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Abstract: This paper is devoted to establishing some Hermite-Hadamard-type inequalities for
interval-valued functions using the coordinated h-convexity, which is more general than classical
convex functions. We also discuss the relationship between coordinated /i-convexity and h-convexity.
Furthermore, we introduce the concepts of minimum expansion and maximum contraction of interval
sequences. Based on these two new concepts, we establish some new Hermite-Hadamard-type
inequalities, which generalize some known results in the literature. Additionally, some examples are
given to illustrate our results.
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1. Introduction
The following double-inequality

F(U20) < o [ i< HOEAD),

is known as the Hermite-Hadamard (H-H) inequality, where f : [a,b] — R is a convex
function.

Due to its key role in convex analysis, the H-H inequality has been used as a powerful
tool to acquire a large number of nice results in integral inequalities and optimization theory.
Recently, it has been generalized by means of different types of convexity, such as s-convex
functions [1-4], log-convex [5-7], harmonic convexity [8], and especially for h-convex
functions [9]. Since 2007, various extensions and generalizations of H-H inequalities for
h-convex functions have been established in [10-16].

On the other hand, the theory of interval analysis has a long history which can be traced
back to Archimedes’ computation of the circumference of a circle. However, it fell into oblivion
for a long time because of lack of applications to other sciences. In 1924, Burkill [17] developed
some elementary properties of functions of intervals. Shortly afterwards, Kolmogorov [18]
generalized Burkill’s results from single-valued functions to multi-valued functions. Of
course, there are many other excellent results that have been achieved over the next two
decades. Please note that Moore was the first to recognize how to use interval analysis to
compute the error bounds of the numerical solutions of computer. Since the publication of
the first monograph on interval analysis by Moore [19] in 1966, the theoretical and applied
research on interval analysis has attracted much attention, and also has yielded fruitful results
over the past 50 years. More recently, numerous famous inequalities have been extended
to set-valued functions by Nikodem et al. [20], especially, to interval-valued functions by
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Budak et al. [21], Chalco-Cano et al. [22,23], Costa et al. [24-26], Roméan-Flores et al. [27,28],
Flores-Franuli¢ et al. [29], Zhao et al. [30-33].

Motivated by Dragomir [34], Latif and Alomari [10], and Sarikaya et al. [15], we
introduce the coordinated h-convex for interval-valued functions (IVFs). Additionally, we
discuss the relationship between coordinated h-convexity and h-convexity. We introduce
two new concepts of interval sequences, minimum expansion and maximum contraction.
Using these two new concepts, we establish new interval version of Hermite-Hadamard-
type inequalities, which are the main results of this paper. Finally, we give some examples
to illustrate our main results. Furthermore, the present results can be considered to be tools
for further research in generalized convexity, interval optimization, and inequalities for
IVFs, among others.

The paper is organized as follows. Section 2 contains some necessary preliminaries.
In Section 3, the coordinated h-convex concept for IVFs is given. Moreover, we establish
some H-H-type inequalities for coordinated /-convex IVFs. We end with Section 4 of
conclusions.

2. Preliminaries

In this section, we recall some basic definitions, notations, properties, and results on
interval analysis, which are used throughout the paper. A real interval [u] is the bounded,
closed subset of R defined by

U] = [T = {x € Rlu < x <7},

where 1, % € R and u < u. The numbers u and  are called the left and the right endpoints
of [u, 7], respectively. When u and # are equal, the interval [u] is said to be degenerate. In
this paper, the term interval will mean a nonempty interval. We call [u] positive if u > 0 or
negative if # < 0. The inclusion “C" is defined by

[wu] C o] <=0v<uu<v
For an arbitrary real number A and [u], the interval A[u] is given by

[Aw Ait] if A >0,
AMu, ] = < {0} ifA=0,
(At Au] if A < 0.

For [u] = [u,u] and [v] = [v, 7], the four arithmetic operators (+, —, -,/) are defined by
(] +[0] = [u+ou+7],
[u] = [o] = [u-2,u -1,
[u] - [v] = [ min{uv, uD, v, W0}, max{uv, uv, Wv, Uv}|,

[u]/[v] = [min{u/v,u/7,%/v,%/7},

max{u/v,u/v,7/v,1/7}|, where 0 ¢ [v,7].

