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Abstract: In this paper, motivated by the recent result of Sezen, we introduce the notion of fuzzy
triple controlled bipolar metric space and prove some fixed point results in this framework. Our
results generalize and extend some of the well-known results from the literature. We also explore
some of the applications of our key results to integral equations.
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1. Introduction

In their pioneering works, Schweizer and Sklar [1] introduced the notion of continu-
ous triangular norm, and Zadeh [2] provided the theory of fuzzy sets. Using the ideas of
Zadeh, in the paper [3], Kramosil and Michalek defined the fuzzy metric space. A modified
definition of fuzzy metric spaces is given in the paper of George and Veeramani [4]. After
that, Grabiec [5] obtained the well-known fixed-point theorem of Banach to fuzzy metric
spaces in the sense of Karamosil and Michalek. Similarly, an extension of the fuzzy Banach
contraction theorem to fuzzy metric space in the sense of George and Veeramani was
obtained by Gregori and Sapena [6]. Recently Mutlu and Giirdal [7] introduced bipolar
metric spaces. Bartwal, Dimri and Prasad [8] introduced fuzzy bipolar metric space and
proved some fixed-point theorems in this context. On bipolar metric spaces and fuzzy
metric spaces, see [2,9-16].

Recently, Sezen [17] considered some fixed-point results in controlled fuzzy metric
spaces. Motivated by Sezen [17], in this paper, we prove fixed-point theorems on fuzzy
triple controlled bipolar metric spaces. Using the obtained results, we give an application
to the existence and uniqueness of the solution of some classes of integral equations.

2. Preliminaries

In this section, we introduce some basic definitions and auxiliary results.

Definition 1 ([4]). Let © be a non-empty set. An ordered triple (0,11, x) is called a fuzzy metric
space if T1 is a fuzzy set on ©2 x (0,00) and * is a continuous T-norm satisfying the following
conditions for all 9, ¢, € @ and T,¢ > 0O:

(1) I, ¢,7) >0;
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(ii) I1(8, ¢, 7) =1iff 0 = ¢;

(iii) I1(8, ¢, 7) =I1(g, 8, 7);

(iv)  TI(8,¢,T+¢) > T8, ¢, T)x[1(9, {,6);
(v) I1(8, ¢,.) : (0,00) — (0, 1] is continuous.

Definition 2 ([8]). Let A and © be two non-empty sets. A quadruple (A, ®,I1,, x) is said to be
fuzzy bipolar metric space, where * is a continuous T-norm and Iy is a fuzzy set on A x @ x (0, c0),
satisfying the following conditions for all T,g,y > 0:
(FB1)  T1,(8,¢,7) > 0forall (8,¢9) € A x ©;
(FB2) I1,(8,¢,7) =1iff 0 = ¢ ford € Aand ¢ € ©;
(FB3)  I1,(9,¢,7) =1y(9,0,7) forall 9,9 € ANG;
(FB4) HQ (ﬁlr @2, T+G+ ’7) > He(ﬂll P1, T)*HQ(ﬁZr P1, g)*HO (192' P2, ,)/) fOT’ all
0,02 € Aand @1, @2 € O;
(FB5)  TIy(8,¢,.):[0,00) — [0, 1] is left continuous;
(FB6)  I1,(9, ¢,.) is non-decreasing for all ¢ € Aand ¢ € ©.

Definition 3. Let A and © be two non-empty sets. Let A, o, : A x © — [1,00) be three non-
comparable functions. A quadruple (A, ®,T1y, x) is said to be fuzzy triple controlled bipolar metric
space, where * is a continuous T-norm and I1, is a fuzzy set on A x © x (0, ), satisfying the
following conditions for all T,¢,y > 0:
(FCB1)  I1,(9,¢,7) > 0forall (¢,¢) € A xO;
(FCB2) TI1,(9,¢,7) =1iff 0 = ¢ for® € Aand ¢ € 6;
(FCB3)  T1,(9,¢,7) =Iy(¢,0,7) forall 9,9 € ANG;
(FCB4‘) Hg(ﬂll 4)2/ T+ G + ’)’) 2 HQ<191/ (Plr m)*ng(ﬂZI (Pl/ m)
1o (92, @2, m)for all 91,9, € Aand @1, 92 € 6;
(FCB5)  I1,(9,¢,.) : [0,00) — [0,1] is left continuous;
(FCB6)  I1,(9, ¢,.) is non-decreasing for all ¢ € Aand ¢ € ©.

