. mathematics

Article

On the Approximation by Baldzs—Szabados Operators

Adrian Holhos

check for

updates
Citation: Holhos, A. On the
Approximation by Baldzs-Szabados
Operators. Mathematics 2021, 9, 1588.
https:/ /doi.org/10.3390 /math9141588

Academic Editor: Clemente Cesarano

Received: 15 June 2021
Accepted: 5 July 2021
Published: 6 July 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Technical University of Cluj-Napoca, Str. Memorandumului 28,
RO-400114 Cluj-Napoca, Romania; Adrian.Holhos@math.utcluj.ro

Abstract: We present three new approximation properties of the Baldzs-Szabados operators. Firstly,
we prove that, in certain cases, these operators approximate some super-exponential functions on
compact intervals. Next, we provide a new estimate of the error of approximation using a suitable
modulus of continuity. Finally, we characterize the functions which can be uniformly approximated
in the weighted norm of polynomial weight spaces.

Keywords: positive linear operators; Baldzs operators; rational Bernstein type operators; weighted
spaces; modulus of continuity; tail inequality; super-exponential functions

MSC: 41A36; 41A25; 41A20

1. Introduction

The study of positive linear operators is an important research area in approximation
theory. The problem of Weierstrass [1,2] to approximate continuous functions using a
sequence of polynomials initiated this research field, but the systematic study of these op-
erators began only in the 1960s with the books of Korovkin [3,4] and Lorentz [5]. Korovkin
has discovered simple conditions to verify if a sequence of positive linear operators forms
an approximation process, and since then, there have been constructed many operators.
One such example is the sequence of operators defined for g € (0,1) by

RLﬂ] (f,x) _ 1 i <Z> (n,Bflx)k f(:‘;), forn>1,x¢€ [0,00) (1)

(14 nP~1lx)" =

They were introduced in 1975 by K. Balazs [6]. She proved some pointwise approxi-
mation results for the particular value p = 2/3. In 1982, Balazs and Szabados [7] extended
the study for g € (0,2/3] and investigated both the pointwise and the uniform approxi-
mation. In 1984, Totik [8] considered € (0,1) and provided the saturation properties of
these operators. Many more articles [9-43] have appeared since then, presenting different
new properties and generalizing the form of the operators. The vast majority refer to the
operators defined by (1) as the Baldzs-Szabados operators.

In this paper, we first present a new approximation result on compact intervals,
extending the space of functions to be approximated. Balazs [6] showed that operators (1)
approximate, on compact intervals, continuous functions with exponential growth. We
prove that for certain values of 5, operators (1) approximate even functions with super-
exponential growth. This fact is surprising for two reasons. Many classical operators
approximate only functions with an exponential growth or some other fixed growth of
exponential type. In our case, the growth can be enlarged indefinitely, in some sense, and
this is correlated with the proper choice of the parameter 5. Another interesting thing about
the Baldzs-Szabados operators is that they are built using only a finite sum and not a series
and, so, the possibility of approximating functions with such a high growth comes as a
surprise. This result is presented in Theorem 1 of Section 2. The key ingredient of its proof
is Lemma 1, which contains an inequality similar to the tail inequalities for the probability
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distributions. We also present, in Remark 3, an example of a super-exponential function
which cannot be approximated by the operators (1) and, thus, we correct the recent result
of ([39], Theorem 1), which gave the impression that every continuous function defined

on [0,00) can be approximated on compacts by the operators R,[f ], although the author
mentions at the beginning of the article, when he defines the operators, that “continuous
functions defined on R satisfying a certain growth condition” are considered.

