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Abstract: The intended objective of this study is to define and investigate a new class of g4-generalized
tangent-based Appell polynomials by combining the families of 2-variable g-generalized tangent
polynomials and g-Appell polynomials. The investigation includes derivations of generating
functions, series definitions, and several important properties and identities of the hybrid g-special
polynomials. Further, the analogous study for the members of this g-hybrid family are illustrated.
The graphical representation of its members is shown, and the distributions of zeros are displayed.
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1. Introduction and Preliminaries

The area of g-calculus in the last three decades act as a bridge between engineering sciences
and mathematics. Recently, research in the area of g-calculus has shown worthy of attention due to
its applicative diversification in various fields such as mathematics, physics, and engineering. The
g-analogues of many orthogonal polynomials and functions expect a pleasant structure, and help one
to remember their classical counterpart. The g-standard notations and definitions reviewed here are
taken from [1].

The g-analogue of a number a € C and factorial function are specified as

a
=10 aec\{, 0

! = [TImly = [1g24[3)g -]y, [0l!=1, neN, 0<g<l. 2)

!
|:n:| :L k:0/1/2/"'/n/ nGNO (3)
q !
The g-power basis is specified as

n
(M —|— ’(})g — E |:Z:| qk(kfl)/zun*kvk/ ne NO' (4)
k=0 q
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The g-exponential functions are specified by

(o) Mk B

eq(u) = Z A 0<|gl<1, |ul<1—gq|}, (5)
k=0 ™19°
- k(k—1)/2 u*

E;(u)=) q G 0<|gl<1, uecC 6)
k=0 q:

and satisfy the following relation

eq(t)Eq(—t) = Eq(t)eg(—t) = 1. (7)

The g-derivative D; of functions e;(u) and E;(u) are given by
Dyeg(ut) = teg(ut), DgE4(ut) = tEqs(qut). 8)

The g-derivative operator D, for any two arbitrary functions f(u) and g(u) satisfies the following
product and quotient relations:

Dy (F(1)g (1)) = £(qu)Dyg () + §(u)Dyf () = f(u) Dyg () + g(qu) Dyf (), )
F@)\  g(qu)Dof () — F(qu)Dag(u)  g(u)Dyf(u) — (1) Dyg(u)
Ps (g(u)) = S(w)g(qu) = S(wg(qu) ' {10)

The tangent numbers and polynomials and their g-analogue have enormous applications in
analytic number theory, physics, and other related areas. Various properties of these polynomials
are studied and investigated by many mathematicians, see, for example, [2—4]. Very recently,
Yasmin et al. [5] introduced the 2-variable g-generalized tangent polynomials Cy,i,4 (1) and established
certain interesting results for them. We recall the following definition.

Definition 1. The 2-variable q-generalized tangent polynomials (qGTP) Cy, y,q(u) is defined as [5]:

2 > "
— t)E;(vt) =) C ) s tf<m meRT). 11
(eq(mt) +1> eq () Eq (01) 7;) nma (1;0) s (e < 70, ) (1)
We have

lim1 Crmg(u,0) = Eng(u,v), (2-variable g-Euler polynomials (gEP) [6])
m—
1irr12 Crmg(u,0) = Ty y(u,0), (2-variable g-tangent polynomials (§TP) [7])
m—
Cim,g(0,0) := Cimyg (g-generalized tangent numbers (GTN) [5])

The series representation of qGTP Cy; (1, v) is given by

n
Comq(w,0) =Y. Y H m Cn_r’m,qqk(k—l)/Zur—kvk_ (12)
qXlg

r

A vital class of polynomial sequences known as the Appell polynomials is introduced by
Appell [8]. Later, the class of g-Appell polynomials { A, 4(u)}5>, was introduced by Al-Salam [9] and
studied some of its properties. These polynomials arise in chemistry, theoretical physics, and different
branches of mathematics such as numerical analysis, number theory, and in the study of polynomial
expansion of analytic function.
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Definition 2. The q-Appell polynomials Ay 4(u) are defined by the following generating function [9]:

tn

Aq(t)eg(ut) = Y Apg(u) it 0<g<1, (13)
n=0 :
where
[e0] t”
Aq(t) = ;)A,WW, Agg =1 Ay(t)#0 (14)

is an analytic function at t = 0 and Ay := Ay 4(0) are g-Appell numbers.

