the sliding mode control and inverse dynamic adaptive control methods, two appropriate robust
torque controllers are designed via the dynamical tracking target, so that both the tugboat and the
towed ship are able to track the desired path precisely. As we show, the proposed strategy has
excellent agreement with the numerical simulation results.
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1. Introduction

A ship towing system (STS) consists of a tugboat, a towline, and a towed ship [1].
Owing to its powerful transportation ability, the STS plays an increasing role in the develop-
ment of marine resources, such as oil, natural gas, mineral resource, etc. In the past, due to
external environmental disturbances and inherent internal uncertainties, the motion control
of the STS was mostly based on experimental works or numerical simulations, rather than
theoretical analysis [2]. As a result, an improper control would cause the actual towing
trajectory deviate from the target towing route. This may lead to collisions, capsizing, and
other safety accidents. As a consequence, it is necessary to investigate the precise motion
control of the STS for its safe navigation at sea.

For the STS, it is subject to non-holonomic constraints when the lateral drift motion
is small enough to be neglected. In this case, the inter-coupling action generated by the
relative motion among tugboat, towline, and towed ship makes the trajectory planning
and motion control of the STS especially challenging [3]. In addition, the STS is affected by
various factors and its dynamics model is extremely complex, thus imposing challenges to
the model of STS. Accordingly, the related research studies mainly focus on the simplified
models. For example, in References [4,5], based on the local linearization stability analysis
method, the nonlinear dynamics model of the STS was approximated into a linearized
model. In Reference [6], the nonlinear dynamics equation of the STS was transformed into
a six-dimensional state space model, then the equation was approximated by Taylor series.
However, these methods only solve the nonlinear problem of the STS locally. In addition, in
Reference [7], the investigation showed that the nonholonomic constraints were destroyed
when the hull occurred lateral drift motion. As a result, it is difficult to analyze the motion
law of the STS clearly. To overcome this drawback, the relative width of the towed ship
should be small. In this case, the STS is not prone to lateral drift so as to ensure the
nonholonomic constraints of zero lateral velocity.

In general, STSs could be divided into two types. One is the towed ship without
steering capacity, and the other is the towed ship with certain steering ability. To the former,
its motion ability is completely depended on the traction of the tugboat, so it is fully passive.
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To the latter, it has a certain steering ability to achieve steering motion. For the case of the
towed ship without steering ability, the dynamics equation of the STS can be derived by
conventional method since the nonholonomic constraint is relatively simple. However,
the main drawback of such systems is that the towed ship cannot follow the same trajectory
as the tugboat during turning movements. In this case, the STS is easy to collide with
obstacles. To address this issue, it is necessary to equip the towed ship with a steering
assembly, so that it has a certain steering ability. In general, active steering and passive
steering are two main steering strategies in practical implementation. Active steering
commonly depends on an active control input, and the corresponding nonholonomic
constraints become complex. So, it imposes difficulty in deducing the dynamics model [8].
Thus, it is a challenge to design the model-based controllers. In practice applications,
the active controller is usually designed by measuring numerous accurate datas, which
leads to complicated calculation and expensive cost. In terms of the passive steering
method, the rear beam of the towed ship steers passively through a passive steering
mechanism, such as the following-up steering. This is helpful to the system lateral stability
against rollover.

Since the STS is an underactuated, nonholonomic, and nonlinear system, its mo-
tion control is indeed a challenging problem in the control community. The challenge is
even harder when the external disturbance or internal uncertainty influence the system.
At present, there are mainly two kinds of relevant research methods for the motion control
of the STS. On the one hand, extensively studies consider kinematic models only. Usually,
advanced control methods, such as model predictive control [9,10], adaptive control [11,12],
sliding mode control [13], back-stepping control [14], etc., are used to design speed con-
trollers [15,16] for the STS. According to the kinematics model, the nonlinear adaptive
tracking control and nonlinear feedback tracking control methods, together with the path
tracking algorithm, are adopted to make the towed ship track the trajectory of the towing
boats [17,18]. On the other hand, some studies consider both kinematic and dynamics
models at the same time [19,20]. Howeever, the main drawback of these research studies
is that they do not make full use of the motion laws, resulting in complex control and
insufficient precision. In addition, the problem of inconsistent tracking path between
the tugboat and the towed ship cannot be fundamentally solved by only depending on
advanced control methods and measurement technologies, which is mainly due to the
following two reasons. At first, the steering of the towed ship is not matched with the
tugboat, so that the towed ship is easy to deviate from the trajectory of the tugboat. Second,
the speed error of the STS at the initial moment is very large, and the accumulated position
errors cannot be adjusted. This leads to increasing accumulated position errors, so that
the towed ship deviates increasingly from the trajectory of the tugboat. Therefore, it is
reasonable to design trajectory tracking controllers by combining the motion laws with its
dynamics equation, so that both the tugboat and the towed ship are able to track the same
motion path.