Remark 1. Taking A(%q, p1) = (02, ¢1) = B(02, 92) = 1, we obtain the definition of fuzzy
bipolar metric space [8].

Example 1. Let A = {1,2,3,4}, © = {2,4,5,6} and A, a, f : A X ©® — [1,00) be three non-
comparable mappings defined as A(9, ) = 0+ ¢ + La(9,¢) = 8*> + ¢+ 1 and B(9, ¢) =
2+ ¢ —1 Let TIy : A x @ x (0,+00) — [0,1] be defined by

min{d9, ¢} + v

He(ﬁr ¢,0) = m/

forall® € A, ¢ € @ and v € (0,+00). Then (A, 0,11y, x) is a fuzzy triple controlled bipolar
metric space with the continuous T-norm % such that oxo = o. Now,

A(1,2) = 4,A(1,4) = 6,A(1,5) = 7,A(1,6) = 8,A(2,2) =5,A(2,4) =7,
A(2,5) =8,A(2,6) =9,A(3,2) = 6,A(3,4) = 8,A(3,5) = 9,A(3,6) = 10,
A(4,2) =7,A(4,4) =9,A(4,5) = 10,A(4,6) =11,

2(1,2) = 4,a(1,4) = 6,a(1,5) = 7,a(1,6) = 8,&(2,2) = 7,a(2,4) =9,
x(2,5) = 10,a(2,6) = 11,a(3,2) = 12,a(3,4) = 14,x(3,5) = 15,
x(3,6) = 16,a(4,2) = 19,a(4,4) = 21,a(4,5) = 22,a(4,6) = 23,
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B(1,2) =2,p(1,4) =4,B(1,5) =5p(1,6) = 6,4(2,2) = 5,p(2,4) =7,
B(2,5) = 8,B(2,6) = 9,B(3,2) = 10,B(3,4) = 12, B(3,5) = 13,B(3,6) = 14,
B(4,2) =17, B(4,4) = 19, B(4,5) = 20, B(4,6) = 21,

Axioms (FCB1)—(FCB3), (FCB5) and (FCB6) are easy to verify; we only prove (FCB4). Let
t =1,¢2=4,¢1 =2and 9, = 3. Then

min{1,4} +v+¢+7

IT,(1,4 =
ol 4 vte+7) max{1,4} +v+¢+7y
_1+v+g+y
4+v+g+
Now,
H (1 2 v ) B min{l,Z}-l— ﬁ
e TA(1,2) _max{1,2}+ﬁ2)
_ 143
243
44w
- 840
c min{3,2} + 704(:?,2)
T1,(3,2, ) = -
«(3,2) max{3,2} + ER)
_2+1
3+
_ 24+g
~ 36+¢
and
y min{3,4} + 55
I1,(3,4, ) = ~
ﬁ(3, 4) max{3,4} + m
_ 3+ D
44+ %
36+
48+
Clearly,

1+v+g+7>(4+u>(m+g>(%+v>
d+v+c+y ~\8+v/\36+¢c/\48+7)’
orall v,¢,y > 0. So,

S

v S i
I1,(1,4 > I1,(1,2 o(3,2, —25y) ¥ 11o(3,4, 5r2)-
Q( , ,U+g+’)/) = Q( ’ /)\(1,2))* 9(3/ ’06(3,2))* 9(3/ ’ﬁ(3/4))

On the same steps, one can prove the remaining cases. Hence, (A, ©, 11y, x) is a fuzzy triple
controlled bipolar metric space.

