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Abstract: We investigate the semi-linear, non-autonomous, first-order abstract differential equation
x'(t) = A(t)x(t) + f(t,x(t), pla(t, x(£))]),t € R. We obtain results on existence and uniqueness
of (w, c)-periodic (second-kind periodic) mild solutions, assuming that A(t) satisfies the so-called
Acquistapace-Terreni conditions and the homogeneous associated problem has an integrable di-
chotomy. A new composition theorem and further regularity theorems are given.

Keywords: Acquistapace-Terreni conditions; non-autonomous semi-linear equation; periodic; (w, ¢)-
periodic; delay

1. Introduction

Of concern in the present paper is the existence and uniqueness of (w, ¢)-periodic
mild solutions for a class of semi-linear, non-autonomous equations. More precisely, our
goal is to study the following problems:

x'(t) A(t)x(t) +g(tx(t)), teR, 1)
X(t) = A()x(t)+ f(t,x(t), @la(t, x(1))]), tER, @)
X'(t) = A(t)x(t)+ f(t,x(t),x(t—h)), h>0 teR. (3)

In the above, {A(t)}cr is a family of linear (usually unbounded) operators on a
Banachspace X,and g: Rx X = X, f 1 RxXxX =X, a :RxX >Rand¢: R =+ X
are continuous functions satisfying suitable conditions.

The theory of non-autonomous differential equations has found applications in several
areas of science and technology (see, e.g., recent developments [1-3]). The interest in this
type of equations lies in the fact that a system subjected to external inputs can include
periodic ones. Examples are included in the Floquet theory, which is used to study the
stability of linear periodic systems in continuous time.

The concept of a vector-valued (w, ¢)-periodic function was introduced by Alvarez
et al. in [4]. In that work, the authors obtained several interesting properties of this type
of function. After that, Li et al. in [5] studied the existence of (w, ¢)-periodic solutions
for a non-homogeneous problem which was impulsive. Then, Wang, Ren, and Zhou
in [6] investigated the regularity of (w, c)-periodic solutions of linear and semi-linear
impulsive differential equations with boundary conditions. Additionally, Agaoglu et al.
in [7] studied (w, ¢)-periodic solutions for semi-linear equations in Banach spaces. Recently,
the existence of (w, ¢)-periodic solutions for a fractional differential equation has been
studied by Mophou and Guérékata in [8].

The theory of mild solutions to the classical non-autonomous (linear and semi-linear)
equations has been developed in the monographs [9-11]. A complete study of the first-
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order, non-autonomous Cauchy problem has already appeared in [12,13], in which the
authors have established some precise and optimal conditions on the operator family
{A(t)};cr in order to obtain the existence and uniqueness of solutions.

Regularity of mild solutions (of a different kind, for example, almost periodic, almost
automorphic, pseudo-almost periodic, pseudo-almost automorphic solutions, Stepanov
almost periodic, etc.) for non-autonomous differential equations on R

Lx=A()x+f,

where L is a linear operator and the forcing term f is linear and/or nonlinear, have
been widely developed in the literature under the assumption that the evolution family
generated by {A(t) };cr is exponentially stable (see, for example, refs. [14-19] and the
references therein).

On the other hand, the concept of integrable dichotomy for periodic integro-differential
equations was introduced in [20]. Recently, Pinto and Vidal [21] adapted this concept for
the homogeneous system

X'(t) = A(t)x(t) teR,

defined on a Banach space X. In that work, the authors investigated the existence of almost
and pseudo-almost periodic mild solutions of the nonlinear system

X (t) = A()x(t) + f(t, x(t), x(t — ), h>0 (fixed), t € R,

under the existence of an integrable dichotomy of the associated homogeneous linear
system. It should be noted that the definition of integrable dichotomy generalizes the
exponential stability. Thus, it is possible to obtain regularity results of mild solutions to
non-autonomous problems under more general assumptions.

We remark that not much seems to be known about regularity results for (w,c)-
periodic mild solutions to (1.1), (1.2), and (1.3) (see Definitions 17, 20 and 26 below). Here,
we are interested in showing that these problems have such kinds of mild solutions under
appropriate conditions.

The main novelties of the present paper are the following.

e Our assumption on the evolution family generated by { A(t) };cr is quite general.
Indeed, we assume that the evolution family associated to the homogeneous linear
problem has an integrable dichotomy, instead of employing the notion of exponential
stability.

*  Unlike other works, the computations involving c-norms are treated very carefully.
This is very important when we are working in the space of (w, ¢)-periodic functions
because the norm changes with respect to the standard one.

e A new composition theorem (see Theorem 21) is given in order to obtain our second
main result.

Our first main result (Theorem 15) ensures that linear (Definition 14) possesses a
unique (w, ¢)-periodic mild solution under the hypothesis that the homogeneous problem
has an integrable dichotomy. The second main result (Theorem 18) shows that (1.1) has
a unique (w, ¢)-periodic mild solution under the hypothesis that the nonlinear term g
satisfies the assumptions of composition Theorem 5 and a standard Lipschitz condition.
The third main result (Theorem 23), which includes a more general nonlinearity, states
that (1.2) has a unique (w, ¢)-periodic mild solution. The composition theorem mentioned
before is essential for the proof. The fourth main result (Theorem 28) gives a unique (w, c)-
periodic mild solution for the equation with constant delay (1.3). In this case, to achieve
our goal, we use the translation invariant result of the space of (w, ¢)-periodic functions.
The Banach contraction principle is used to obtain these results.