We denote by Rz the set of all intervals of R, and by R} and R the set of all positive
intervals and negative intervals of R, respectively.
The Hausdorff distance between [u, %] and [v, 7] is defined by

ﬂwﬁkmﬂ):mM{M—yHﬁ—ﬂ}

Then, (Rz,d) is a complete metric space. For more basic notations on IVFs, see [30,35].



Mathematics 2021, 9, 2352

3o0f14

Definition 1 ([9]). Let [0,1] CICR,andh:1 — R* withh #0. Then f : I — R is called
h-convex (i.e., f € SX(h,I,R™")), if forall s,t € T and « € (0,1) we have

flas+ (1 —a)t) < h(a)f(s) +h(1—a)f(t). )

h is called supermultiplicative if
H(st) > h(s)h(t) @)

foralls,t € I If” > " in (2) is replaced with “ < ”, then h is called submultiplicative. Additionally,
we say that h is multiplicative if the equality holds in (2).

Definition 2 ([30]). f : I — R is called h-convex if for all s,t € I and « € (0,1) we have

h(@)f(s) +h(1 —a)f(t) C flas+ (1 —a)t). ®)

If “ C " in (3) is reversed, then f is called concave. Let SX(h, I, R}r ) denote the family of all
h-convex IVFs.

The Riemann integral for IVF is introduced in [35]. The set of all Riemann integrable
IVFs and real-valued functions on [a, b] are denoted by IR |, 4)) and R |, 5)), respectively.
Moreover, we have

Theorem 1 ([35]). Let f : [a,b] — Kz be an IVF with f = []:,ﬂ Then f € IR (qp)) iff

jj,? € Rja,p]) and b
(IR)/g F(t)dt = {(R) /abi(t)dt,(R) /ubf(t)dt}.

A set of numbers {t;_1,¢;,t;}!" ; is called a tagged partition P; of [a, b] if
a=ty<t; <--<ty=Dh

andift; 1 <& <t;foralli=1,2,...,m. Moreover, if we let At; = t; — t;_1, then P; is said
to be é-fine if At; < ¢ for all i. Let P (4, [a, b]) denote the set of all J-fine partitions of [a, b].
If {t; 1,8, ti}]L, is a 0-fine Py of [a, b], and if {s; 1, 7;, Sj}7:1 is a d-fine P, of [c, d], then the
rectangles

Aij = [tia ti] X [sj-1,8]]

partition the rectangle A = [a,b] x [c,d] and the points (g;,77;) are inside the rectangles
[ti—1,ti] X [sj_1,5)]. Furthermore, by P (6, A) we denote the set of all J-fine partitions P of
A with P = P; x P,, where P; € P(J,[a,b]) and P, € P(4,[c,d]). Let AA; ; be the area of
rectangle A; ;. In each rectangle A; j, where 1 <i < m, 1 <j < n, choose arbitrary (&, 17]-)
and obtain

fP(SA:ZZ Cl/T]]

i=1j=1

We call S(f, P,d,A) an integral sum of f associated with P € P(4,A).
Now, we recall the concept of interval double integral.

Definition 3 ([32]). Let f : A — Rz. Then f is called ID-integrable on A with the ID-
integral U = (ID) [[, f(t,s)dA, if for any € > 0 there exists § > 0 such that

d(S(f,P,6,A),U) < e

for any P € P(J,A). The collection of all ID-integrable functions on A will be denoted by
IDp)-
(8)
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Theorem 2 ([32]). Let A = [a,b] x [c,d]. If f : A — Ry is ID-integrable on A, then
(ID) //Af(t,s)dA — (IR) /ab(m) /Cdf(t,s)dsdt.
Example 1. Suppose that A = [0,1] x [1,2]. Let f : A — Ry be defined by
f(s,t) = [st,;s +1].
Then f(t,s) is ID-integrable on A and
(ID) //Af(s, t)dA = (ID) /O1 /12f(s, £)dsdt
— (IR) /01 [(IR) 7/12[st,s+t]ds} dt

Il
—

3. Main Results

In this section, all considered A will mean [a,b] X [c,d],i.e., A = [a,b] X [c,d]. We begin
by introducing some new concepts of IVFs.