Example 2. Ifwe take minimum t-norm instead of product T-norm in Example 1, then (A, ©,11,, %)
is not a fuzzy triple controlled bipolar metric space. For instance, let 0 = 1,92 = 4,91 = 2,
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% =3and T =0.02,¢ = 0.03,7 = 0.04 with A, a, p : A x ® — [1,00) be three non-comparable
mappings defined as A(8, ) = 0+ ¢+ La(d,¢) = 0>+ ¢ + 1and B(8, 9) = 0*> + ¢ — 1, then

1+ 0.09

I1,(1,4,0.02 +0. 04)=-"—""2=02
0(1,4,0.02 4 0.03 + 0.04) 15000 0.2665,
and
0.02 1+ %42
HQ(1,2,A(112)) =y w = 0.50124,
0.03 2498
I1,(3,2, = 12— 06669,
(2332 = 3308
004 = 3+9%%¢
I1,(3,4, )= o = 0.7502.
p(3,4)" 4422
Clearly,
0.02 0.03
I1,(1,4,0.02 + 0. 04) #11,(1,2 1,(3,2, ———
Q(/ /00 +003+00)2 Q(/ ’)\(1,2))* Q(3/ 106(3,2))
0.04
*11,(3,4, .

Hence, (A, 0,11, %) is not a fuzzy triple controlled bipolar metric space with minimum
T-norm.

Definition 4. Let (A, ©,11,, *) be a fuzzy triple controlled bipolar metric space. The points belong
to A, © and A N O are called left, right and central points, respectively, and sequences that belong
to A, © and AN O are named left, right and central sequences, respectively.

Lemma 1. Let (A, ®,T1,, x) be a fuzzy triple controlled bipolar metric space such that
IIy(8, @, x7) > I1y(8, @, T)
forve A, 9 e®, 1€ (0,+00)andk € (0,1). Then ¥ = ¢.
Proof. We have
ITy(8, @, x7) > I1y(8, @, T) for T > 0. 1)
Since kT < T forall T > 0 and x € (0,1), by (FCB6), we have
(8, @, x7) < I1p(8, @, 7). ()

From (2), (3) and the definition of fuzzy triple controlled bipolar metric space (see
(FCB2)), we obtain ¢ = ¢. O

Definition 5. Let (A, 0,11, %) be a fuzzy triple controlled bipolar metric space. A sequence
{8y} € A converges to a right point ¢ if 1, (8, ¢, T) — 1asy — +oo, for all T > 0. Similarly,
a right sequence { ¢y } converges to a left point & if 11,(8, ¢y, T) — 1 as 1 — +oo, for all T > 0.

Definition 6. Let (A, ©,11,, *) be a fuzzy triple controlled bipolar metric space. Then, we have
the following:

(i) Sequence (8, ¢;) € A X © is named as a bisequence on (A, ©,11y, *).
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(i) If both Oy and ¢, converge, the sequence (8, ¢y) € A X O is said to be a convergent
sequence. If both 9, and ¢, converge to some center point, bisequence (9, ¢y ) is said to be a
biconvergent sequence.

(iii) A bisequence (0, ¢y) on fuzzy triple controlled bipolar metric space (A, ©,11y, *) is said to
be a Cauchy bisequence Iy(0y, 9w, T) — Las y,w — +oo, forall T > 0.

Definition 7. The fuzzy triple controlled bipolar metric space (A, ®,11,, *) is said to be complete
if every Cauchy bisequence in A x © is convergent in it.

Proposition 1. In a fuzzy triple controlled bipolar metric space, every convergent Cauchy bise-
quence is biconvergent.

Proof. Let (A, ©,I1,, *) be a fuzzy triple controlled bipolar metric space and a bisequence
(%, ¢y) € Ax Osuchthatd;, — ¢ asy — +ooand ¢; — ¢ asy — +oo, where 7 € @ and
¥ € A. Since (8, ¢y) is a convergent Cauchy bisequence, we obtain

ITy(8y, e, T) — Lasy — oo, (3)
for all T > 0. Now, from (3), we conclude that
Hg(ﬂ, p,7)=1,

for all T > 0. Therefore, by (FCB2), we obtain that the bisequence (¢, ¢;) is biconver-
gent. [

Proposition 2. In a fuzzy triple controlled bipolar metric space, every biconvergent bisequence is a
Cauchy bisequence.

Proof. Let (A, ©,I1,, *) be a fuzzy triple controlled bipolar metric space, and bisequence
(19,7, Pw) € A X O converges to a point % € ANO forally,w € Nand t > 0. By (FCB4),
we have

T

> -
Iy (8, @uw, T) > T(8y, B0, 379, 90)
)

T
)*HQ<1‘90/ 190/ m)

*HQ(190/ q)w/
As 11, w — oo, we obtain
Ty (8, e, T) > 1forall T > 0.