This paper is structured as follows. In Section 2, firstly we introduce some notation
and recall the definition of a (w, ¢)-periodic function and its properties that will be used
throughout the paper. We also recall some basic concepts of evolution families and inte-
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grable dichotomy. Section 3 is devoted to stating and showing the existence and uniqueness
of (w, ¢)-periodic mild solutions to the linear equation. In Section 4, we deal with regularity
results for the semi-linear case. An example is also provided.

2. Preliminaries

Throughout this paper, we assume ¢ € C\ {0}, w > 0, X will denote a complex
Banach space with norm || - ||, and we will denote the space of continuous functions on
R by

C(R,X):={f:R— X: fiscontinuous}.

Additionally, we will denote the space of bounded and continuous functions on R as
BC(R,X) :={f:R — X : f isbounded and continuous},
the integrable functions on R as
LY(R) := {f : R — R: f is integrable},
the space of continuous functions on R x X by
C(RxX,X):={f:Rx X — X: fis continuous},

where R x X is a Banach space with the norm || (¢, x)|| = max{|t|, || x|}, and the space of
bounded linear operators on X by

B(X):={T:X — X: Tisbounded and linear},

and
CYI,B(X)):={f:I— B(X): f'is continuous},

with I C R.

Definition 1 ([4]). A function g € C(R, X) is said to be (w, c)-periodic if g(t + w) = cg(t) for
allt € R. w is called the c-period of g. The collection of those functions with the same c-period
w will be denoted by P,c(R, X). When ¢ = 1 (w-periodic case) we write P, (R, X) instead of
P (R, X). Using the principal branch of the complex Logarithm (i.e., the argument in (—7t, 7])
we define c!/* := exp((t/w)Log(c)). Additionally, we will use the notation ¢’ (t) := ¢!/ and
e (£) == |eM ()] = [e] /.

The following proposition gives a characterization of the (w, ¢)-periodic functions.
This result can be found in ([4], Proposition 2.2).

Proposition 2. Let f € C(R, X). Then, f is a (w, c)-periodic if, and only if
f(6) = (Bu(e), () =, 4)
where u(t) is a w-periodic, X-valued function.

Remark 3. It follows from the unique representation of the periodic functions that the decomposition
in Proposition 2 is unique.

The next remark describes the structure of the space P (R, X) (see ([4], Remark 2.4)).

Remark 4. From Definition 1, we can observe that P, (R, X) is a translation-invariant subspace
over C of C(R, X), that is, if h > 0 (fixed) and x € Puc(R,X), then x,(-) := x(- —h) €
Puc(R, X). Furthermore, if f € Puc(R, X) is differentiable, then f' € Puc(R, X), and if [c| =1,
then P,c(R, X) has only bounded functions if |c| < 1, then any element f € Py,c(R, X) goes to
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zero as t — oo, and f is unbounded as t — —oo, and if |c| > 1, then f is unbounded as t — oo
and f goes to zero as t — —oo.

From ([4], Theorem 2.10) we know that P, (R, X) is a Banach space with the norm

fllwe == sup [[le]*(=t)fF(B)]]-

te[0,w]

If f € Puc(R,X), then it is clear that ||f|wc < co. In this case, we say that f is
c-bounded.

Let us denote the Nemytskii’s operator associated with F € C(R x X, X) by N'(¢)(-) =
F(-,¢(+)). Then, we recall the following composition result (see ([4], Theorem 2.11)).

Theorem 5. Let F € C(R x X, X) and (w,c) € RT x (C\ {0}) given. Then, the following
statements are equivalent:

(1) Forevery ¢ € Puc(R, X), we have N (@) € Puc(R, X);
(2) F(t+w,cx) = cF(tx) forall (t,x) € R x X.

Now, let us consider the homogeneous system
x'(t) = A(t)x(t), teR. 5)

In the following, we will assume that {U(t, s) }+>s is an evolution family of (5), that is,
U is a classical solution of the system (5). For more details, see [10,11]. With this purpose,
first we recall the definition of an evolution family, and some conditions which ensure the
solvability of (5).

Definition 6. A two-parameter family of bounded linear operators {U(t,s) }¢>s on X is called an
evolution family if

1. U(t,r)U(r,s) =U(t,s)and U(t,t) = I forallt >r > sand t,r,s € R,

2. foreach x € X, the map (t,s) — U(t,s)x is continuous on t > s.