In Section 3, we present a new estimate of the rate of approximation by using a suitable
modulus of continuity. In the literature, there are some estimations of this rate, but they
are valid only for some values of B. We have obtained an estimation that is valid for every
choice of p € (0,1). In addition, this estimation of the rate is uniform, uses only one
modulus of continuity, and the constant in front of the modulus is explicit. We have used
a modulus of continuity which is appropriate for continuous functions with a finite limit
at infinity because it is known that these are precisely the functions that can be uniformly

approximated by RL’S ] (see [7,8]). We must remark that better estimations can be obtained
for specific values of the parameter § and the value 8 = 1/2 gives the best rate (see also
the paper of Totik [8] which has arrived at the same conclusion).

In Section 4, we give a characterization of the functions which can be uniformly
approximated in polynomial weight spaces. It is known that polynomial functions of degree

m are mapped by Rg into rational functions with a growth not larger than a polynomial
function of degree m (see [16]), but I could not find a result in the literature that specifies the
functions that can be uniformly approximated in the polynomial weight space. Recently,
by considering a generalization of the operators (1), Agratini ([39], Theorem 5) has given a
negative result by presenting an example of a function which cannot be approximated in
the weighted norm. He has estimated the error of approximation, too, but only pointwise.
Our results from Lemma 3 and Theorem 3 complete Agratini’s results, characterizing the
functions that can be uniformly approximated in the weighted norm.

We present now some notations. Let I = [0,00). A function w : I — (0, o) will be
called weight. The space of all functions f : I — R with the property that there is M > 0
such that

|f(x)] < M-w(x), forevery x € I

is called weight space or weighted space and is denoted by B, (I). Some authors prefer
the “big O” notation to express the growth rate of a function. In this case, f € By () is
equivalent to f(x) = O(w(x)). The space By (I) is a normed space, endowed with the
w-norm

f(%)]

=sup ——~-
£l = sup <575

We will denote by Cy,(I) the space of functions from B, (I) which are continuous on I.

2. Approximation on Compact Intervals of Super-Exponential Functions

The following lemma is very important in proving approximation results for the
operators of Baldzs and Szabados for functions with a high growth. For y, = 1, this is
in fact a tail inequality for the probability distribution attached to the operators (1). We
improve the idea used by Cernoff [44] to prove such inequalities (see also [45]).

Lemma 1. Let B € (0,1), x € [0,00) and § > 0 be given and consider y, > 0 such that

1
yn(1— xnﬁ_l) <ewP, forall n > ny, for some ny € N. Then, for all n > ny, we have

S (1) Gy ot
Z <k> M < C(x,0) - Y 5 Le X0 n2b 1, 2
k> (x+0)nP xnP~1) .

1—x—5+xel/d 1
where C(x,6) = *¥—F5—— ("(fz‘s + 1>.



Mathematics 2021, 9, 1588 3o0f12

Proof. For x = 0, the inequality (2) holds true. Let x > 0 and denote s, = xnP 1 Ifs, > 1,
we have k > ns,, + dnP > n, so the sum from (2) reduces to 0 and (2) is true. Consider now
the case s, < 1. We have for every t, > 0

2
n n) (ynsn)k n <n> (ynsn)k b (b —o) (k — xnﬁ)
< 7 .en .
k2(§5)nﬁ (k (T4s0)" ~ L k) (1+sp)" onb

k> (x+6)nP

e—tnnsy,—t,,,b‘nﬁ " Lk k 2
<t TN (A B
< S i () o) (55 =)

Using the same reasoning as in ([6], Lemma 2.1), we have for every a,b > 0:

B0 () ==L -F B =L ()
a*n? +an

= 7[72 (1 + a)n_z -

2xan

(1+a)" '+ 221 +a)"

<x N b(laia)>2 + bz(ﬁ a)2

= (1+a)"

This implies that
i (”) (yusn)"
k>(eromb K (14 sn)"

o (U yasue)" [ o (et NP Pyt
= 02(14s,)" (14 ynsne)? |’

for all t,, > 0. We choose t,, = (51%/3 — In[yn (1 — su)]. Let us observe that for all n > ny we
have t,, > 0 and