This implies that I1,(¢;, ¢, 7) — 1 for all T > 0. Hence, (¢, ¢;) is a Cauchy
bisequence. O

Lemma 2. Let (A, O,T1,, x) be a fuzzy triple controlled bipolar metric space and p € AN@isa
limit of a sequence then it is a unique limit of the sequence.

Proof. Let {¢%;} € Abe a sequence. Suppose that {¢#,} — ¢ € © and also {¢;} — u €
AN B; then, for 7,6,y > 0, we have

o (p, @, T +6+7) > To(p, 1, T)*y (0, 1, 6)xI (8, @, 7)
As 17 — 0o, we obtain

y(p, @, T+c+7) =1,

which implies that 4 = ¢, i.e., sequence {8}, has a unique limit. [J
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Definition 8. A point & € AN @ is said to be a fixed-point of the mapping I if & = I'9.

3. Main Results

In this section, we prove the extension of some well-known fixed-point theorems to
fuzzy triple controlled bipolar metric spaces.

Theorem 1. Let (A, ©,I1,,*) be a complete fuzzy triple controlled bipolar metric space with three
non-comparable functions A, a, B : A x @ — [1,00) such that

lim IT,(8, ¢, T) = 1forall 9 € A, ¢ € O. 4)

T—00

LetT : AU® — AU O be a mapping satisfying

(i) T(A)CAandT(©) C 6;

(i) TI,(L(8),I(¢), k1) > T1,(8,¢,7) forall® € A, ¢ € ® and T > 0, where x € (0,1).
Additionally, assume that for every ¢ € A, we obtain that

Jim A(dy, @) and lim A(g, 0y),
exist and are finite. Then T has a unique fixed point.
Proof. Fix 8y € A and ¢y € © and assume that I'(¢;) = 0wy, and I'(@y,) = @n, for all

1 € NU {0}. Then we obtain (8, ¢,) as a bisequence on fuzzy triple controlled bipolar
metric space (A, ©, IT,, *). Now, we have

y(t, 91,7) = Ty(T'(80), T (o), ) = Tlg(f0, 9o, )
for all T > 0 and 5 € N. By simple induction, we obtain
Hq(ﬂnr Py, T) = HQ(F(ﬂn,l),F(q)n,l), T) > HQ(ﬁOI 9o, Kl,]) &)
and

T
Hg(ﬂn—&-lrﬁoﬂr'f) = Hg(r(ﬂq)rr(%—l)ﬂ) > Hg(ﬂl/ 9o, K7) (6)
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forallT > 0and # € N. Let y < w for #7,w € N. Then,

T T
. ot T
(8, @er T) 2TTo (8, @y, 5 AW ) )< o (Oy41, Py, 30 (011, ({);7))

T

* o (841, P, W)

> T,y (8, ¢y, m) * (B @, m
* Hg(ﬂ,7+1/ Py+1, 3213(19,7“, q;w)T}\(ﬂ,7+1, cp,7+1) )

* o (812, 9y11, 32B(0y 11, (pw;x(ﬁﬁz, Py+1)

* o (842, P, 32{3(1977“, (pr)ﬁ(19,7+z, Pw) )

> Hq(ﬁﬂf Py m) * Hg(ﬁ'ﬁ_l' P m

* o (Oy11, @y1, 32B(0y+1, (pw)TA(19,7+1, (l)ry+1))

* Lo (8y+2, 9y11, 32B(0y 41, (pw;a(ﬁ,ﬁz, ®y+1)

* o (812, y12, 3B(0y1, (Pw)ﬁ(ﬂn;' Pw)MOy12, Pyi2) )

* g (843, 9y+2, 33B(0y11, (pw)ﬁ(ﬂ,?;, Pw)a(y+3, Py+2) :

* (843, P, B0, 11, (Pw),B(ﬂf:ﬁ-Z' Pw)B(Oy+3, Pw) )

> T1,(8,, ¢y, W;%)) * o (841, @y, m) *

* o (Beo-1, -1, 390=1B(0y 41, fPuJ),Bwn+:/ Pw) -+ ABw-1, Pw—1) )
* Iy (O, Po—1, 39T p(Byr1, qu)ﬁwﬂ;, Pw) 08w, Pw_1) )

T

).