We denote by R(A, T) := (Al — T)~! for all A on the resolvent set of the linear operator
T (A € p(T)), and Xy := {A € C\ {0} : |arg(A)] < 0}. We assume that {A(t) }ier
is a family of closed and densely defined linear operators on X, with domain D(A(t)),
satisfying the so-called Acquistapace-Terreni conditions introduced in [12,13]:

(H1) There exist constants Ag > 0, 6 € (7, 7), K; > 0 such that

SeU{0} € p(A(H) = Ao), |IR(A, A(t) —  forall A € ZU{0), teR

K
(H2) There exist constants K, > 0, B1, B2 € (0,1] with B; + B2 > 1 such that
ICA(#) = A0)R(A, A(t) = Ag)[R(Ao, A(t)) — R(Ao, A(s))]I| < Kot —s|P1]A| P2,

forallt,s e R,and A € Xy.
The following result follows from ([12], Theorem 2.3).

Theorem 7. If the Acquistapace-Terreni conditions (H1) and (H2) are satisfied, then there exists
a unique evolution family {U(t,s) }+>s on X such that:

(@ U(-s) € CL((s,00), B(X)), and 22D — A(£)U(t,s) for t > s.
(b) 8+Lla(st's)x = —U(t,s)A(s)x fort > sand x € D(A(s)) with A(s)x € D(A(s)).
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In that case, we say that the family { A(f) } ;cr generates the evolution family {U(t,s) }+>s.
Sometimes, we shall write that A(-) generates the evolution family U.

Now we recall the notion of projections in the framework of evolution families and
their interrelation.

Definition 8. A strongly continuous function P : R — B(X) is called a projection-valued
function if
P2(t) = P(t) forevery tcR.

Given a projection-valued function P : R — B(X), we denote by Q the complementary projection-
valued function, that is Q(t) = I — P(t) for each t € R.

Definition 9. We say that a projection-valued function P : R — B(X) is compatible with an

evolution family U if

(a) U(t,s)P(s) = P(t)U(t,s) forall t > s.

(b)  The restriction Ug(t,s) : Q(s)X — Q(t)X is invertible for all t > s (and we set Ug(s,t) =
UQ(f,S)_l).

Remark 10. If P is a projection-valued function compatible with an evolution family U, then

1. U(t,s)Ug(s, t)Q(t) = Q(t) forall t > s.
2. Ug(s, t)U(t,s)Q(s) = Q(s) forall t > s.
Moreover, for all t > r > s, we have U (s, r)Up(r,t) = Up(s, t).

For a given evolution family U generated by A(-) and a projection-valued function P
compatible with U, we denote the Green function associated to U and P and corresponding
to the system (5) by

Uuf(t,s)P(s), t>s,t,s €R,
I'(ts):=
—Up(t,s)Q(s), t<s,tseR
The next concept is due to Pinto and Vidal (see [21], Definition 4).

Definition 11. Given a uniformly bounded projection P compatible with an evolution family U
(generated by A(-)), we say that the system (5) has an integrable dichotomy (A, P) if there exists a
function A : R? — (0, 00) such that

IT(t+ 1,5+ 1) < A(t,s), foreach T € R, (6)
and
I:=sup | A(t,s)ds < . (7)
teR /R

In particular, if there is an integrable dichotomy, we denote

p:=sup [ [|[T(t+ 71,5+ 7)|ds < 0.
t,TeR R

Finally, we recall the following concept, which will be important to prove our main results.

Definition 12. A continuous function R : R x R — X is called bi-periodic if there exists w > 0
such that
R(t4+ w,s+w) = R(t,s) forall t,se€R.

For convenience, we say that R is w-bi-periodic.

Example 13. We have the following.
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e IfReC(RxR,X)andR(t,s) =h(t—s) forsomeh € C(R, X), then R is w-bi-periodic,
forany w > 0.
e Ifg h e C(R,X) are w-periodic, then R(t,s) = g(t)h(s) is w-bi-periodic.

3. The Linear Case

In this section, we deal with the existence and uniqueness of (w, c¢)-periodic mild
solutions to the linear problem

x'(t) = A(t)x(t) + h(t), teR, (8)
where A(-) generates an evolution family U.

Definition 14. A continuous function x : R — X is called a (w, ¢)-periodic mild solution to (8)
on R if x € Py (R, X) and satisfies the integral equation

x(E) = U(t $)x(s) +/t U(t, o)h(o)do )
forallt >s,t,s € R

The next theorem is the main result of this section.

Theorem 15. Assume the following.

(A1) h € Pe(R, X).

(A2) T is w-bi-periodic, where w is given in (Al).

(A3) The evolution family generated by A(t) has an integrable dichotomy (A, P) satisfying

A(t) == |e|M(—=(t = ))A(t,-) € LY(R), foreacht € R, (10)
and
I” :=sup | A™(t,s)ds < co. (11)
teR /R

Then, (8) has a unique (w, ¢)-periodic mild solution given by
x(t) = / T(t,5)h(s)ds, t€R.
R

Proof. Let us define

x(t) = /Rr(t,s)h(s)ds, teR.
By (A1) and (A3) we have that the above integral is well-defined, since
/R 1Tt 8)h(s) ds < IIhIIwc/R?\(t/S)ICIA(S)dS < tflwelel ()T

Assertion 1. x € Py, (R, X).