In this paper, motivated by the above observations, we aim to seek a novel control
strategy to solve the precise tracking control of the STS with two robust torque controllers
and a passive steering angle. The major contributions of this paper are summarized
as follows.

• An appropriate passive steering angle is introduced to make the towed ship track
well the trajectory of the tugboat.

• A dynamical tracking target, sliding mode control, and inverse dynamics adaptive
control methods are introduced to design two robust torque controllers for the STS, so
that the tugboat and the towed ship can move along the same target trajectory curve
accurately under uncertainties.

The remainder of this paper is structured as follows. Section 2 describes the mathemat-
ical model of the ship towing system. Section 3 focuses on designing two robust trajectory
tracking controllers. Simulation results are reported and discussed in Section 4. Finally,
some conclusions are given in Section 5.



Mathematics 2021, 9, 974 3 of 18

2. System Modeling

Consider a STS consisting of a tugboat, a towed ship, and a towline, as depicted in
Figure 1. The tugboat is equipped with two motors, and the towed ship is connected
passively with the tugboat. O0 and O1 represent the midpoints of the tugboat and the
towed ship, respectively. Both the tugboat and the towed ship are connected with a rigid
towline. That is, one end of the towline is flexibly connected to the towing hook of the
tugboat at Op0, and the other end is flexibly hinged to the joint of the towed ship at Op1.
The length of the towline Op0Op1 is defined as a. Then, definitions of symbols used in the
text are presented in Table 1.

Table 1. Parameters and variables of the ship towing system.

Notation Definition

Tv, Tω Torques provided by the propeller and rudder of the tugboat
ϕ0, ϕ1 Yaw angles of the tugboat and the towed ship
ω0, ω1 Yaw rotation speeds of the tugboat and the towed ship, and ωi = ϕ̇i, i = 0, 1
x0, y0 The coordinates of the midpoint O0 of the tugboat
x1, y1 The coordinates of the midpointO1 of the towed ship
θ Angular difference of yaw angles between the tugboat and the towed

ship, and θ = ϕ0 − ϕ1
v0, v1 Forward speeds of the tugboat and the towed ship
vp0 The forward speed of the stern midpoint Op0 of the tugboat
vp1 The forward speed of the bow midpoint Op1 of the towed ship
Ψ Steering angle of the towed ship, and Ψ = µθ
µ Steering coefficient of the steering angle
a Length of the rigid towline
m0, m1 Masses of the tugboat and the towed ship
Mx0, Mx1 Additional lateral masses of the tugboat and the towed ship
Iz0, Iz1 Moment of inertia of the tugboat and the towed ship about Z-axis through

the center point
Jz0, Jz1 Additional moments of inertia of the tugboat and the towed ship about

Z-axis through the center point

The goal of the paper is to design two robust torque controllers for the tugboat, so
that both the tugboat and the towed ship are able to follow the desired trajectory curve
precisely. As such, we introduce a passive steering angle for the towed ship, so that it can
follow the trajectory of the tugboat. The steering angle Ψ is defined as the angle between
vector

−−−−→
Op0Op1 and −→vp1. For convenience, we further assume Ψ = µ(ϕ0 − ϕ1), where µ is

an appropriate steering coefficient which makes the towed ship follow well the trajectory
of the tugboat. In modeling of the STS, some assumptions are considered, as follows:

A1. The motion of the STS is in a horizontal plane. The ship roll, pitch, heave, and lateral
drift motions are negligibly small.

A2. The motion of the towed ship is achieved by the system coupling action.
A3. The nonlinear force is ignored, since the STS commonly does not make large maneu-

vers.
A4. The rudder cannot be controlled directly, and the motion of the towed ship is con-

trolled indirectly by the coupling action of nonholonomic constraints.
A5. The resistance force of the towline is ignored.
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Figure 1. Model of a ship towing system.

2.1. Kinematics Modeling

The generalized coordinate of the STS is defined as p = (x0, y0, ϕ0, θ)T, and the system
state is described by (p, ṗ). Then, the motion states of other degrees of freedom can be
deduced by its constraint equations.

For the STS, the motion of the tugboat and the towed ship is subject to the following
nonholonomic constraints, respectively,{

−ẋ0sinϕ0 + ẏ0cosϕ0 = 0,
v0 = ẋ0cosϕ0 + ẏ0sinϕ0,

(1)

and {
−ẋ1sinϕ1 + ẏ1cosϕ1 = 0,
v1 = ẋ1cosϕ1 + ẏ1sinϕ1.