The series representation of g-Appell polynomials is given by

Ang) =Y m Apgu"*. (15)
k=0 q

A significant part of the investigation of any polynomials is to discover its determinant
definition. Recently, Keleshteri et al. [10] gave the determinant definition of the g-Appell polynomials,
according to which the g-Appell polynomials A, 4(u) of degree n can be expressed in the following
determinant form:

1
Agg(u) = —,
O,Q( ) ‘BO,q
1 u u? u1 u"
ﬁO,q ﬁl,q zﬁZ,q ?n—l,q ﬁn.q
n— n
(—1)" 0 ,BO,q [1]01/31,11 [nll]qﬁn—lq [111][1.371*1,11
Ang) =g | 0 0 Po ("2 1Bn-3q  [lgBn—24|, (16)
q
0 0 0 . Bo,g [nil]qﬁl,q
wheren =1,2,3,---; Bog # 0 and
1
ﬁo,l] - Aorq/
—— n=1,2,3 (17)
ﬁn,q* AO,L] = k ] k,q,ank,q ’ — L 49 .

Various members of the g-Appell family can be obtained by choosing a suitable function A,(t)
in the generating function expressed in Equation (13). Some of its members along with their name,
generating function, and series definition, are mentioned in Table 1.

The hybrid type g-special polynomials are a subject of recent interest. In the present work, we
introduce and investigate the properties of g-generalized tangent-based Appell polynomials. Their
series expansion, determinant form, summation formulae, and differential recurrence relations are
obtained in Section 2. In Section 3, some identities and relations involving g-generalized tangent-based
Appell numbers and polynomials are derived. In the last section, the graphical representation of its
members are shown for different values of indices using Matlab. Further, the distributions of zeros of
these members are displayed.
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Table 1. Certainmembers belonging to the g-Appell family.

Name of g-Special
S.No. Ay(t) Polynomials and Its Generating Function Series Definition
Associated Numbers

I W g-Bernoulli polynomials; Eq(tf)ileq(ut) = Yoo Bug(u) [,f]”qy Byq(u) = Yo [Z],,Bk,ﬂ”nik
g-Bernoulli numbers fq“ﬁ =Yoo Bug ﬁql
[11,12] Byg == Buq(0)
| Wﬁ g-Euler polynomials; eq(f) eq(ut) Lo En q( u) [t]’ Enq(1) = Yo [Z]qgquu"*k
g-Euler numbers eq( =Ya=0&ng [n]q
[6,12] gnq =& q( )

2. g-Generalized Tangent-Appell Polynomials

In this section, we introduce the g-generalized tangent-based Appell polynomials (JGTAP) by
means of a generating function. Further, some properties of these polynomials are also obtained.

Using the expansion expressed in Equation (5) in the generating function expressed in
Equation (13) of g-Appell polynomials and then replacing powers of u ie u’,ul,u?,-- ,u" by the
corresponding qGTP CO,m,q(ur U),Clrm,q(u,v), Czlm,q(u,v), -+, Cumy(u,v) and thereafter using the
generating function expressed in Equation (11) of gGTP Cy (1, v) and denoting the resultant

g-generalized tangent-based Appell polynomials by CA,(J/';) (u,v), the following definition is obtained:

Definition 3. The g-generalized tangent-Appell polynomials (§GTAP) CA,([Z)(u,U) (9€C, 0<|gl <1,
imt| < 7, m € RT) are defined by means of the following generating function:

o n

(eq(mtz)—i—l) Ag(Deg(ut) Eg(ot) = Y c ALY (u,0)

. (18)
n=0 [Tl]q!

Whenu = v =0, CA,%)(O,O) = CA< ") are the corresponding g-generalized tangent-Appell
numbers and are defined as

2 e L m) t"
(gmires) 400 = oAl s o

n=0

Selecting suitable function A4(t) and appropriate values of  in the generating function expressed

in Equation (18), several members belonging to the family of §GTAP CA%) (u,v) are obtained. These

members are listed in Table 2.