* 1, (8, Puw,
O P T B 9 BBy 9) B8 90)
Now, applying (5) and (6) on each term of the right-hand side of the above inequality,
we obtain
o)
3TN0y 41, @y)
T
3w717cwﬁ(1917+1/ ¢w)ﬁ(l9n+2r Pw) B(Pw, Puw)

Iy (8, 9w, T) > Ty(S0, o, * Iy (81, po,

31(’7/\(19,7,47,7))
).

e *HQ(ﬁOI (POI

From (4), as §, w — o0, we obtain
Ty (8, e, T) > 1forall T > 0.

Therefore, bisequence (19,7, g0,7) is a Cauchy bisequence. Since (A8, Iy, %) is a com-
plete space, bisequence (¢, ¢, ) is a convergent Cauchy bisequence. According to Proposi-
tion 1, the bisequence (9, ¢;) is a biconvergent sequence.
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As bisequence (8, ¢;) is biconvergent, there exists a point 4 € AN © which is a limit
of both sequences {8, } and {¢;}. By Lemma 2, both sequences {¢,} and {¢,} have a
unique limit. From (FCB4), consider

T

de@)mf)2HATW%TWW%gqi‘jﬁnﬁrwﬂwaxiﬂﬂiﬂv

H, @y
T

*He(r(ﬁﬂ)/%m)

forally € Nand T > 0. Asy — oo, we have
I (T(p), o, T) — 1x1x1 = 1.

From (FCB2), we obtain I'(t) = p. Let v € AN O be another fixed point of I'. Then

My, v,7) = Tg(T (), T(v), 7) = Ty, v, )

forx € (0,1) and forall T > 0. By Lemma 1, we obtain y = v. O

Example 3. Let A = [0,1], ® = {0} UN — {1} and A, o, p : A X ©® — [1,00) be three non-
comparable mappings defined as A(8, ) = 0+ ¢ + La(9,¢) = 8*> + ¢+ 1 and B(9, ¢) =
82 + ¢ — 1. Define I1,(8, 9,7) = mfor all T > 0and 9 € Aand ¢ € ©. Clearly,

(A, 0,11y, %) is a complete fuzzy triple controlled bipolar metric space, where * is a continuous
T-norm defined as oxo = 0o.
DefineT' : AUB — AUB by

— E’ Zf‘u € [0,1],
FW)_{& ifueN—{1},

forall pw € AUO. Clearly, all the hypotheses of Theorem 1 are satisfied. Hence I' has a unique fixed
point, i.e., u = 0.

Theorem 2. Let (A, ©,I1,,*) be a complete fuzzy triple controlled bipolar metric space with three
non-comparable functions A, a, B : A x @ — [1,00) such that

lim IT,(8, ¢, T) = 1forall 9 € A, ¢ € O. (7)

T—00

LetT : AU® — AU O be a mapping satisfying
(i) T(A)COandT(O) C A
(i) TI,(T(¢),T(8),xT) > 11,(8, ¢, 7), forall 8 € A,¢ € © and T > 0, where k € (0,1).
Then I has a unique fixed point.

Proof. Fix ¢9 € A and assume that I'(8;) = ¢, and T'(¢;) = 8,41 for all y € NU {0}.

Then, we obtain (&, ¢;) as a bisequence on fuzzy triple controlled bipolar metric space
(A0, I, ). Now, we have

I, (81, @o, T) = (T (o), T(%0), T) = T,y (Bo, po, %)

for all T > 0 and # € N. By simple induction, we obtain

Hg(8y, 9y, T) = Hg(T(@4-1), T(8y),7) = T(80, 90, ;) ®)
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and
T
o (0y+1, 9y, T) = Ho(I(@y), T(8y), T) = T (d0, 9o, 7}{2,7“) ©)

forallT > 0and 7 € N. Lety < w, for ,w € N. Then,

T T
> I T
Moy e T) 2Mely 903575 7 ) HelOns O 55500
T

* 1 19 ’ a8 . )

T T
= Mo 91 3575, o) * e Brv o 355 0 5)
T

11
* o (811, @yv1s 328(0 AMOy+1, @y41) )

~—

1’]+1/ (Pw

rsl

* HQ(19;7+2/ 4)7]+1’ 32[3(19 06(1917-1-2/ (PT]+1) )