(2)

As shown in Figure 1, the speed relation between the tugboat and the towed ship is
expressed as {

vp1cosΨ = cos(θ −Ψ)vp0,
vp0sin(θ −Ψ) + vp1sinΨ = a(Ψ̇− θ̇ + ϕ̇0).

(3)

Here, the first equation denotes that the velocity of joints Op0 and Op1 along the
towline direction are equal. The second equation desribes the speed relation between the
joints Op0 and Op1 in the vertical direction. Such speed relation causes coupling motion
between the adjacent structures.

Substituting Ψ = µθ and the first equation of (3) into the second equation of (3),
we obtain

θ̇ = − sinθ

a(1− µ)cosΨ
vp0 +

1
1− µ

ϕ̇0. (4)

Define Ω = sinθ
cosΨ , and then (4) can be rewritten as

θ̇ = − Ω
a(1− µ)

vp0 +
1

1− µ
ϕ̇0. (5)

Furthermore, according to the coordinates of point O0 and O1, we can get the positional
coordinates of Op0(x0 − L

2 cosϕ0, y0 − L
2 sinϕ0) and Op1(x1 +

L
2 cosϕ1, y1 +

L
2 sinϕ1), where
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L is the length of the tugboat, as shown in Figure 1. In this way, the speed relations of
points Op0 and O0, Op1 and O1 are expressed as{

v2
p0 = ẋ2

0 + ẏ2
0 +

L2

4 ϕ̇2
0 + Lϕ̇0(ẋ0sinϕ0 − ẏ0cosϕ0),

v2
p1 = ẋ2

1 + ẏ2
1 +

L2

4 ϕ̇2
1 + Lϕ̇1(ẏ1cosϕ1 − ẋ1sinϕ1).

(6)

Squaring both sides of the two equations of (1) and adding the two square equations,
we obtain v2

0 = ẋ2
0 + ẏ2

0. Similarly, from (2), we have v2
1 = ẋ2

1 + ẏ2
1. In this way, (6) becomes{

v2
p0 = v2

0 +
L2

4 ϕ̇2
0,

v2
p1 = v2

1 +
L2

4 ϕ̇2
1 = v2

1 +
L2

4 (ϕ̇0 − θ̇)2.
(7)

Substituting vp0 and vp1 of (7) into(3), one has

v1 =

√
cos2(θ −Ψ)

cos2Ψ
(v2

0 +
L2

4
ϕ̇2

0)−
L2

4
(ϕ̇0 − θ̇)2. (8)

Then, substituting vp0 of (7) into (5) gives

θ̇ = − Ω
a(1− µ)

√
v2

0 +
L2

4
ϕ̇2

0 +
1

(1− µ)
ϕ̇0. (9)

With these preparations, all constraint equations of the STS are formulated by
−ẋ0sinϕ0 + ẏ0cosϕ0 = 0,
v0 = ẋ0cosϕ0 + ẏ0sinϕ0,
ϕ̇0 = ω0,

θ̇ = − Ω
a(1−µ)

√
v2

0 +
L2

4 ϕ̇2
0 +

1
(1−µ)

ϕ̇0.

(10)

By using the motion laws derived from (10), the target trajectory curve can be trans-
formed into a speed target of the tugboat [21], so that the dynamics equation of the STS
can match the tracking target well. In fact, the towline is flexibly connected with the two
ships. The angle between the rigid towline and the forward speed direction of the towed
ship can be adjusted by a gear steering equipment. Then, according to the relationship of
motion speed between the towed ship and the tugboat, the towed ship can move along the
trajectory of the tugboat by choosing an appropriate steering angle coefficient µ.

2.2. Dynamics Modeling of a Single Ship

In order to establish the dynamics model of the STS, we should first clarify the
dynamics equation of a single ship, taking the single tugboat for example. As shown in
Figure 2, an earthbound coordinate frame O− XYZ is used to describe the motion of the
single ship in the horizontal plane. The body-fixed coordinate frame O0 − XbYbZb centered
at midship point O0 of the single ship is used for better force analysis.