1

=y, (1- Sn) onP
e—tn(nsn-l—énls) X+(5 (1 )nsn+()—nﬁ . e_%‘s
1 n 1
(1 + s,e0mF — > nsy (eén/g 71) ”%
I
1 )" < e < e
( + Ynsne ) (1—Sn)” — (1—Sn)” — (1—Sn)”
1
nl—Z,BynSnetn nl—Z,BSngén/S (1 7571) <n 1_ 2[35 e% < xe%
tn 2 1 2 — n — n[B
(1“‘]/115;1@ ) 1+ sy <e§;1.5 _1))
tn 2 1 2 2 2
2 Yne 2 ¢ 2 o g x“es
— < — n— = nf — < —.
x (1+ynsnetn 1) <X (yn(1—sn)e —1)" = x (eé 1) < S
We deduce that
B
» <n> Wnsn)” (s, ) R (Rt s
k> (rroyp K/ (L su)™ = nf (IT+s)"

With the notation ¢ = 6/x > 0, it remains to prove that

(1 - Sn)énﬁ-&-nsn—n
(L+s0)"

—ncs?

_ en(cs,,-&-s,,—l)ln(l—sn)—nln(l-&-sn) <e
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Consider the function H(u) = (cu +u —1)In(1 — u) — In(1 + u) + cu? and let us
show that H(u) < 0, for every u € (0,1). Indeed,

cu+u—1 1

H'(u) = e+ 1) In(1—u) + — —— —-—

+ 2cu,

+1 o 1
H'(u) = S~ 2
W= G T T
H(3)(u):— c+1 . 2c . 2 <0

(1—u)2 (A-u)® (u+1)3

Because H”(0) = H'(0) = H(0) = 0, we deduce H(u) < 0, forevery u € (0,1). O

Lemma 2. Consider w(x) = e** fora >0,a > 1and 1> p > 71 For every compact interval
K C [0, 0), we have

1211 RLﬁ] (w,x) =w(x), uniformlyon K.
n—,oo

Proof. Let K = [m, M] be a compact interval included in [0, o0). Consider § > 0 such that
a < 1/6 and define

(x) = w(x), x<M+56 dr(x) = 0, x<M+56
P = w(M+96), x>M+$6 an | w(x)—w(M+93d), x>M+6 "’

The function w can be decomposed into w(x) = p(x) + r(x) and so

R,[f] (r,x) —r(x)|.

R (w,2) ~ w(x)| <

R (p,x) = p(x)| +

We prove that both p and r can be uniformly approximated on K. Formula ([6], (2.2))

proves that RLﬁ ] (1,x) = 1, and using an idea of Shisha-Mond [46], the error of approxima-
tion of p can be estimated using the modulus of continuity by

IR (p,2) — p(x)] < 2-w(p, R (|1 - x|2,x>).
Formula (2.4) from [6] gives

x4n2P=2 4 xn—P

RE(t =) = =iy

< M*n2p=2 4 Mn_ﬂ,

for every x € Kand B € (0,1) and proves that RLﬁ ] (|t — x|, x) converges to 0 uniformly
on K. Because p has finite limit at infinity, it is uniformly continuous on [0, o) and, so

w <p, R,[f ] (|t —x|?, x)> tends uniformly to 0 on K. This proves the uniform convergence

of R,[f ]p toward p on K.
Now, for every x € K

IN

R (r,x) = r(x)| = RF (7, x)

n\ (nPlx)k a %)
()t

IN

(n) (nP=1x)k paknt =106

(14 nP=Tx)n
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a
We apply Lemma 1 for y,, = ¢~ " The inequality y,,(1 — xnP~1) < e is equiva-

1 a-1-ap
lentton!=B(1—eaf " ) < x. However, this is true for sufficiently large 1, since

lim n'~# (1 - e&i/‘m“laﬁ) = lim n'~F. (zxn”_l_“ﬁ — M)

n—00 n—00 4
= lim <1x o= (@+Dp 1 -n125> <0.
n—00 5 -

The error of approximation of the function r is bounded by

[B] B X xromP _xsn2pt _ C(M,6)  o(Mas)nPra—1-a6_ps.p2p-1
R, 2) ()] < g o ot < SO0 |