~—

n+1 Pw
T

+1/ @w),B l97]+2/ Q’)w) )

(
*o(Oyq1, 04y =7
) * oGy, 9 3a(By+1, ¢y)

I1,(9
* Q( 7]+2/ (Pw/ Bzﬁ(ﬂ”

T

T

: )
MBy41, Pp11)

1o (Oy11, @y+1, 326(9

~—

1’]+1/ (Pw

ﬁ

* HQ(1917+2/ (P17+1/ 32‘3(19

~—

a(Oyi2, 9p41)
T

90 B2 90 A By 9y 12)
T

1 ) BBy 12, 90)8 By 13 g 12)
T

141 Pw) B(Oy12, 9w) B(8y 13, ) )
T

n+1s (Pw

* HQ(ﬂWI+2/ q)i’l+2/ 33ﬁ(l9

* o (043, 942, 3368
U

T
= el 0 5y ) e O 52 )

T

n+1s (Pw),B(1917+2/ Pw) *+ MOw-1, Pu-1) )
T

11 9B Oy i2, 9) -~ 40 )

B, Pw, ‘ )

3w_1.3(l917+1r ¢w),3(1917+2/ (Pw) ce ,B(ﬁw/ (Pw)

Now applying (5) and (6) on each term of the right-hand side of the above inequality,
we obtain

* Hg(ﬁw—lz @w—lz 3w_1‘B(l9

* Hg(ﬁwz qowflz 3(‘]_1‘5(19

* Iy (

u )
3TN (G, 1, )
T

39012 B(By 11, @) B(Oy 42, Pw) - - - B(Bew, P0)

) * Iy (%o, @o,

T
H 19/ 7 ZH 19/ F A (0 A\
Q( s Pw T) Q( (0] 3K2,7/\(l9’7/¢17)

Ko *HQ<190/ @0, )

From (7), as , w —+ o0, we obtain
Iy (8, ¢, T) > 1forall T > 0.

Therefore, bisequence (8, ¢;) is a Cauchy bisequence. Since (A, ®,I1,, *) is a com-
plete space, bisequence (¢, ¢;) is a convergent Cauchy bisequence. According to Propo-
sition 1, the bisequence (8, ¢;) is a biconvergent sequence. As bisequence (¢, ¢;) is
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biconvergent, there exists a point € AN © which is a limit of both sequences {¢, } and
{¢y}. By Lemma 2, both sequences {¢,} and {¢;} have a unique limit. From (FCB4),
consider
T
Lo (T(p), p, T) = (T (), T(8y), W>
T
3

*HQ(F((PW)/F(I%I)/ (r(q)” )

n
(T(gy), T(8,))
)

*HQ(V/ r(ﬂﬂ)’ m '

forally € Nand T > 0. As  — oo, we have
IMp(T(p), p, T) = 111 = 1.

From (FCB2), we get T'(4) = u. Let v € AN O be another fixed point of I'. Then

Mg, v,7) = Tg(T(v), (), ) > Ty, v, )

forx € (0,1) and for all T > 0. By Lemma 1, we obtain y = v. O

Example 4. Let A = [0,1], © = {0} UN— {1} and A, a, B : A x ® — [1,00) be three non-
comparable mappings defined as A(8,¢) = 0 + ¢ + La(d,¢) = 0> + ¢ + 1 and B(8,¢) =
82 + ¢ — 1. Define

2

(B—¢)
(8,9, 1) =¢ * ,VO9EAQeO,T>0.

Then (A, ©,11,, %) is a complete fuzzy triple controlled bipolar metric space with product
T-norm. DefineI : AU® — AUO by

_ 5 ifuelon],
() = {0, ’ e N - (1),

forally € AU®. Let ¢ € [0,1] and ¢ € N — {1}, then

_n—0
IT,(T(8), T (), x7) = I, (1320 m)

(=)

= e KT

(0—¢)°

>e

=T11,(9, ¢, 7).

Therefore, all the hypotheses of Theorem 2 are satisfied. Hence I' has a unique fixed point, i.e.,
u=0.