On the one hand, according to the kinematics equation in Reference [22] and neglecting
the drifting speed, the dynamics equation of the tugboat is given by{

xb = m0v̇0,
zb = Iz0ω̇0,

(11)

where xb represents the component of the external force in the Xb direction, and zb denotes
the component of the external moment of inertia in the Zb direction.
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On the other hand, according to force analysis of the hull [23], one has{
xb = −Mx0v̇0 − 1

2 ρC f Sv2
0 + Xp + Xr,

zb = −Jz0ω̇0 − 1
2 ρL2dv0ω0(0.45λ− λ2)(1 + 0.3τ) + Np + Nr,

(12)

where Xp denotes the component force acting on the propeller along the Xb-axis, and Np
represents the corresponding component of the inertia moment along the Zb-axis. Xr
represents the component force on the rudder along the Xb-axis and Nr is the corresponding
component of the inertia moment along the Zb-axis. ρ is the water density. d is the full load
draft height of the tugboat. S is the hull wet area of the tugboat. λ is the aspect ratio of
the rudder of the tugboat. τ is the trim value of the tugboat. And C f is the coefficient of
frictional resistance.

It follows from (11) and (12) that the desired dynamics equation of the single tugboat
is expressed by{

(m0 + Mx0)v̇0 = − 1
2 ρC f Sv2

0 + Xp + Xr,
(Iz0 + Jz0)ω̇0 = − 1

2 ρL2dv0ω0(0.45λ− λ2)(1 + 0.3τ) + Np + Nr.
(13)

Figure 2. Force analysis of a single ship.

2.3. Dynamics Modeling

According to the dynamics Equation (13) of the single tugboat, the dynamics model of
the STS can be presented by Reference [24]:

(m0 + Mx0)v̇0 = − 1
2 ρC f Sv2

0 + Xp + Xr − Tcos(θ −Ψ),
(Iz0 + Jz0)ω̇0 = − 1

2 ρL2dv0ω0(0.45λ− λ2)(1 + 0.3τ) + Np + Nr

− 1
2 TLsin(θ −Ψ).

(14)

{
(m1 + Mx1)v̇1 = − 1

2 ρC f Sv2
1 + TcosΨ,

(Iz1 + Jz1)ω̇1 = − 1
2 ρL2dv1ω1(0.45λ− λ2)(1 + 0.3τ) + 1

2 TLsinΨ,
(15)

where T is the towline tension. From (14), one hasv̇0 =
− 1

2 ρC f Sv2
0+Xp+Xr−Tcos(θ−Ψ)

(m0+Mx0)
,

ω̇0 =
− 1

2 ρL2dv0ω0(0.45λ−λ2)(1+0.3τ)+Np+Nr− 1
2 TLsin(θ−Ψ)

Iz0+Jz0
.

(16)
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According to (15), the towline tension T is expressed as

T2 =[(m1 + Mx1)v̇1 +
1
2

ρC f Sv2
1]

2 + [
2
L
(Iz1 + Jz1)ω̇1

+ ρLdv1ω1(0.45λ− λ2)(1 + 0.3τ)]2,
(17)

where v1, ϕ1 can be obtained according to (8), (9), and ω1 = ϕ̇1 = ϕ̇0 − θ̇.
It follows from (16) and (17) that the dynamics equation of the STS is ultimately

formulated as v̇0 =
−∆2v2

0+u1
∆1

,

ω̇0 = −∆4v0ω0+u2
∆3

,
(18)

where ∆1 = m0 + Mx0, ∆2 = 1
2 ρC f S, ∆3 = Iz0 + Jz0, ∆4 = 1

2 ρL2d(0.45λ− λ2)(1 + 0.3τ),
u1 = Xp + Xr − Tcos(θ −Ψ), and u2 = Np + Nr − 1

2 TLsin(θ −Ψ).

3. Trajectory Tracking Control of the Ship Towing System

In order to make the tugboat track a given target trajectory curve accurately, the target
trajectory curve should be firstly converted into a speed target form so as to match the
dynamics equation. As such, the original motion task is converted into a general trajectory
tracking control problem of the tugboat. Then, two torque controllers can be designed from
the forward and yaw speed subsystems, to achieve the given trajectory tracking task.

3.1. Dynamical Tracking Target

In this subsection, we will solve the problem of converting the target curve to an
appropriate speed tracking target so as to match the dynamics Equation (18). For a
target trajectory curve r̃(t) = (x̃(t), ỹ(t))T, the speed form of the target trajectory curve is
expressed as [21] {

ṽ0 =
√

˙̃x2 + ˙̃y2,

ω̃0 = ˙̃ϕ0 =
˙̃x ¨̃y− ˙̃y ¨̃x
˙̃x2+ ˙̃y2 = k(t)ṽ0,

(19)

where k(t) =
˙̃x ¨̃y− ˙̃y ¨̃x

( ˙̃x2+ ˙̃y2)
3
2

is the relative curvature of the target trajectory curve. We note that

the relative curvature is the key point of the target trajectory curve. If the relative curvature
is tracked very well, the tugboat can follow the target trajectory curve precisely. On this
basis, the target trajectory curve r̃(t) can be further improved into a dynamical tracking
target form as {

ṽ0 = φ̇(t),
ω̃0 = ˙̃ϕ0 = k(s(t))v0,

(20)

where v0 stands for the actual forward speed of the tugboat, and φ̇(t) represents an
appropriate forward speed target which is given by

φ̇(t) = lβ2te−βt. (21)

In (21), l is the length of the target curve, β is an appropriate parameter according to
actual needs [21].