Definition 4. Let h: [0,1] C I — R* with h # 0. Then f : A — RF is called a coordinated
h-convex IVF on A if the partial mappings

fr:[a,b] = RS, fi(s) = f(s,1),

and
fs e d] — ]R}, fs(t) = f(s,t),

are h-convex for all t € [c,d] and s € [a, b]. Then the set of all coordinated h-convex IVFs on A is
denoted by SX (ch, A, RY).

Definition 5. Let f : A — RF. Then f is called an h-convex IVF in A if for any (s1,11), (s2, t2) €
Aand « € [0, 1] we have

h(a)f(sy,t1) + h(1 —a)f(sz, t2) C flasy + (1 —a)sp, aty + (1 —a)tp). 4)
The set of all h-convex IVFs in A is denoted by SX(h, A, RY).
Theorem 3. If f € SX(h,A,RY), then
f € SX(ch,A,RY).
Proof. Assume that f € SX(h,A,RY). Let
foiled] = Ry, fi(t) = f(s,1).
Then for all « € [0,1] and £, £ € [c,d], we have

fo(aty + (1 —a)tp) = f(s,at; + (1 — a)ty)
= f(as+ (1 —a)s,aty + (1 — a)ty)
S h(w)f(s, ) + k(1 — )f(5, )
= h(a)fs(t1) + h(1 — a)fs(t2).

Hence,

fs(t) = f(s,t)
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is h-convex on [c, d] for any s € [a, b]. The fact that

fi(s) = (s,
is also h-convex on [a, b] for all t € [c, d] goes likewise. [
Remark 1. The converse of Theorem 3 is not generally true.

Example 2. Let
h(a) =a, A =1[0,1] x [0,1],

and f : Ay — R be defined:

f(s,t) =[5,6 — €] - [t,6 — '] = [st, (6 — &°) (6 —e')].

Obuviously, we have that

f € SX(ch, A, RY),
and

f & SX(h,A,RY).
Indeed, if

(S, 0), (O, t) S Al

and a € [0,1], we have:

flas+ (1 —a)0,a-0+ (1 —a)t) = f(as, (1 —a)t)
= [a(1 — a)st, (6 — &) (6 — e1=9)1)]

and
af(s,0) 4+ (1 —a)f(0,t) = [0,30 — 5ae® — 5e' + 5ae']
Ifs,t #0and a # 0, then
flax, (1 —a)w) 2 af(x,0) + (1 —a)f(0,w).
Thus, f ¢ SX(h, A1, RY).
In what follows, without causing confusion, we will delete notations of (R), (IR), (ID).

Theorem 4. Let f : A — R and h : [0,1] — R* be continuous functions and h(}) # 0. If
f € SX(ch,A,RY), then

1
4(n(3

> il [ (oS e 2 [ (5 )
b d
2 (bfa)l(dfc) /u /c fs, t)dsdt

> ;Alh(t)dt[bia /abf(s,c)derﬁ/ff(s,d)ds

a+b c+d)

)>2f( 272

d d
T / fla, Dt + / f(b,t)dt}

"1 2
> (fla,0) + f(a,d) + £0,0) + (b)) ([ m(tya)”
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Proof. Assume that f € SX(ch, A, R}). Then, the mapping
8s:[c,d] = Ry, 8s(t) = f(s,t)
is h-convex on [c, d] for each s € [a, b]. Consequently, we have

h(%) [o(ac+ (1 - a)d) + go((1 — a)c +ad)|

ac+(1—w)d (1—a)c+ad
< s 2 * 2 )

-o()

Integrating both sides of above inequality over [0, 1], we have

/01 gs(c;d)dt 2 h(%) /01 [8s(ac + (1 —a)d) + g5 ((1 — aw)c +ad),

Es(ae + (1 —a)d) +35((1 — a)c + ad)]dt
= k(3) {/01 [s(ac+ (1= @)d) + go((1 — a)c + ad)]dt,

/01 [g5(ac+ (1 —a)d) +35((1 —a)c+ acd)}dt}

= h(%) {% /Cd&(t)dt, % /Cdg*s(t)dt}

Similarly, we obtain

Then,
d 1 gd .
Zh@ 5<C; )2 d,c/ gs(t)dt 2 (gs(c)+gs(d))/ h(t)dt
That is
d 1 )
2hg%>f<S'CJ2r )2 d*c/c f(s, t)dt D (f(s,c)+f(s,d))/0 h(t)dt.