Theorem 3. Let (A, ©,I1y, x) be a complete fuzzy triple controlled bipolar metric space with
three non-comparable functions A, a,p: Ax ® — [1,00) and T : AUO — AU O, a mapping
satisfying
(i) I'(A) CAandT(O) C 6;
(ii) Ford € A,p € O@andt > 0,11,(8, ¢, 7) > 0 = I1,(T'(8),T (@), ) > II(IT, (9,
where I1 : (0,1] — (0,1] is an increasing function such that lim; . IT (x) =
I1(x) > « forall k € (0,1].
Then I has a fixed point.

¢, 7)),
1 and
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Proof. Let 9y € A and @y € © such that T'(¢;) = 0,1 and I'(¢;) = @41 forally €
N U {0}, then (8, ¢;) be a bisequence on fuzzy triple controlled bipolar metric space
(A, 0,11, x). By the definition of (FCB2) for all T > 0 and condition (ii), we have

o (8y, ¢y, ) = 1T (1o (0, 9o, 7)) (10)

and

Hg(l%ﬁ-l/ Py T) > I (HQ (191/ b0, T)) (11)
Lety < w, for 7, w € N. Then

T
) * (841, @y, 3“(197)

T
o (8, 9w, T) >T1o(8y, @y, ) 11 Py)

17/(/)7])
T
* Hg(ﬁﬂ-‘rl/ (Pw/ 3[3(19

1+1 Pw)

T T
> He(ﬁm Py, W) * 11,

19 7 /7
VP 308,11, 9y)

—~

* (841, 41, 25(9

1+1 Puw (1917+1/ §0r;+1) )

QA

* o (Oy+2, Py, 325(8

~—

n+1r Puw ”‘(1917+2/ (Pn+1)

T
;7+1,(Pw>,3

T

* HQ(1917+2/ P, 32B(0 Oy+2, Pw) )

—~

T

19 7 /7
TP 30 (8, gy)

—~

* g (811, 9y41, 25(9
1

+1, Pw (1917+1/ 4’r]+1)

N

* o (012, @yv1s 760
n

~—

a(Oy12, @ye1)
‘ )
141 Pw) B(Oy+2, @) MOy 2, 9y12)
T
1 90 B Oz )iy 3, Pyr2)
T
1+1 Pew) B(Oy+2, Pew) B(Oy+3, ) )
T

* 11y (8,41, 0, =) %
R Y Cowry

T

+1s (Pw

* HQ(1977+2/ (P17+2/ 33‘3(19

n

* HQ(6U+3/ Pw, 335(19

T
> HQ(ﬁW’ Py, 3)&(19,7, 9077)

* 11 (0p_1, ®w—1,
O VT PN T PSP SO Y L NSOP

T
3‘”71:5(19774-1/ @w),B(&HZ/ Pw) (B, G"w—l))
T
3“’71[3(19;7“, 4’«7)5(19174—2/ Pw) B(Bw, Pw) -

Now applying (10) and (11) on each term of the right-hand side of the above inequality,
we obtain

* Hq(ﬁwr Pw—1,

* Hg(ﬁu;r Puw,

T T
> TT/(11 ) * IT(I1 3O n. 0n)
ey gor) = IO, g0, 35700 70 5+ Tl 90, 3505 270 7))

T
3‘*’*1ﬁ(19,7+1, ¢W)ﬁ(l917+2/ Pw) B(Ow, Pw)

As1,w — co, we have ITy(8, ¢, T) — 1 for all T > 0. Apply the same lines of the
proof of Theorem 1 here. We have, if y € AN O is a unique limit of sequences, {8, } and

)-

ke *HU(HQ(ﬂOI (PO/
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{9, }, then we have to show y is a fixed point of I'. Since we have IT,(d,, 4, T) — 7 for
all T > 0and Ty (8,41, T(p), T) = Tp(T(8y), T (), ) > (I (8y, 1, T)) = Tp(Sy, 1, T), it
follows that 8, 11 — T'(), which implies that T'(y) = p. O

Example 5. Let A = {2,4,5,6},0 = {1,2},0%x0 = oo forall 0,0 € [0,1] and A, a,p :
A X @ — [1,00) be three non-comparable mappings defined as A(9, ) = 0+ ¢ + 1La(9, @) =
82 + ¢ + land B(9, @) = 8> + ¢ — 1. Define

min{d, ¢} + 7

o (8, ¢,7) = max{d, ¢} + T

forall® € A, ¢ € © and forall T > 0.