Indeed, by Theorem 7 and Remark 10 we get the strong continuity of I in the first
variable. Now, for |¢| small and t € R fixed, we have

x(t4+8) = x(t) = [ [T(t+&s+Eh(s+8) =Tt s)h(s)]ds
and the terms inside the integral can be bounded as follows:

IT(t+ 2,5+ E)h(s + &) < At s)lel" (s + &) I we
< e[ (t+O)lel (= (t = )ALt 5) [ llwe < CA™(1,5),
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and ||T(t,8)h(s)| < [e](#)]c] (= (t — 8))A(t,8)||h]|we < CA™(t,s), where C is a constant
(which does not depend on &). Since A~ (t,-) € L'(R), it follows from the Dominated
Convergence Theorem that x € C(R,X). Now, since h € Pu(R, X), by definition of
(w, c)-periodicity and (A2), we get
x(t+w) = / I'(t+w,s)h(s)ds = / I'(t+w, 7+ w)h(t+w)dt
R R
— c/ T(t, T)h(t)dT = cx(t), tER.
R
So, we deduce that x € P, (R, X).

Assertion 2. x is a (w, ¢)-periodic mild solution of (8).

By Assertion 1, we have x € P (R, X). Next, for all s € R, we obtain

x(s) = / I'(s,0)h(0)do
_ / Yh(o)do — /°° Uq (s, 0)Q(0)h(v)do.

S

Now, fort > s, t,s € R, by Definitions 6, 8, 9, we get

[e9)

U(t,s)x(s) :/7S U(t,s)U(s,a)P(U)h(a)da—/ U(t,s)Ug(s,0)Q(0)h(o)do
_ [ U(t,U)P(U)h(U)da—/wUQ(t,U)Q(U)h(U)dU

too ot
[ uu Ya(o)do — /U(t,a)P(U)h(U)dU

- / Uo (t,0)Q(0)h(c)do — / Ug(t,0)Q(0)h(0)der
t
— x(t) - / U(t, o)h(0)de,
s
and so x satisfies Equation (9), proving Assertion 2.
Assertion 3. Uniqueness of x.
Before, we proved that the unique (w, ¢)-periodic solution of (5) is the trivial solution
x = 0. The proof is similar to ([20], Proposition 1). Indeed, let By C X be the set of initial
conditions ¢ € X pertaining to the (w, ¢)-periodic solutions of (5). Let { € By. First, assume

that (I — P)& # 0. Define ¢(t) ™1 := |||c|"(=t)U(t,-)(I — P(-))¢||. Since (I — P)> =1—P,
we have

U 1=PO)E @l)s = [T Ut )= P() (1= P()EP(E)s
U1 = PO UG UG, )1 - P()Eg(s)ds

This implies that

| oo s < [Tl (~(¢ = s)Ues) (1 - P(s)2) ds < 1

It follows from ([20], Lemma 1) that liminf,c; o) ¢(s) = 0. This means that the func-
tiont — |||c|*(—t)U(t,-)(I — P(+))&|| must be unbounded. Now, we suppose that P¢ # 0.
Let ¢(t) "1 := |||c|"(—=t)U(t,-)P(-)&]|. In a similar way as before but now with the integral
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on (—oo, t], we can conclude that lim inf,c(_ o 4 ¢(s) = 0. Then, ||[c|"(=t)U(t,)P(-)¢|| is
unbounded. Thus, the unique possibility is that By = {0}, thatis, { = 0.

Now, if there exists another mild solution y € Py,(R, X) of (8), then u = x — y belongs
to Puc(R, X) and it is a (w, ¢)-periodic mild solution to (5). It follows that u = 0, therefore,
x=y. O

Remark 16. If U has an exponential dichotomy, that is, there exist M > 0 and @ > 0 such that

Me@(t=s) ¢ >g
AMts) = { Me@6—0 s>t

then (10) and (11) in (A3) hold, provided that e=“?® < |c| < 1. In fact,

t )
I~ = sup( [l (== s)Me=-las + | |c|A<—<t_s>>Mew<st>ds)
teR - t

= Msup (/t e_(lna‘;c‘ +l0)(t—s)ds 4 /oo e(s_t)lr\ald e_w(s_t)d5>
teR — t

< Msup(/ e*(ln‘c‘:ww)sds—i—/ ewsds>
teR \/0 0

MQ2w® +In|c|)

— @(In]c] + ww)

In the particular case that P(t) = I for all t € R (and hence A(t,s) can be taken as zero for
t <'s), then (10) and (11) hold whenever e~“? < |c|. Moreover, [ <

— Mw
In|c[+ww”

4. The Semi-Linear Case

In this section, we present our main results. We study the existence and uniqueness of
(w, ¢)-periodic mild solutions for (1)—(3).

4.1. Semi-Linear Problem
In this subsection, we focus on the semi-linear problem (1), recall

X'(t) = A(t)x(t) + g(t, x(t)), teR,

where ¢ : R x X — X is a continuous function satisfying suitable conditions and A(f)
(usually unbounded) for each t € Ris a closed and densely defined linear operator with
domain D(A(t)), satisfying (H1) and (H2).

Now, the linear case inspired us to introduce the following concept of the (w, c)-
periodic mild solution of a Cauchy-type problem.

Definition 17. A continuous function x : R — X is called a (w, ¢)-periodic mild solution to (1)
on R if x € Py (R, X) and satisfies the integral equation

x(t) = /R I(t,0)g(c, x(c))do (12)
forallt,s € R.