It can be seen from (20) that the target trajectory curve can be converted into a speed
target form with the relative curvature. Combined with the dynamics model, two torque
controllers can be designed to implement the tracking task of the target trajectory curve.
In fact, there are two main advantages by using the dynamical tracking target. First,
by choosing an appropriate forward speed target, the initial speed error is equal to zero,
which can significantly reduce the position error caused by the accumulated speeds errors.
Second, the yaw rotation speed target depends on the actual forward speed, which can
be adjusted from moment to moment. Moreover, no matter how large the actual forward
speed error is, as long as the curvature tracking error is small enough, satisfactory tracking
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performance can still be achieved. As a consequence, the idea of dynamical tracking target
can fundamentally solve the problem of accurate trajectory tracking.

3.2. Control Design

In this subsection, we will design two torque controllers (u1, u2) for the dynamics
Equation (18) by using the dynamical tracking target (20). We see that the yaw rotation
speed target ω̃ in the second equation of (20) is the product of the actual forward speed v
and the relative curvature k(s(t)). Therefore, the controller u1 in the first equation of (18)
should be firstly considered so as to obtain the actual forward speed.

3.2.1. Forward Speed Control Subsystem

At first, we consider the first equation of the dynamics model (18)

v̇0 =
−∆2v2

0 + u1

∆1
. (22)

Applying the feedback linearization method to (22) and letting

u1 = ∆1h1 + ∆2v2
0, (23)

a simple control system is obtained as

v̇0 = h1(t).

Defining X1 = (s1, v0)
T and s1 =

∫ t
0 v0(ξ)dξ, the forward speed subsystem is rewritten

in a matrix form as
Ẋ1(t) = A1X1(t) + B1h1(t), (24)

where A1 =

[
0 1
0 0

]
, and B1 =

[
0
1

]
. In this way, (24) is transformed into an error

system as
Ẏ = A1Y + B1h1(t) + η(t), (25)

where X̃1 = (s̃1, ṽ0)
T, s̃1 =

∫ t
0 ṽ0(τ)dτ, Y = (y1, y2)

T = X1 − X̃1, and η(t) = A1X̃1 − ˙̃X1. It
is obvious that the integral of (21) with respect to t from 0 to infinity is convergent. Thus,
a linear quadratic performance index is introduced as

J =
1
2

∫ +∞

0
[YT(t)Q1Y(t) + hT

1 (t)Rh1(t)]dt.

Here, matrix Q1 should be large weight of the forward speed error. In this way, the forward
speed error is able to be small enough by using optimal control. According to the linear
quadratic optimal control theory, the optimal control of forward speed error subsystem (25)
is formulated as

h1(t) = −R−1BT
1 [PY + b(t)]. (26)

where P ∈ R2×2 and b(t) ∈ R2 satisfy the following equations, respectively,{
−PA1 −AT

1 P + PB1R−1BT
1 P−Q1 = 0,

ḃ = −[A1 − B1R−1BT
1 P]Tb− Pη(t), b(+∞) = 0.

Substituting (26) into (23), the controller u1 is formulated by

u1 = −∆1R−1BT
1 [PY + b(t)] + ∆2v2

0.
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3.2.2. Yaw Rotation Speed Control Subsystem

Since the actual forward speed v is obtained, we now consider the yaw rotation speed
subsystem in the second equation of (18). First, the state equation of the reference model is
obtained as

∆3ω̇0 + ∆4v0ω0 = Y21D2Y22 = u2, (27)

where D2 = diag(∆3, ∆4), Y21 = (ω̇0, 1), and Y22 = (1, ω0v0)
T. Since (27) is strongly

nonlinear, it is unlikely to obtain an exact solution. Therefore, to seek an approximate
solution, we introduce the adaptive control method based on its inverse dynamics. To this
end, the basic part of controller u2 is designed as

u20 = ∆̂3s2 + ∆̂4v0ω0, (28)

which yields the adjusted system of (27) as follows:

∆3ω̇0 + ∆4v0ω0 = u20. (29)