Table 2. Certain members belonging to the gGTAP CA%> (u,v).

S. No. Ay(t) Name of the Generating Function Generating Function
Resultant Member of Resultant Polynomial of Resultant Number
— ; 2 t 2
I Ay(t) = eq(tﬁ g-generalized tangent (W) (W) eq(ut)Eq(vt) (W) (eq(tﬁ)
-Bernoulli polynomials (GTBP) =)o CBE,Z;) (u,v) [n”q, =Y CB%) [’fi’!
—__2 ; 2 2 2
I Ay(t) = PRORST g-generalized tangent ( (it +1) ( OFS! ) eq(u Eq (ot) (W) (W)
-Euler polynomials (§GTEP) =Y CE,(I",; (u,v) =Y C&%) [é]"q!

Remark 1. As for m = 2, the gqGTP Cy 4(u) reduces to the gTP Ty 4(u,v). Thus, for the same choice of m,

the results of gGTBP CB,(Z';,) (u,v) and gGTEP CE,(JZ) (u,v) (Table 2) reduces to the corresponding results of the
g-tangent Bernoulli and g-tangent Euler polynomials.
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Remark 2. As for m = 1, the qGTP Cy y4(u) reduces to the gEP E,ng) (u,v). Thus, for the same choice of m,

the results of gGTBP CB,S’Z) (u,v) and gGTEP C&%) (u,v) (Table 2) reduces to the corresponding results of the
g-Euler Bernoulli and 2-iterated q-Euler polynomials.

The determinant definitions are helpful in finding solutions to general linear interpolation
problems and can likewise be valuable for calculation purposes. The recent establishment of
determinant definitions for various hybrid polynomials (see, for instance, [10,13]) offers inspiration to

establish the determinant definition for gGTAP CA,(JZ) (u,v) is characterized as follows:

Definition 4. The following determinant form for the gGTAP CA,%) (u,v) of degree n holds true:

1
A(m) u,v)=—o,
C O/q ( ) ﬁo,q
1 Clrm,q(u,v) Comyg(u,0) ... Cn—l,m,q(”/ v)  Cumg(u,0)
ﬁO,q ﬁl,q ﬁZ,q cee ﬁnfl,q ﬁn,q
2 -1
cAng (u,0) = TBog)™ 0 0 Pog o [ gBusg LlpPn2g | (20)
0 0 0 " Bog [h"4) P
wheren =1,2,3,--+; Boy # 0and
8 1
09 = ——/
CA(()IZ)
1 " n
Brg=——Gr | & M CA,ﬁj’;)ﬁn_k,q . =123 -. 1)
CAO,q k=1 q

Remark 3. The gGTBP CB,(Z',;) (u,v) and gGTEP CS,%) (u,v) mentioned in Table 2 are particular members of
gGTAP CA,%) (u,v). Thus, by making appropriate choices for the coefficients Bo 4 and By, (k =1,2,--- ,n)
in the determinant definition of gGTAP CA,%) (u,v), the determinant definitions of qGTBP CB%) (u,v) and
gGTEP cé’,%) (u,v) can be obtained.

1
[k+1]q
determinant form of gGTBP CB,(I’Z) (u,v) is obtained:

For instance, taking fo, = 1 and By, = (k=1,2,---,n) in Equation (20), the following

Definition 5. The following determinant form for the gGTBP CB%) (u,v) of degree n holds true:

(m) _
CBO,q (Ll, U) = 1,
1 Cl'm'ql(u/ v) Czlm,ql(u, v) ... Cn_lrmqu (u,9)  Cumg(u,v)
1
oom Bl Ty T,
0 1 B - [T o
(m) 142 nil 7 1”” nl ! [nl]q
CBn,q (M, U) = (_1),1 0 0 1 [ 2 ]q[n72]q Z}q =1y |’ (22)
0o 0 0 1 o1l

n=123,---.
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Next, taking fo; = 1 and By, = % (k=1,2,---,n) in Equation (20), the following determinant
definition of gGTEP Cé’,%) (u,v) is obtained:

Definition 6. The following determinant form for the GTEP CE,SZ;) (u,v) of degree n holds true:

&) (u,0) =1,

1 Cimg (u,v) Comg (u,v) ... Ch-1mg (u,9)  Cumyg(u,v)
1 1 1 i 1
2 27 a1 1 a1
0 1 [ﬂqj [ 1 ]qz [1]q§
cEM o) = (170 0 S S S )
0 0 0 I AR
n=12,3,

Utilizing generating function of g-Appell numbers and the relation expressed in Equation (11) in
the generating function expressed in Equation (18) and then employing the Cauchy product rule in the
resultant expression and thereafter simplifying and comparing the coefficients of similar powers of f in

the resultant equation, we obtain the following series expansion of gGTAP CA,%) (u,v):

Theorem 1. The series representation for the gGTAP CA,%) (u,v) is given by

" n
CA;f';)(u,v) =Y M Ay —kqChom,q(1,0). (24)
k=0 q

Another form of series representation of gGTAP is obtained by utilizing a generating function for
gGTN, the expansion expressed in Equation (6), and the generating function expressed in Equation (13)
in the relation expressed in Equation (18) and then employing the Cauchy product rule in the resultant
expression and thereafter comparing the coefficients of similar powers of ¢ in the resultant equation.

We then obtain the following series expansion of gGTAP CA%) (u,v):

Theorem 2. The series representation for the gGTAP CA,(J,’? (u,v) is given by

Al (u,0) Z 2 { ] H MN2C g0 A g (1) (25)
q

=0r=0

Also, utilizing the expansions expressed in Equations(5) and (6) and the generating function
expressed in Equation (19) in the generating function expressed in Equation (18) and then employing
the Cauchy product rule in the resultant expression and thereafter comparing the coefficients of similar
powers of t in the resultant equation gives the following form of series representation of gGTAP

CA,%) (u,0):

Theorem 3. The series representation for the gGTAP CA,([,’,;) (u,v) is given by

c A (u,0) ZZH H A U (26)
k=0 q q

Next, we establish the following summation formulae.
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Theorem 4. The gGTAP CASZ) (u,v) satisfies the following summation formulae:

CAM u,v) Z[L Am qu—i—v)g, (27)

Al o = 5[] calt, 0.0 28)

c A (u,0) Z [ ] (k= 1>/2¢A£{"3{/q(u,0)vk. (29)
= q

Proof. Using the expansions expressed in Equations (5) and (6) and Equation (19) in the generating
function expressed in Equation (18), we obtain

icAg n) (1) 2 A n i iuki iqr(rfl)/zvri
! q ”]q!kzo klq! = [r

- (30)
n=0

Jq!

Now, applying the Cauchy product rule and the expansion expressed in Equation (4) in Equation (30)
and then comparing the coefficients of similar powers of t in the resultant equation, we are led to
the assertion expressed in Equation (27). Using the generating function expressed in Equation (18)
(taking u = 0) and the expansion expressed in Equation (5) in the generating function expressed in
Equation (18), we obtain

Y A (o) e = T A (0,0) A 3 at (31)
n:()C n,q ’ [n]q! n:()C n,q \Ys [n]q' [k]q!,

" k=0

which, upon employing the Cauchy product rule and the expansion expressed in Equation (3) and
then comparing the coefficients of similar powers of ¢ in the resultant equation, yields the assertion
expressed in Equation (28). Using the generating function expressed in Equation (18) (taking v = 0)
and the expansion expressed in Equation (6) in the generating function expressed in Equation (18),

we obtain
n tk

o A(m) B am) PN k12 P
Ay (u,0 = Ang (1,0) — v : 32
Y cAug (u,0) T Y cAug ( )[n]q!k;)q [K],! (32)

n=0 [ ]q- n=0

Further, employing the Cauchy product rule and the expansion expressed in Equation (3) and then
comparing the coefficients of similar powers of  in the resultant equation, we are led to the assertion
expressed in Equation (29). O

Theorem 5. The following differential recurrence relations of GTAP CA(m) (u,v) hold true:

nq
Dq,uCA,%)(u,v) [n ]ch( ) (u v), (33)
D,S,ZCAEI,q)(u,v) = r _z,]q!CA;(a—)r,q(”/v)/ (34)
DyocAly (w,0) = [nlgc AN (1,q0), (35)
Dfac AN (10) = = e A7) (36)