Integrating over [a, b], we have

b c+d b od
L e

QAlh(t)dt{bia/abf(s,c)derbL_a/ff(s,d)ds].

Similarly, for
gt:[a,b] = RE, gi(s) = f(s,1),

we have

q b b od
Zhgé)dlc/c f(i 't>d@m/u /C (s, t)dsdt

;)/Olh(t)dt[ﬁ /Cdf(u,t)dt+ﬁ/;df(b,t)dt}.
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Finally, we obtain

a+b ctd b c+d
[Zh}%)“ er ' er >+2he)f<wzr ’ er )
[ [ e [t e
b pd
;m/a /C f(s, t)dsdt

b b
> ;/Olh(t)d{blu/a f(s,c)ds+b%a./u (s, d)ds

d d
o / fla,Hdt+ 1 / f(b,t)dt}

> 2 ([ hw) (a0) + f0.0) + flad) + f(6,8)
+f(a,¢)+f(b,¢) + fa,d) + f(b,d))
> (f(a,0) + flad) + F(b) + fb.d)) [ nioyar)”
This concludes the proof. [J

Remark 2. Theorem 4 gives an interval generalization of ([34] [Theorem 1]) and ([10] [Theorem 7]).

Lemma 1 ([30]). Let g € Ry q)) such that g : [c,d] — [m, M], h: I — [0,0) be a multiplica-
tive function and f : [m, M] — RZ be h-convex and continuous. If the following limit exists, is
finite and

limﬁtt):k>0,

t—0+t

then

S g(h)at
f( E

—C

)2 [ g

Let { [u;, E] } be a sequence of intervals. If there exists an interval [u, 1] such that

(3, 07] € (7]
for all 7, then [u, 7] is an expansion of interval sequence { [u;, E] } If [u, 1] such that
lwa] C [, ]

for any expansion [u/,u'] of {[ﬂ, E] }, then [u, 7] is called the minimum expansion of

{ [ui, E] } and is denoted by

@) = B [y, ] .
If there exists an interval [0, 7] such that

[, u'] 2 [0,7]
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for all i, then [v, 7] is called a contraction of { Ui, U } If [v, 7] such that
2

[0,9] 2 [0, V']

for every contraction ¢/, v/] of { [uj, E} }, then [, 7] is the maximum contraction of { [, u'] }
and is denoted by

03] = { [y, ] }.
Now, we denote the mapping
H:[0,1] x [0,1] — RF

by
7] = B [y, ] }.

If there exists an interval [0, 7] such that

0,0) = ¢ [y ] }.

;rb, vt+(1—v)c+d)dsdt.

H(p,v) = m./ab/jf(ﬂﬁ'(l — 1)

The next theorem generalizes the result of Dragomir ([34] [Theorem 2]).

Theorem 5. Let A = [a,b] x [c,d] and Ay = [0,1] x [0,1]. Suppose that f € SX(ch,A,RY).
Then

(1) H € SX(ch, &y, R).

(2) We have :

a+b c+d

Epn e LHGo)} = (T3 50 = S HO0,0)

b d
Clmyea {H(m )} :h&m/a /C f(s,t)dsdt = ha H(1,1),

where

b = sop, {h(u)h(V) +20(3) (MR~ ) + 71— )h(v) + 201~ k(1= 1)h(3)) }
uv)EA

Proof. (1) Fix v € [0,1]. Then for all &, > 0 with
a+pg=1

and 1, pp € [0,1], we have

H(apy + Bpa,v)

b d ) C
:m/a /C f((ﬂé}i1+ﬁy2)s+(17(,Wl+ﬁy2)) —ZHJ/ T

v+ (1—v) )dsdt

- m/ab/cdf(“(ﬂlwr(l—m)a;b)+ﬁ<y25+(1_y2)a+b),

vi+(1— y)ﬂ)dsdt

=~ (b—a) c//( V1S+(1—y1) +bvt+(1_v)‘:;d>+
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h(/%)f(yzs+(1 —Vz)a+b,vt+(1 —V)C_;d>>dsdt