In order to obtain our results, we assumed the following conditions.

(H3) ¢ € C(R x X, X) and there exists (w,c) € RT x (C\ {0}) such that g(t + w,cx) =
cg(t,x) forall t € Rand forall x € X.

(H4) There exists Lg > 0 such that [|g(t,x) — g(t,y)| < Lg¢||x —y|| forall t € R and for all
x,y € X.

(H5) T is w-bi-periodic, where w is given in (H3).
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Next, we have our first main result.

Theorem 18. Suppose that (H1)—(HS5) and (A3) hold, with LgI™~ < 1. Then, (1) has a unique
(w, c)-periodic mild solution.

Proof. First, note that if x € P,,(R, X), according to (H3) and Theorem 5, we have that
h(s) := g(s,x(s)) is a (w, ¢)-periodic function. Let us define the operator G on P, (R, X)
by

Gx(t) = /R T(t,5)g(s, x(s)) ds = /R T(t,s)h(s)ds, teR.

We can deduce that Gx € P,c(R, X) using (H3) and proceeding as in the linear case.

Now, observe that x is the unique (w, ¢)-periodic mild solution of (1) if, and only if
x is the unique fixed point of G, so we need to prove the existence and uniqueness of the
fixed points of the operator G on P, (R, X).

To do that, we will use the Banach Fixed-Point Theorem. Indeed, let x, y € Py (R, X).
Then, (H4), (6) and (A3) imply

1G(x) = G(y)llwe = sup
te[0,w]

< sup | el (=(t = )T (t,8)Il - Lg - ||| (=) [x(s) — y(s)]| ds
te[0,w]

" (=1) [ T(t5)[3(5,x(5)) = (s, y(s))] s

< Lgllx — yllwesup | AT (t,s)ds
teR /R

= LgINHx = Yllwe-

Since LgI™ < 1, there exists a unique z € Py (R, X) such that Gz = z, thatis, z(t) =
JrT(t,5)8(s,2(s)) ds. Hence z is the unique (w, ¢)-periodic mild solution of (1). [

Corollary 19. Assume that (H1)—-(H5) hold. Furthermore, suppose the evolution family generated
by A(t) has an exponential dichotomy, as in Remark 16. Then, (1) has a unique (w, c)-periodic
solution whenever
LeM(2w@ + In |c])
@(In c| + ww@)

MLew

with e~“? < |c| < 1. In the particular case that P = I, the result holds, provided R

with e~ % < |c|.

<1,

4.2. Semi-Linear Problem: A More General Case

In this subsection, we study (w, c)-periodic mild solutions of (2), recall

x(t) = A(t)x(t) + f (8, x(1), pla(t, x(1))]), tER,

where f:Rx X x X = X, ¢:R — X,a: R x X — R are continuous functions and A(t)
for t € R is as above.

In an analogous way to the preceding problem, we present the concept of the (w, c)-
periodic mild solution to (2) as follows.

Definition 20. A continuous function x : R — X is called a (w, ¢)-periodic mild solution to (2)
on R if x € Pyc(R, X) and it satisfies the integral equation

x() = [ T(,0)f(0,5(0), gla(o, x(0))]do

forallt,s € R.
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In order to investigate the regularity of (w, ¢)-periodic solutions to (2), we have to
show the following composition theorem.

Theorem 21. Assume that the following conditions hold.

(C1) f e C(Rx X x X, X)and thereexists (w,c) € RT x (C\ {0}) such that f(t+ w,cx,cy) =
cf(t,x,y) forall t € Rand forall x,y € X.

(C2) a € C(R x X,R) is such that a(t + w,cx) = ca(t, x) forall t € Rand forall x € X.

(C3) ¢ € C(R,X) and ¢(ct) = ce(t) forall t € R.

Ifx € Poc(R, X), then f (-, x(-), @la(-, x(-))]) € Puwc(R, X).

Proof. In view of (C2) and Theorem 5, we have B(-) := a(-, x(-)) € Puc(R,R).
On the other hand, we claim that y(-) := ¢(B(:)) € Puc(R, X). Indeed, since y €
C(R,X) and B € P,c(R,R), we obtain by (C3) that

y(t+w) =(B(t+w)) = (cp(t)) = co(B(t)) = cy(t),
thatis, y € Puc(R, X). Using this fact together with (C1), we have

ft+wx(t+w)ea(t+wx(t+w))]) = ft+w,x(t +w),y(t+w))
= flt+w,cx(t),cy(t))
= cf (£, x(8),y(t))
= cf (t, x(t), x[a(t, x())]).

This completes the proof of the theorem. [

Remark 22. The function ¢1 : R — X given by ¢1(t) = t-x for t € Rand x € X satisfies
(C3). Additionally, the function ¢ : R — C given by ¢ (t) = t*" with ¢*"~1 = 1 satisfies this
condition for k,n € N.

The next theorem is our second main result.

Theorem 23. Assume that (C1)—(C3), (H1)-(H2), and (A3) hold. Let T be a w-bi-periodic
function, where w is given in (C1). Suppose the following conditions.