Because p > 1/2and f+a—1—af < 28 — 1 we obtain that R,[F Iy converges uniformly
to 7 on K, and the proof of the lemma is complete. [

Remark 1. For a = 1 the result of Lemma 2 is true for every B € (0,1). Indeed, we have

a\n
B, at o [ L+xnPled

For every x € [m, M|, using (1 +u)" < ™ and e* — 1 < ue", we get

o\ n A\ " (/P

;B_l nlB ‘B_l illB M &

M < w <e LiMiPT < pMet
14 xnfP-1 - 1+ MnbP-1 - -

Now, using |u — v| < |Inu — Inov| - max(u, v) we evaluate the error in approximating the

exponential function
& 14 n

1+ xnP—lenf 1+ xnP—lenf
R o) —e®| < |nln| ——————— | —ax| max| | ———— ] , &%
‘ n ) - 1+ xnp-1 1+ xnP-1

1+ xnP-len .

< nln(i'—fqﬁ_el) — ax| - eMe
xn

For the logarithm we use Hiu < In(1+ u) < u and we obtain

xnﬁ(en% —1) . nln<1+xn,31€:§s> . xn/g(En% —1)

14 xnb-lenb 1+ xnf-1 1+ xnf-1

Using the inequalities u < e" —1 < ue" we have

xnP (EWB —1) axenf zxx(enﬁ — 1) 2x  a’M
— —ix < ———— —ax < ——— > < — <
14 xnP-1 14 xnP-1 14 xnP-1 n np
and
xnP (e»«iﬁ — 1) 2, B-1,8
ax ax*nP~len
—ax > ——————— —ax > — — > —aM?nPle

1+ xnb~lenf 1+ xnB~lenf 1+ xnPledf
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Finally, for every x € [m, M] we obtain

R,[f] (eoct’ x) — oM

< oM max (um_ﬁ, Mnﬁ_le"‘) . gtMe?

Theorem 1. Consider w(x) = ¢ witha > 0,a > land1 > g > 747 For every compact
interval K C [0, 00) and for every f € Cy(I) we have

lim RLﬁ] (f,x) = f(x), uniformlyon K.

n—o0

Proof. Let ¢ > 0. Consider the compact interval ] = [minK — ¢, maxK + €] N [0, c0).
Because f/w and w are continuous on the compact J, there is 7 > 0 such that for every
t,x € Jwith |t — x| < y wehave |(f/w)(t) — (f/w)(x)| < eand |w(t) —w(x)| < e. Letus
define § = min(#, ¢). For every x € Kand t € I such that |t — x| < J, we have t,x € ]. So

ft) _ f(x)

w(t) w(x)

<e and |w(t) —w(x)| <e.

For every x € Kand t € I such that |t — x| > J, we can write

(t)  f(x) |t — x|?
wt)  w(@) < 2| fll = 2l fll - =5
and
P
lw(t) —w(x)] < w(t) +w(x) < w(t) —w(x) +2w(x) < w(t) —w(x)+ 2w(x) - I 2 i

We have proved that, for every ¢t € I and x € K, we have

[ fx) .
[0 - L8 <ealsl,

|t — x|
02

and

[w(t) —w(x)| < e+ w(t) —w(x) +2w(x)

Using the above inequalities and

/()] ) _ fx)
[f(#) = f(¥)] < () |w(t) —w(x)| + w(x) - ‘ -

and applying the operators R,[f | we deduce that

2w(x)
52

RE(fx) = fl)] < ||f|w<£+ R (w, %) — w(x)| + ~le]<\t—x|2,x>)

so) - (e 2o gl -, ).