Here, s2 = ˙̃ω0 − k2(ω0 − ω̃0) is the adaptation law, ω̃0 is the ideal yaw rotation speed
target of the tugboat, k2 is an adjustable control parameter, e2 = ω0 − ω̃0 is the yaw
rotation speed error, and ∆̂3, ∆̂4 are the estimated values of ∆3, ∆4, respectively. Besides,
D̂2 = diag(∆̂3, ∆̂4) is defined as the estimated value of D2. The adjustment gain coefficient
k2 can be obtained by using Lyapunov stability theory, thereby getting the adaptation law
s2. It can be seen from (28) and (29) that large errors between ∆̂3 and ∆3, ∆̂4 and ∆4 may
deteriorate the tracking performance, which can be overcome by adjusting the adjustable
control parameter k2. Substituting (28) into (29), one has

∆̂3( ˙̃ω0 − k2(ω0 − ω̃0)) + ∆̂4v0ω0 = ∆3ω̇0 + ∆4v0ω0,

which yields

− ∆̂3(ω̇0 − ˙̃ω0 + k2(ω0 − ω̃0)) + (∆̂3 − ∆3)ω̇0 + (∆̂4 − ∆4)v0ω0 = 0. (30)

It follows from (30) and ė2 = ω̇0 − ˙̃ω0 that

∆̂3(ė2 + k2e2) = ∆3eω̇0 + ∆4ev0ω0, (31)

where ∆3e = ∆̂3 − ∆3, ∆4e = ∆̂4 − ∆4, and D2e = D̂2 −D2. Then, together with (27),
one has

∆3eω̇0 + ∆4ev0ω0 = Y21D2eY22. (32)

Assume that ∆̂3 is reversible, and then (31) can be written as

(ė2 + k2e2) = ∆̂−1
3 (∆3eω̇0 + ∆4ev0ω0).

Combining (32), one has

ė2 + k2e2 = ∆̂−1
3 Y21D2eY22, (33)

which is the error state equation of (27). Furthermore, (33) can be rewritten in a state
equation form as

Ẋ2 = A2X2 + B2∆̂−1
3 Y21D2eY22, (34)

where A2 =

(
0 1
0 −k2

)
, B2 =

(
0
1

)
and X2 =

(
ζ2
e2

)
with ζ2 =

∫ t
0 e2(τ)dτ.

On the other hand, to improve the precision of the estimated matrix D̂2, a symmetric
matrix Q2 is chosen to satisfy the following Lyapunov equation:

AT
2 D2 + D2A2 + Q2 = 0, (35)
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which can be rewritten in a more detailed form as(
0 0
1 −k2

)(
∆3 0
0 ∆4

)
+

(
∆3 0
0 ∆4

)(
0 1
0 −k2

)
=

(
0 ∆3

∆3 −2k2∆4

)
=

(
−Q11 −Q12
−Q21 −Q22

)
,

(36)

where Q2 =

(
Q11 Q12
Q21 Q22

)
. It follows from (36) that


Q11 = 0,
Q12 = Q21 = −∆3,
Q22 = 2k2∆4.

Therefore, we can uniquely determine the positive definite matrix D2 by selecting an
appropriate matrix Q2.

After that, apositive definite quadratic function is defined as

V = XT
2 D2X2 + YT

22DT
2eΓ2D2eY22, (37)

where D2 is the unique positive definite solution of (34), and Γ2 is an appropriate pos-
itive definite symmetric matrix. Differentiating both sides of (35) with respect to t and
combining (34) with (35), one has

V̇ =ẊT
2 D2X2 + XT

2 D2Ẋ2 + ẎT
22DT

2eΓ2D2eY22 + YT
22ḊT

2eΓ2D2eY22

+ YT
22DT

2eΓ2Ḋ2eY22 + YT
22DT

2eΓ2D2eẎ22

=(A2X2 + B2∆̂−1
3 Y21D2eY22)