Proof. By g-differentiating the generating function expressed in Equation (18) with respect to u, using
Equation (8) and then comparing the coefficients of both sides of the resultant equation, we are led to
the assertion expressed in Equation (33). Further, differentiating the generating function expressed in
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Equation (18) r times with respect to u and proceeding on similar lines using Equation (8), we are led to
the assertion expressed in Equation (34). Similarly g-differentiating the generating function expressed
in Equation (18) with respect to v and using Equation (8) yield the assertion expressed in Equation (35).
Again, differentiating the generating function expressed in Equation (18) r times with respect to v and
using Equation (8) yield the assertion expressed in Equation (36). O

The series definitions and other results for the gGTBP CB,(Z’Z) (u,v) and qGTEP Cé’,%) (u,v) are
given in Table 3.

Table 3. Results for gGTBP CBS,? (u,v) and gGTEP CS,SZ? (u,v).

S.No.  Results qGTBP B (u,0) qGTEP £ (u,v)
I Series CB}('IT,Z) (u/ U) = Zk:o [k}an—k,qck,m,q(”/U) Cgigrz) (”/U) = ZZ:O [k]qgn—k,qck,m,q(uxv)
Expansions  cByls (1,0) = Ti_y Xi_g [z1qmqqf<f*1>/2 cEny (w,0) = Tig T 1], (1,470 172
Cy— r,m,q 0 "By kq(”) Ck- r,m,g? "En kq(”)
CBY (1,0) = Ko Do 1, 1, c B 0w el (w,0) = Xy b [1], (], e ok
I Summation cBy (1,0) = T [ c ,l k g1+ 0 &Ry (w,0) = Ti [1], an"’k Lu+o)
Formulae B (u, ) Tio [,cB" kq(o v)uk Csﬁq( ) Ti_o [{],cE") (0, 0)uf
CBYY (u,0) = Ty 1], LN a0 cEL (u,0) = T [}], 4 (/2] (1,00
111 Differential Dy, MCB;’?(LL, v) = [n}qCBSlm)lq(u,v) Dq/l,c&(,fz)(u, v) = [n]qcé'n )1q(u )
Recurrence DHCB;(zq)(” U) - [n[n]j]q(CBr(l )rq(u/v) Df(],yucgr(li:;)(”/v) = [n[n];]]qlcgn rq(u Z))
Relations Dq,UCBS,,q)(u,v) (n ]chl(q )1q(u qo) Dq,vcg,(zfg)(u,v) [n }qCSH 1q(u,qv)
DiJcBl (u,0) = (B, (u,4'0) Didceny (wo) = e (u,4'0)
3. Identities Involving g-Generalized Tangent-Appell Polynomials
In this section, we derive some identities involving gGTAP CA%) (u,v).
Theorem 6. The following identities of qGTAP CA%) (u,v) hold true:
m
DyucArg (1,0) = [nlgc A" 4 (1,0) 37)
(m) (m)
CAnq (1 U) - CA (0 U)
Al u,v)d 38
[ Al G 2)dy () = o (38)

Proof. By g-differentiating the generating function expressed in Equation (18) with respect to u,

we obtain
n

2 _ d (m) t
: (eq(mt) ) Aa(ter ) Ey01) = Dy 3 Al n,0) 5,

(39)

which, upon using Equation (18) on the left hand side and then comparing the coefficients of similar
powers of f in the resultant equation, we obtain the assertion expressed in Equation (37).
Now, taking the definite g-integral of Equation (37), we obtain

[, /O AU, (1, 0)dgu = AL (1,0) — c AR (0,0), (40)

which gives the assertion expressed in Equation (38). [

Similarly g-differentiating the generating function expressed in Equation (18) with respect to v,
we obtain the following result.
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Theorem 7. The following identities of qGTAP CA,%) (u,v) hold true:

Dyoc Aty (1,0) = [nlyc AL (1, q0) (41)
(m) 1 (m)
1 cAng (U, z) —cAng (u)
(m) o A ( ‘7)
| ATy, 0)dg (0) = T . 2)

In order to derive our next result, we first recall the 2D g-Appell polynomials A, ;(u, v).