- c+d

= (w) = a) - / / Flis+ 01— ) 22 v+ (1=v) % )dsdt+
1 b c+d

h(B b PIC 7C//fyzs+ 1—;42 JvE+ (1= ) 5 )ddt

= h(a)H(p1,v) + h(B)H (2, v).

Similarly, we can have Hy(v) is h-convex. This shows that
H € SX(ch, A, RY).

(2) Since f € SX(ch, A, R}r ), from Lemma 1 we have

i [ 0= g [0 -0 s
el R
< (s [ oo -5 s <50

k2f<a+b c—lz—d).

On the other hand, we have

H(y,v)QW/ / Flus+( 1—y)a;b,t)dt

(1 —v) /f s+ ( 17;4)”” C+d)dt]d

1 d a+b c+d
ﬁ/cf(ysﬂl—y) vt (1-v) )dt}ds

) [ (G50 41— s (“F 2 Y

1 b
2 (b—a)(d—c)/a

(1) ‘/Cd e C;d) a1 —y)f(“;b, C+d>dt} ds

== b [ |1

(s, t)dsdt + h(v)h(1 fy)f(a;

b,t) dsdt

+h(1—v)h(;4)f< et )ddt—i—h(l—v)h(l—y)f(a;b ”d)d dt}
= _C/u/cfstddt+ 1* /f‘”b £)ds
+%/f C+d)ds+h(l—v)h(l—‘u)f(a;rb,Cerd)

2%/ / F(s, t)dsdt + V);(_C ”)/C (thg) /abf(S,t)ds)dt

+h(1;1/ /ﬂ ; /fstdt)ds

4h(1 — ) 1—1/

= @) //fstdsdt

{h(u)h(V) + 2h(§) (h(V)h(l =)+ h(1=v)h(p) +2h(1 - v)h(1 - HV’(;))}

m /,,b / "t st
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Let

= sup {h(u)h(V) +20(3) (MR = v) + 11~ )h(v) + 20(1 — p)h(1 1)1 (3)) }
nv)eh

The intended result follows. [

Remark 3. Ifh(t) = t, then
k=1,hp = 1.

In addition, If f = f, then Theorem 5 reduces to Theorem 2 given by Dragomir [34].

Example 3. Suppose that A = [0,2] x [0,2], h(t) = t,and Ay = [0,1] x [0,1]. Let f : A — Rz
be defined by

f(s, t) = [sztz,S\/;t]

For (u,v) € (0,1] x (0,1]. Then H € SX(ch, Ay, RY) and

H(y,v):m/ub/cdf@s—i-(l—y)
:%/Oz/ozf@s—i—l—y,vt+1—v)dsdt

= %/02/02 [(Vs—i—l — )2 vt4+1-v)?, 8\/(;45—1—1 —u)(vt+1 —v)]dsdt

2 V2 3 3 3 3
(6+2743)é6+2 )lgfw<(1+y)z(1y)2).((1+v)2(11,)2)]

+b c+d
7 vt+ (1 —V)T)dsdt

Furthermore, by the following Figures 1 and 2, we have

e J e+ 6427 |
(mv)eds 36 '

sup
(nv)en

it [k (000 —0m) (00t -0 0) =,

sup { Sy(mmi—<1—u>3)~(<1+v>3—<1—v>3)}—8,

(nv)en

(6 +2u2)(6 + 21?) 16
36

and
H(0,0) = [1,8], H(1,1) = [? ﬂ.

Then, we obtain
ER e {H(p,v)} = f(1,1) = H(0,0).
1 b d
Chem (H0} = har == / / (s, H)dsdt
6

/ t2 S\F dsdt
5%
(L,1).