Then (A, ©,11,, %) is a complete fuzzy triple controlled bipolar metric space. Now, define
IT: (0,1] — (0,1] such that I1(x) = \/x. Clearly, I1(x) = \/ satisfies the conditions of the I
function.

LetT : AUO® — AU bea mapping such thatT(2) =T(4) =T(1) =2,T(5) =T(6) =4
Then all the conditions of Theorem 3 are satisfied. The fixed point of T is ¢ = 2.

Theorem 4. Let (A, ©, 11y, *) be a complete fuzzy triple controlled bipolar metric space with three
noncomparable functions A, a, p: A x © — [1,00) and T : AUGO — AU O, a mapping satisfying
the following:

(i) T(A)COandT(O) C A

(ii) FordeA,pec®@andt>0,I1,(8,¢,7) >0=TIL(T(¢),[(9) 1) >TI(TL(3 ¢, 1)).
Then I has a fixed point.

Proof. The proof of the theorem follows along the lines of the proof of Theorem 3 and
Theorem 2. O

4. Application

In this section, we study the existence and uniqueness of the solution of an integral
equation as an application of Theorem 1.

Theorem 5. Let us consider the integral equation
d(p) =elp)+ |_ _ Qe 8(0)de, p € B U B,
2 Udn

where By U Hy is a Lebesgue measurable set. Suppose
(T1) Q:(E2UE3) x[0,00) = [0,00) and b € L*(Z;) U L®(Ey);
(T2)  There is a continuous function 6 : £ U 23 — [0,00) and x € (0,1) such that

1Q(p,6,8(5)) — Q(p, 6, 9(c))| < x0(p,6)(|8(p) — @(p)]),

forp,c € E2U E3,
(T3) SUP,c 0, fEluEz 0(p,¢)dg < 1.
Then the integral equation has a unique solution in L*(Z,) U L®(&,).
Proof. Let A = L®(E7) and ©® = L®(E;) be two normed linear spaces, where =1, =, are

Lebesgue measurable sets and m(Z; U 5;) < oo.
Consider IT, : A x © x (0,00) — [0,1] by

SUPpes; UE, [9(0)—¢(p)]
T

(8, 9,7) =e

foralld € A, ¢ € ©. Define A, o, : A x @ — [1,00) as three non-comparable mappings
defined as A(9,¢) = 0+ ¢ + La(d,¢) = * + ¢ +1and B(d,¢) = 8>+ ¢ — 1. Then
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(A, 0,11, %) is a complete fuzzy triple controlled bipolar metric space. Define a mapping
[:L®°(E)) UL®(Ep) — L®(E1) UL®(E,) by

I'(8(p)) =elp) + [ = Qp,6,8(¢))dg, p € E1 U Es.
S Udn
Now, we have

—sup,.z Lz T8(e)—To(p)]|
HQ(Fﬁ(p)/ F?(P),KT) =e peE UE, =

lo(o)+ [, ug, Aesd())ds—alp) [z, Uz, Ao e(s)ds)|

—e SUPpez Uz, KT
lo(Jz 0z, A6 8(e)ds— [z, um, ATee(s))ds|
= e_ Suppeglugz KT
Jz 0, 10(058(6) - le.5.9(0))lds
> SUPpez,UE, T
Ja 0z, ¥0(06)(19(p) —9(p) )
>e SUPpez,UE, e
Jz 0z, ®(eg)(10(p) —9(p) )
>e SUPpez,UE, T
_ [8(p)—9(p)
> ¢ SUPpeziuE, T
=T11,(8, ¢, 7).

Hence, all the hypotheses of Theorem 1 are verified, and consequently, the integral
equation has a unique solution. [J

5. Conclusions

Motivated by the recent result of Sezen [17], we introduce the notion of fuzzy triple
controlled bipolar metric space. In these spaces, we proved some fixed-point results in
this framework. Our results generalize and extend some of the well-known results from
the literature. In addition, as an application of our results, we show that some classes of
integral equations have a unique solution. The examples that are given have the role of
strengthening the obtained results.

We find it interesting to research, in future works, other conditions that would guaran-
tee the existence of fixed points in fuzzy triple controlled bipolar metric spaces.
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