TD2X2 + XT
2 D2(A2X2 + B2∆̂−1

3 Y21D2eY22)

+ ẎT
22DT

2eΓ2D2eY22 + YT
22ḊT

2eΓ2D2eY22 + YT
22DT

2eΓ2Ḋ2eY22 + YT
22DT

2eΓ2D2eẎ22

=XT
2 AT

2 D2X2 + ∆̂−1
3 YT

22DT
2eYT

21BT
2 D2X2 + XT

2 D2(A2X2 + B2∆̂−1
3 Y21D2eY22)

+ ẎT
22DT

2eΓ2D2eY22 + YT
22ḊT

2eΓ2D2eY22 + YT
22DT

2eΓ2Ḋ2eY22 + YT
22DT

2eΓ2D2eẎ22

=XT
2 (−Q2 −D2A2)X2 + ∆̂−1

3 YT
22DT

2eYT
21BT

2 D2X2 + XT
2 D2(A2X2 + B2∆̂−1

3 Y21D2eY22)

+ ẎT
22DT

2eΓ2D2eY22 + YT
22ḊT

2eΓ2D2eY22 + YT
22DT

2eΓ2Ḋ2eY22 + YT
22DT

2eΓ2D2eẎ22

=− XT
2 Q2X2 + 2YT

22DT
2eYT

21∆̂−1
3 BT

2 D2X2 + 2YT
22DT

2eΓ2Ḋ2eY22 + 2YT
22DT

2eΓ2D2eẎ22

=− XT
2 Q2X2 + 2YT

22DT
2e[Y

T
21∆̂−1

3 BT
2 D2X2 + Γ2Ḋ2eY22 + Γ2D2eẎ22].

(38)

Since Ḋ2e =
˙̂D2, D̂2 is assumed to

˙̂D2 = −Γ−1
2 (YT

21∆̂−1
3 BT

2 D2X2 + Γ2D2eẎ22)Y−1
22 . (39)

If follows from (38) and (39) that

V̇ = −XT
2 Q2X2 ≤ 0. (40)

We have seen, from (37) and (40), that (33) is stablized. In this way, the adaptive
control u20 can track the ideal yaw rotation speed ω̃0 well, which ensures that all signals of
the control system are bounded. Thus, by choosing appropriate parameters, the tracking
error of the yaw speed can be controlled in a small area.

In order to improve the robustness of the yaw rotation speed subsystem, we introduce
an integral sliding mode control method. On the one hand, the basic part of controller u2 is
designed as (28). On the other hand, a sliding mode function S(ω(t)) is defined as [25]

S(ω(t)) = G[ω(t)−ω0(0)]− G
∫ t

0
˙̃ω0(η)dη,
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where G is an appropriate constant. Then, the switching control part is designed on the
integral sliding mainifold which is defined as

S(ω0(t)) = 0.

Thus, the switching control part of controller u2 is designed as

u21 = −(G−1γ + ε ‖ e2 ‖)sgn(S(ω0(t))). (41)

where ε is the control parameter related to the uncertainties, and γ is the sliding mode
control parameter. As a consequence, from (28) and (41), the controller is eventually
designed as

u2 = u20 + u21.

4. Simulation Results

In this section, we present three simulation results to verify the effectiveness of the
proposed method. First, we performed a comparison between using the dynamical target
and the statical target. Then, we report the actual trajectories of the towed ship affected by
different steering coefficients. Finally, we give an uncertain factor acted on the forward
speed subsystem to validate the robustness of the proposed controller.

The target trajectory curve of the STS is assumed to be

r̃0 = (x̃0(t), ỹ0(t))T = (80 sin(
t− π

2
) + 40t− 40π, 80− 80 cos(

t− π

2
))T,

where t ∈ [0, 2π], l = 80
√

2, φ̇(t) = 80
√

2te−t, k0(s(t)) = 1
320 cos( t−π

4 )
.

4.1. A Comparison between the Dynamical Target and Statical Target

On the one hand, the statical tracking target (19) is expressed by{
ṽ0 =

√
˙̃x2 + ˙̃y2 = 80 cos( t−π

4 ),

ω̃0 =
˙̃x ¨̃y− ¨̃x ˙̃y
˙̃x2+ ˙̃y2 = 1

4 .
(42)

If we use the statical tracking target (42) to design controller u1 and u2, the initial
speed error is not zero, given by{

v0(0)− ṽ0(0) = −80 cos(−π
4 ) = −40

√
2,

ω0(0)− ω̃0(0) = − 1
4 .

On the other hand, the dynamical tracking target (20) is expressed by{
ṽ0 = 80

√
2te−t,

ω̃0 = k0(s)v0(t).

The relative parameters of the towing system are set as λ = 1.3, L = 2.6 m, τ = 0.25, S =
3.3 m2, ρ = 1000 kg/m3, d = 0.1 m, C f = 0.063, m0 + Mx0 = 103 kg, m1 + Mx1 = 103 kg,
Iz0 + Jz0 = 30 kg ·m2, Iz1 + Jz1 = 30 kg ·m2, Q1 = diag(10, 100), R = 1, k2 = 204, G =
1, ε = 0.1, γ = 0.3. Therefore, all the required quantities in the trajectory tracking controllers
u1 and u2 are available in hand. Accordingly, the time histories of all state variables can
be simulated.