Using Lemma 2 and the inequality w(x) < w(max K) for every x € K and the fact that

R (|t — x|?, x) converges uniformly on K, we obtain that R f converges uniformly to f
onK. 0

Remark 2. The result of Theorem 1 is valid for B > 1/2. For a given B € [1/2,1), the growth of

the functions cannot be greater than w(x) = e withx > 0 and a < % < ﬁ
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For a = 1 the result is valid for every B € (0,1). For p = % and a = 1 the result is known
from [6]. In [7], the authors proved the approximation property of the operators (1) for p € (0,2/3]
and the subspace of uniformly continuous functions on I.

Remark 3. There are super-exponential functions which cannot be approximated. Tnke for example
1

T-gt¢€
g(x)=¢" P with an arbitrary € > 0. Considering only the last term of the sum which defines
(]

the operators Ry, we have

nP~1lx)n _ “1.\n 1. \—n nnd-Be
R > U0 8) = (7 (e

Using the inequality 1 +nP~1x < """ we deduce that

R[lg] (g x) > (nﬁ—lx)n ,e—xnﬁ _en‘n(lfﬁ)S _ e‘rzlrwc—(l—,B)‘rz1r1n—xnﬁ-&-n‘n(l*ﬁ)€
n 7 - - .

Now, it is not difficult to see that lim R (g,x) = o0, for every x > 0and B € (0,1).
n—,oo

Theorem 1 from [39] asserts that the sequence (RLﬁ ] f) converges to f on compact sets for every
f € C[0,00). However, the example given above proves that an approximation result cannot be true
for continuous functions with an arbitrary growth. In order to be valid, such a result must impose
some limitation on the growth of the function f.

3. Estimation of the Rate of Uniform Approximation

It is known from [7], that R,[F ] f approximate uniformly the continuous function f on
I = [0,0) if, and only if, f has a finite limit at infinity. In the same paper, an estimate
of the rate of convergence was given using the modulus of continuity and a modulus
at infinity. We will provide an estimate of the rate of convergence using the following
modulus of continuity

w'(f,0) = sup |f(t) = f(x)],
xtel
|e’tfe”‘ | <6

introduced and studied in [47] (a particular case of the modulus introduced in [48-50]). This
modulus is suitable for the uniform approximation of functions by the Baldzs-Szabados
operators, since w*(f, -) tends to zero when its argument tends to zero and the function f
has a finite limit at infinity.

Theorem 2. Consider p € (0,1) and f a bounded and continuous function defined on I having a
finite limit at infinity. Then,

HRLﬁ]f —fH <(1+4e) w" (f, max(nﬁ_l,n_ﬁ)), for every n € N.

Proof. Using the properties of the modulus w* (see the proof of ([47], Theorem 2.1)),
we obtain

RE(F ) - fl)| < (1 s LR (et e

")) (60

It remains to estimate in the uniform norm the following expression:

2

RLﬁ] <|e—t _e ¥ ,x) _ RLﬁ] (6725 x) — e2X _Dp=X {RLﬁ] (eit,X) - €x]-
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Because ¢~ * is a convex function, applying Jensen inequality, we obtain
RIF (et 2) > e R = o T > o,

As a consequence, we have
RLﬁ] (’e—t B e—x‘Z’ x) < RLﬁ] (e—Zt,x) o2

Let us denote

2 n
- . 1+xnP~le wf _
Ap(x) = R;[f](e 2 x)—e 2 = pE g =l 2x

Because the limit

lim Ay (x) = e 20 °
X—00

is finite and A, (x) > 0, there is a sequence (x,,) of positive numbers such that

r;‘lzaé(An(x) - An(x;q).