1. There exists C; > 0 such that

1£(t,u1,01) = f(£ u2,02) | < Ca([ur — ua| + [lor = 02]])

forall t € Rand for all uq,up,v1,v5 € X.
2. There exists Cy > 0 such that

lae(t,u) —a(t, 0)|| < Collu — o]l

forallt € Rand forall u,v € X.
3. Thereexists Ly > 0 such that

lo(t) = @(s)]| < Lot —s|

forallt,s € R.
If C1(LyCy +1)I™ < 1, then (2) has a unique (w, c)-periodic mild solution.

Proof. Let x € Py (R, X). By conditions (C1)-(C3),, we have by Theorem 21 that

h(-) = f(x() @la(, x(4))]) € Puc(R, X).
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Let us define the operator G on P, (R, X) by

Gx(t) = /Rl"(t,s)f(s,x(s),cp[a(s,x(s))])ds - /RF(t,s)h(s)ds. (13)

Note that, using the same arguments as in the proof of Theorem 18, we can prove
that G maps Py (R, X) into Py (R, X) and each fixed point of G is a (w, ¢)-periodic mild
solution of (2).

We have only to prove that the operator G is a (strict) contraction in the Banach space
Puc(R, X). Indeed, given x1,x, € Pyc(R, X), by conditions (a)-(c), we have

el (=1)(Gx1(t) — Gxa(t)) |
|C|A(—f)/RT(ffr)(f(m(r)rGO[Dé(T/h(V))]) = f(r,x2(r), @la(r, xa(r))])) dr
< /R el (=BT ()| - [1f (r, x1.(r), @lac(r, x1.(r))]) = f(r, x2(r), lac(r, x2(r))]) || dr
<G /R Hel*(=OT () - (lx1(r) = x2(r) | + ll@lar, x1.(r))] = @la(r, x2(r))]) dr
<G /R Hel* (=T (t, ) - (lx1 (r) = 22(r) | + Lolla(r, 21.(r)) — a(r, 22(r)) ) dr
<G [ el (= =T - (LgCa+ Dl (=)0 (7) = x2()] dr

< Cl(Lq,Cg—l—l)/R)LN(t,r) lxy = x| wc dr-

Then, using (A3), we get

1Gx1 = Gxallwe = sup |[[e]™(=£)(Gx1(t) — Gxa(1)) ]

te[0,w]
< Cl(Lq;Cz + 1)IN||X1 — xZHUJC-

Since C;(LyCy +1)I™ < 1, we conclude that G has a unique fixed point y € Pyc(R, X)
by the contraction mapping principle, which is the unique (w, c¢)-periodic mild solution
of (2). O

The next result is a direct consequence of Remark 16. The proof is similar to the one of
Theorem 23.

Corollary 24. Assume that (C1)—(C3), (H1)-(H2) and conditions (a)—(c) in Theorem 23 hold.
Let T be a w-bi-periodic function, where w is given in (C1). Furthermore, suppose the evolution
family generated by A(t) has an exponential dichotomy as in Remark 16. Then (2) has a unique
(w, c)-periodic solution whenever

Mcl(Lq,Cz + 1)(2606’0 +1In |C|) <
@(In |c| + we)

MC (LyCy 1)

with e=“? < |c| < 1. In the particular case that P = 1, the result holds provided YT

1, with =% < |c|.
Next, we will present an example that satisfies the conditions of Theorem 23.

Example 25. Let (X, || - ||) = (L?(0,1), | - ||2). Consider the operator Ag given by

D(Ap) = {x € C}[0,1] : ' is absolutely continuous on [0,1], x" € X, x(0) = x(1) = 0},
Apx(r) =x"(r), Vre (0,1), Vx € D(Ap).
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It is well-known that Ap is the infinitesimal generator of an analytic semigroup {T(t)}¢>0 on
X given by

T(t)x(r) = i e—nzrf (x, en)2en(r),

n=1
where e, (r) = v/2sinnmr, n = 1,2,.... Moreover, || T(t)|| < e‘”ztfort > 0 (see [22]). Let us
define a family of linear operators { A(t) }cr by

D(A(t)) = D(As), teR,
Alt)x = (A3+m))m x € D(A(1)), I € Po(R,R).

Then, { A(t) }1cr generates an evolution family {U(t,s) }¢>s given by

U(t,s)x = T(t —s)els 1Moy,

that is,
ut,s)x(r) =3 efs'[h(”)f”%z]d”(x,en>Lzen(r).

n=1

Note that, for t > s, the exponential terms in the sum vanish as n — oco. Let N € N such that
Y. is the unstable part and Y, the stable part.