As can be seen in Figure 3, by using the dynamical tracking target, both the initial
forward speed and yaw rotation speed errors are smaller than the one using statical tracking
target. Comparing Figure 4a with Figure 4b, we see that the actual motion trajectory of
the tugboat deviates largely from the target curve by using the statical tracking target,
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whereas the actual motion trajectory of the tugboat coincides well the target curve via the
dynamical tracking target. In other words, by using the dynamical tracking target, accurate
trajectory tracking can be achieved as long as the curvature tracking error is controllable.
Even though forward speed and yaw rotation speed errors are large, accurate tracking can
be also maintained as long as the relative curvature is well tracked.
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(a) Forward speed error of the tugboat
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Figure 3. Actual speed error of the tugboat.
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(a) Actual motion trajectory of the tugboat with statical target
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(b) Actual motion trajectory of the tugboat with dynamical target

Figure 4. Actual motion trajectory curve of the tugboat by using different speed targets.

4.2. Actual Trajectories of the Towed Ship with Different Steering Coefficients

In order to further investigate the influence of the steering coefficient on the actual
trajectory of the towed ship, we choose different steering coefficients and lengths of towline
for simulations.

When the length of towline is relatively small, such as a = 20 m, the actual motion
trajectory of the towed ship deviates largely from the target curve, if the steering coefficient
µ = −12 is adopted, as depicted in Figure 5a. However, for the same length of the towline,
the actual trajectory of the towed ship follows very well with the target curve by using the
steering coefficient µ = −16 in Figure 5b. When the length of the towline is relatively large,
such as a = 40 m, we need a larger steering coefficient to obtain a satisfactory tracking
performance, such as µ = −20, as depicted in Figure 6. As a consequence, when the length
of the towline is smaller, a satisfactory trajectory tracking performance can be obtained
with smaller steering coefficient, whereas, when the length of the towline is large, a larger
steering coefficient must be applied to keep the tracking error of the towed ship within a
smaller range.
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(b) µ = −16, a = 20

Figure 5. Comparison of actual motion trajectories of the towed ship between different steering
coefficients.
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(a) µ = −16, a = 40
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(b) µ = −20, a = 40

Figure 6. Comparison of actual motion trajectories of the towed ship between different steering
coefficients.

4.3. Robustness of the Proposed Controller

Since the controllers are designed by considering the sliding mode control and in-
verse dynamics adaptive control methods simultaneously, it has highly robust. Moreover,
by using the dynamical tracking target, even though the forward speed and yaw rotation
speed error subsystems are unstable due to uncertain factors, the towed ship is also able to
achieve satisfactory tracking performance.

Assume that the forward speed error subsystem is subject to an uncertain factor, which
is given by

Ẏ = A1Y + B1u1(t) + η(t) + d(t),

where d(t) = (10.2y1, 10.2y2)
T is an uncertain factor.

As shown in Figures 7 and 8, although forward speed and yaw rotation speed errors
are large and even divergent, the actual motion trajectory of the tugboat almost coincides
with the target curve. The main reason is that the relative curvature error which is ob-
tained by dividing the actual yaw rotation speed by the actual forward speed is small
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via the dynamical tracking target. Therefore, as long as the relative curvature error is
small enough, the accurate tracking of the target trajectory curve can still be guaranteed.
Moreover, the towed ship can also obtain satisfactory tracking performance by means of an
appropriate steering coefficient, such as µ = −20. Otherwise, there will be a large deviation
from the target trajectory curve, such as µ = −16, as depicted in Figure 8.
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Figure 7. Actual motion speed error of the tugboat under the uncertain factor d(t).
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Figure 8. Actual motion trajectory curve under the uncertain factor d(t).

5. Conclusions

A novel control strategy for the ship towing system is proposed, so that both the tug-
boat and the towed ship move along the given target trajectory curve accurately. Compared
with the existing research studies, the proposed method has the following features.

• The towed ship is able to move along the trajectory of the tugboat by introducing
an appropriate passive steering angle. Then, the original motion control problem is
transformed into the tugboat tracking the target trajectory curve.

• The target trajectory curve is converted into a dynamical tracking target by using the
relative curvature of the target curve, which can fundamentally solve the problem of
accurate tracking for the ship towing system.

• By combining dynamical tracking target, sliding mode control and inverse dynamic
adaptive control, the torque controller has strong robustness. Even if the error speed
subsystem is unstable affected by an uncertain factor, all bodies can still track the
target trajectory curve accurately.

The proposed method makes full use of the motion laws under the kinetics model
and solves the accuracy problem of trajectory tracking by using the dynamical tracking
method. In fact, the proposed method can be applied to the precise motion control design
of general mechanical models.
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