This implies that A}, (x,,) = 0, which is equivalent to

_2
T A N (1 e "’5> (14 x,mP1)

1 -
1+ x,nP nﬁ<1_ejﬁ>

It follows that

_2 _2
2(1 + x,nP1e nﬁ> (1+ xnnﬁ’l) —nb (1 —e nﬁ)

2
e2xnph (1 — e_nﬁ)

Usingl —e ™ > u — ”2—2 for u = 2n~F > 0, we obtain

Ap(x) <

_2 _2
2x,nP~1 (e . 1) +2x2n?P2¢ WP 4 2n~P

2
e2xnpP (1 — enﬁ)

Finally, using the inequality ;== < e, for u = 2n=P < 2 and (1:,23)2 < 1, for
u = x, > 0, we have

2
Ap(x) < emax(nﬁ’l,nfﬁ) : <2xn‘:2if:+1> < emax(nﬁfl,n*ﬁ)

Ap(x) <

We choose 8, = |/max(nf~1,n~F) in the first inequality of the proof. [

Remark 4. The maximum rate of approximation is obtained for p = 1.
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4. Weighted Approximation in Polynomial Weight Spaces

It is known from [16] that operators RLﬁ ] map a polynomial function of degree m into a

function with a growth not larger than a polynomial function of degree m. In the following
lemma, we extend this result.
Lemma 3. Forevery B € (0,1),« > 0, n € Nand every x > 0 we have

R+ x) < Ca1 +2%),

for some constant C, > 0 independent of n, B and x.

Proof. For & = 0, we have equality with Cy = 1. Fora > 0,letm = [a] > 1. In ([16],
Lemma 2) it was proved that

R,[f](tm,x) < Cpu(1+x™), foreveryx >0,
where Cy, = m - maxi<j<,, S(m, j) and S(m, j) are the Stirling numbers of the second kind

(see ([51], 24.1.4)).
Applying Holder inequality we get

RE(1+1,2) = 14 RE(E, ) < 14 (RE (7, 2)) " <14 - (1 2m) .

However, it is known that u® —v? < (1 — )", foru > vand a € (0,1] (see for example
([52], Example 1.1.3)). We deduce that

ST

(142" — (x")m <1

and
R,[f](l +t%,x) <1+ (Cm)%(l +x*) <1+ (Cm)%](l + x%).
O

Lemma 3 proves that Rbw belongs to the space Cy, (1), for w(x) =1+ x* with « > 0.
We give now a complete characterization of the functions which can be approximated in
the w-norm.

Theorem 3. Let B € (0,1). Consider & > 0and w(x) =1+ x%, x € L. If f € Cy(I), then

lim ‘
n—oo

RPF—f| =0

if and only if

it

x—o0 1 4 x®

Proof. Using the definition of the operators, we deduce that

(]
Ry (fx)
AN

For the “if” part, we suppose that

lim f(x) =
X—00 (] + x)"‘
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We obtain

y ‘RLﬁ](fIX)—f(X)‘_I, £ (x)]
e (L+x)f  xom (La)f

Hence, for € > 0 there is § > 0 such that for every x > § and every n € N

(1+x)~*|RE (f,x) — f(x)| <e.

For the compact interval K = [0, §], we apply ([16], Theorem 2) or our Theorem 1 and
deduce the existence of gy € N such that

RE () - f)] <,
for every n > np and every x € K. This proves that

sup(1+1x)
x>0

RE(f,x) - f)] <e.
For the “only if” part, let us observe that

R0 = f] o IR0~ f] - FL

HR’[P]J( _wa - ig% (14 x)« ~ x> (14 x)« x—eo (14 x)*

Applying the limit when n tends to infinity, we obtain that limy % =0. O

Remark 5. As Agratini [39] has remarked, we cannot approximate uniformly in the w-norm all
the functions from the space Cy (1), where w(x) = 1+ x* and I = [0,00), & > 0. For o = 2,
Agratini gave as an example the function f(x) = x2, which cannot be uniformly approximated in

the weighted w-norm by R,[f ] f. Our result says that only those functions for which we have

im 4% _ g

0% ()

can be uniformly approximated.
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