Let I — P = diag(1,1,1,...,1,0,0,0,...) with N numbers 1 at the diagonal. Then, rank(I —
P) = N and rank(P) = oo. Moreover, the authors in ([21], Example 22) proved that

U(ts)P| < Ce™ JemMidr 4>
t
[U(t,s)(I — P)| < Cels 20)dr s > ¢,

where C > 0, py and py are positive, locally integrable functions with [~ 1 (r)dr = co and
f o (r)dr = oo. Thus, x'(t) = A(t)x(t) has an integrable dichotomy (A, P), where A is iven

At Ce lomr, >,
R P

On the other hand, we claim that the Green function I is w-bi-periodic. Indeed, for t > s,
[ n(o)do
I(t+w,s+w)x=U(t+w,s +w)Px = T(t —s)Pels+v x=T(ts)x,

where we have used that h is w-periodic. The case T'(t + w, s + w) = T'(t,s) for s > t is similar.
Leta € Pyc(R,R) and b € P, (R R) be given. We consider f,a, ¢ given by

f(t,x,y) = a(t)[cos(b(t)x) + cos(b(t)y)],
a(t,x) = a(t)sin(b(t)x),

and
p(t) =t
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We claim that f, a and ¢ satisfy conditions (C1)—(C3) and (a)—(c) with L, = 1, C; =
Co = My := sup, g |a(t)b(t)| (which exists because the function L(t) = |a(t)b(t)| is w-periodic
on R and therefore bounded on R). Indeed,

1f(t,x1, 1) — f(t, x2,92)[5 < /01 (s, x1(5),y1(5)) — f(5,%2(5), y2(s)) [*ds
< /01 la(s)[2[b(s)[*(|x1(s) — y1(s)| + |x2(s) — y2(s)|)*ds
< Mi(llxr —yall2 + llx2 — y2ll2)*

Analogously, [la(t,x) — a(t,y) 3 < M2]x — y3-
Therefore, by Theorem 23 we have that the problem

W (t) = A@u(t) + f(t, x, @la(t,u(t)]), teR,

has a unique (w, c)-periodic mild solution whenever (10) and (11) are satisfied for this c and
M;(M; +1)I7 < 1.

4.3. Semi-Linear Problem with Delay

Finally, in this last subsection, we study (w, c)-periodic mild solutions of (3), that is,
x(t) = A(t)x(t) + f(t, x(t),x(t —h)), teR, h>0,

where f : R x X x X — X is a continuous function and A(t) for t € R is as above.
In the following, we consider the mild solution concept for the previous equation.

Definition 26. A continuous function x : R — X is called a (w, ¢)-periodic mild solution to (3)
on R if x € Puc(R, X) and it satisfies the integral equation

x(t) = [ U(t,0)f(0,x(0), x(c — ))do
forallt,s € R.
Before stating the main result of this subsection, we show the following composition lemma.

Lemma 27. Assume that f € C(R x X x X) satisfies (C1). If x € Pyc(R, X) then f (-, x(+), x4 (+))
€ Puc(R, X).

Proof. Similar to the proof of Theorem 21. [J

Theorem 28. Assume that (C1), (H1)—(H2) and (A3) hold. Let T be a w-bi-periodic function,
where w is given in (C1). Suppose that there exists C; > 0 such that

1£(t,u1,01) = f(£ u2,02) | < Ca([lur — w1 + [Juz = 02]))

for all t € R and for all uy,up,v1,03 € X. If C1(1+ [c|*(—h))I™ < 1, then (3) has a unique
(w, c)-periodic mild solution.

Proof. Let us define the operator G on P,,.(R, X) by

Gx(t) = /R T(t,s)f (s, x(s), x(s — h))ds.

Remark 4 and Lemma 27 imply that f(-,x(-),x,(-)) € Puc(R,X) whenever x €
Puc(R, X). The rest of the proof is similar to the one of Theorem 23. [

The next result is a straightforward consequence of Theorem 28 and Remark 16.
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Corollary 29. Assume that (C1) and (H1)—-(H2) hold. Let T be a w-bi-periodic function, where w
is given in (C1). Furthermore, suppose the evolution family generated by A(t) has an exponential
dichotomy as in Remark 16, and there exists C; > 0 such that

1£(t,u1,01) = f(£ 42, 02) | < Ca([lur — o1 + [Juz — 02]])
forallt € R and for all uq,up,v1,v2 € X. Then (3) has a unique (w, c)-periodic solution whenever

MC1(1+ [e|M(—=h))(2ww + In|c])
@(In |c| + w)

<1,

withe™“? < |c| < 1.In the particular case that P = 1, the result holds, provided %W

1, with e=“% < |c|.

5. Conclusions

In this work, we obtained regularity of (w, c¢)-periodic solutions of

X'(t) = A(H)x(t) + f(t,x(t), la(t, x(1))]), tER

where A(t) satisfies the Acquistapace-Terreni conditions, f satisfies suitable conditions,
and the associated homogeneous problem has an integrable dichotomy.

Author Contributions: All the authors (L.A., E.A. and R.G.) have participate equally in all the aspects
of this paper: conceptualization, methodology, investigation, formal analysis, writing-original draft
preparation, writing-review and editing. All authors have read and agreed to the published version
of the manuscript.