)

_1
4
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Figure 1. Illustration of Example 3: Let f(s,t) = [sztz,S\/a], (u,v) € Ay = [0,1] x [0,1]. then

H(p,v) = %. From the above graph of the function H(p,v), we have 1 < H(p,v) < 19—6.

Figure 2. Tllustration of Example 3: Let f(s,t) = [52t2,8\/§], (u,v) € Ay = [0,1] x [0,1]. then

_ s(asni-a-p) (asni-a-nt _
H(p,v) = i . From the above graph of the function H(,v), we

have 69—4 < H(u,v) <8.

Remark 4. Please note that if h(t) = t, then we have k = 1 and hy, = 1, and we obtain

ER o {H(p,v)} = H(0,0),

and

(yea, {H G v) = H(1,1).

The next theorem generalizes the result of Dragomir ([34] [Theorem 3]).

Theorem 6. Suppose that f € SX(h, A, R¥). Then
(1) H € SX(h, M, R¥).
(2) Define the mapping

h:[0,1] = R, h(u) = H(p, p).

Then h € SX(h,[0,1], R) and

. ~ 1~ . ~
wn (0} = (1), inf () = ha,R(0),
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where

ha, = sup {411(;) (h(uh(1 =) + 121 - V)h(%)) +h2(ﬂ)}-

(mp)€Dy

Proof. (1) Suppose that
(H1,11), (p2,v2) € Ay
Then for all « € [0, 1], we have

H(a(p1,11) + (1= a)(p2,12))
= H(apy + (1 — a)pp, avy + (1 — a)1p)

:m//f “ﬂlJr(l*“)ﬂz)S*[1*(W1+(1*W)V2)]a+b
(avy + (1 —a)vp)t+ [1— (avg + (1 —a)vp)] J)dsdt
CEDICED) //f s+ (1— i) bV1f+(1—V1) +d>
+(1fzx)<yzs+(1—y2)ib,vzt+(1fvz) Zd)dsdt

(EnICED) / /( V15+(1*V1) JrbV1f+(1*V1)CJ2rd)
+h(1—a)f(y25+(1—yz)‘“;b,uzt+(1—uz)czd)>dsdt
:h(zx)(b_u;_c/b/df yler(lfyl)a+b,v1t+(17v1)c—~2_d>dsdt
F =) g //f ji2s + (1= p2) bvzt—&-(l—vz)cgd)dsdt

= h(a)H (}11/V1)+h(1—“) (M2, v2)-

This shows that H € SX(h, A4, R}')
(2) Let p1, up € [0,1]. Then for all w € [0, 1], we have

(apr + (L= a)pp, apn + (1 — a)p2)
H(a(pr, p1) + (1 — o) (p2, p2))

2 h(a)H(pa, pr) + h(1 — a)H(pz, p2)
= h(@)h(p1) + h(1 = &)h(p2).

h(aps + (1—a)pp) = H

Then N
h e SX(h[0,1],RY).

From Theorem 5, we obtain

L301), inf Ti(u) = ha7(0),

Emm () =
" { } k2 nelo,1]

€[0,1]

where

ha = sup {4h<§)(h(u>h<1y>+h2<1u>h(§>)+h2<m}.

(mpu)ed

and the result follows. [

Remark 5. If h(t) = t, then
k=1,hp = 1.

In addition, If f = f, then Theorem 6 reduces to Theorem 3 given by Dragomir [34].
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4. Conclusions

The classical Hermite-Hadamard inequality is one of the most named inequalities
and it is deeply connected with the research of convex analysis and inequality theory.
This inequality and some generalizations have been exhaustively explored in the past few
decades. On the other hand, interval-valued functions play an important role in interval
optimization, interval differential equations, among others filed of mathematics.

In this work, we introduced coordinated h-convexity for interval-valued functions.
With the help of minimum expansion and maximum contraction of interval sequences,
we established some Hermite-Hadamard-type inequalities for interval-valued functions.
Since these main inequalities are given using new assumptions than those used in the
previous research articles [10,15,34], our results are original and more general. As a
future research direction, we intend to use more general convexity to investigate new
interval Hermite-Hadamard-type inequalities, and some potential applications in interval
optimization.
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