Funding: The first author is partly supported by Project PID2019-105979GB-100, of Ministry of
Science of Spain, Project E26-17R, D.G. Aragoén, Universidad de Zaragoza, Spain, and Project JIUZ-
2019-CIE-01 for Young Researchers, Fundacién Ibercaja and Universidad de Zaragoza, Spain.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Treantd, S. Differential Variational Inequalities in Infinite-Dimensional Spaces. Mathematics 2021, 9, 266. [CrossRef]

2. Treantd, S. Gradient Structures Associated with a Polynomial Differential Equation. Mathematics 2020, 8, 535. [CrossRef]

3. Treantd, S. On the Kernel of a Polynomial of Scalar Derivations. Mathematics 2020, 8, 515. [CrossRef]

4. Alvarez, E.; Gémez, A.; Pinto, M. (w, ¢)-periodic functions and mild solutions to abstract fractional integro-differential equations.
Electron. J. Qual. Theory Differ. Equ. 2018, 16, 1-8. [CrossRef]

5. Li,M,; Wang, J.R.; Feckan, M. (w, ¢)-periodic solutions for impulsive differential systems. Commun. Math. Anal. 2018, 21, 35-46.

6.  Wang, J.R.; Ren, L.; Zhou, Y. (w, ¢)-Periodic solutions for time varying impulsive differential equations. Adv. Differ. Equ. 2019,
259, 1-9. [CrossRef]

7. Agaoglou, M.; Feckan, M.; Panagiotidou, A.P. Existence and uniqueness of (w, ¢)-periodic solutions of semi-linear evolution
equations. Int. Dyn. Syst. Differ. Equ. 2020, 10, 149-166.

8. Mophou, G.; N'Guérékata, G.M. An existence result of (w, ¢)-periodic mild solutions to some fractional differential equation.
Nonlinear Stud. 2002, 27, 1-8.

9.  Chicone, C.; Latushkin, Y. Evolution Semigroups in Dynamical Systems and Differential Equations; American Mathematical Society:
Providence, RI, USA, 1999.

10. Engel, KJ.; Nagel, R. One-Parameter Semigroups for Linear Evolution Equations; Springer Science & Business Media: Berlin, Germany,
1999; Volume 194.

11.  Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equations. In Applied Mathematical Sciences;
Springer: New York, NY, USA, 1983; Volume 44.

12.  Acquistapace, P. Evolution operators and strong solution for abstract parabolic equations. Differ. Integral Equ. 1988, 1, 433—457.


http://doi.org/10.3390/math9030266
http://dx.doi.org/10.3390/math8040535
http://dx.doi.org/10.3390/math8040515
http://dx.doi.org/10.14232/ejqtde.2018.1.16
http://dx.doi.org/10.1186/s13662-019-2188-z

Mathematics 2021, 9, 474 15 of 15

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Acquistapace, P; Terreni, B. A unified approach to abstract linear parabolic equations. Rendiconti del Seminario Matematico della
Universita di Padova 1987, 78, 47-107.

Chang, YK.; Zhang, R.; N'Guérékata, G.M. Weighted pseudo almost automorphic solutions to non-autonomous semi-linear
evolution equations with delay and SP-weighted pseudo almost automorphic coefficients. Topol. Methods Nonlinear Anal. 2014,
43, 69-88. [CrossRef]

Diagana, T. Existence of almost periodic solutions to some third-order non-autonomous differential equations. Electron. J. Qual.
Theory Differ. Equ. 2011, 65, 1-15.

Diagana, T.; Hernandez, E.; Rabello, M. Pseudo almost periodic solutions to some non-autonomous neutral functional differential
equations with unbounded delay. Math. Comput. Model. 2007, 45, 1241-1252. [CrossRef]

Xia, Z. Pseudo almost periodic mild solution of non-autonomous impulsive integro-differential equations. Mediterr. ]. Math. 2016,
13, 1065-1086. [CrossRef]

Xia, Z. Pseudo asymptotic behavior of mild solution for non-autonomous integrodifferential equations with nondense domain. J.
Appl. Math. 2014, 2014, 1-10.

Xiao, T.-J.; Zhu, X.-X; Liang, J. Pseudo-almost automorphic mild solutions to non-autonomous differential equations and
applications. Nonlinear Anal. 2009, 70, 4079—-4085. [CrossRef]

Pinto, M. Bounded and periodic solutions of nonlinear integro-differential equations with infinite delay. Electron. J. Qual. Theory
Differ. Equ. 2009, 46, 1-20. [CrossRef]

Pinto, M.; Vidal, C. Pseudo-almost-periodic solutions for delayed differential equations with integrable dichotomies and
bi-almost-periodic Green functions. Math. Meth. Appl. Sci. 2017, 40, 6998-7012. [CrossRef]

Lunardi, A. Analytic Semigroups and Optimal Regularity in Parabolic Problems. In PNLDE; Birkhduser: Basel, Switzerland,
1995; Volume 16.


http://dx.doi.org/10.12775/TMNA.2014.005
http://dx.doi.org/10.1016/j.mcm.2006.10.006
http://dx.doi.org/10.1007/s00009-015-0532-4
http://dx.doi.org/10.1016/j.na.2008.08.018
http://dx.doi.org/10.14232/ejqtde.2009.1.46
http://dx.doi.org/10.1002/mma.4507

	Introduction
	Preliminaries
	The Linear Case
	The Semi-Linear Case
	Semi-Linear Problem
	Semi-Linear Problem: A More General Case
	Semi-Linear Problem with Delay

	Conclusions
	References