Definition 7. The 2D g-Appell polynomials Ay q(u,v) are defined by the following generating function [10]:
Ag(t)eg(ut)Eq(vt) Z Apyg(u, v) n" 0<g<1l, (43)

where Ay(t) is an analytic function at t = 0 given by Equation (14) and A, = An4(0,0) are
g-Appell numbers.

Theorem 8. The following identity of gGTAP CA%) (u,v) holds true:

[e9)

y m A, (1,0) + AL (1,0) = 2A0q(u,0). (44)
k=0 q

Proof. Consider the identity
2 ) 2
2 Ne(mt)+——o =2 (45)
(amayes) s+ o5
Multiplying both side of the above identity by A,(t)e,;(ut)E;(vt), we obtain
<eq(mt)+1) Aq(t)eq(ut) Eq(vt)eq(mt) + (W) Ag(t)eq(ut)Eq(ot) = 2Aq(t)eq(ut) Eq(ot). (46)

Now, using Equations (5), (18), and (43), we obtain

i AL i
n=0 k=0

o) tn el t”l
—|— Z CAnq u, v)*' =2 Z An,q(u/ U)E’ (47)
n=0 '

3‘”‘

which on employing the Cauchy product rule and comparing the coefficients of similar powers of ¢
gives the assertion expressed in Equation (44). [

Putting v = 0 in Theorem 8, we have the following corollary.

Corollary 1. The following identity of one variable qGTAP CA,%) (u) holds true:

y m mEc AV, (1) + AL () = 2400 (). (48)
k=0 q

Putting u = v = 0 in Theorem 8, we have the following corollary.
Corollary 2. The following identity of q-generalized tangent-Appell numbers CA,%) holds true:

A (m) + AT = 24,,,. (49)
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Theorem 9. The following identity of gGTAP CA,%) (u,v) and g-Bernoulli polynomials By, 4(u) holds true:

A (1,0) — cAL (0,0)
[Klg

(m) - n+1 n

] Bn7k+1,q(”)' (50)

Proof. Consider the generating function expressed in Equation (18) in the form

ad (m) "o 2 eg(t) —1 t
Z cAng (u,v) ;! = (eq(mt) T 1) Ag(t)E4(vt) ( q p ) (eq(t) - 1) eq(ut). (51)

n=0

Making use of the generating function of g-Bernoulli polynomials By, ;(u) in Table 1 (I) and the

generating function of gGTAP CA( ) (u,v) expressed in Equation (18) in suitable forms gives

n 0 k]oo

_ (m) (m)
i kgo [CA,W (1,0) — ALY (0,0 } Z By g (u ]q

(52)

) cASZZ) (u,v) !
n=0 [n

Simplifying and employing the Cauchy product rule and thereafter comparing the coefficients of
similar powers of t gives the assertion expressed in Equation (50). O

Theorem 10. The following identity of gGTAP CA%) (u,v) and q-Bernoulli polynomials By, 4(u) holds true:

(m) _ n+1 n

k=0

[k]q CAn—k+1,q (O,U). (53)

5o (8], Berg () — Bk,q(w]

Proof. Consider the generating function expressed in Equation (18) in the form

ad (m) o t eqa(t) —1 2
n;OCAM (u,0) il (eq(t) — 1) eq(ut) ( q ; ) (gq(mt) - 1) Ag(t)Eq(vt). (54)

Making use of the expansion expressed in Equation (5), the generating function of g-Bernoulli

polynomials By, 4(u) in Table 1 (I), and the generating function of gGTAP CA%) (u,v) expressed in

Equation (18), we obtain

o

E ooyt E [

n=0 = q

tkloo n

kar,q(u) - Bk,q(u)] W Z CAn q(o Z)) [t]q . (55)

q° n=0

Simplifying and employing the Cauchy product rule and thereafter comparing the coefficients of
similar powers of t gives the assertion expressed in Equation (53). O

Theorem 11. The following identity of gGTAP CA,(ZZ) (u,y) and q-Euler polynomials 4 (u) holds true:

cA (w0) = Y [ZL . (56)

k=0

A (1,0) + cAL (0,0)
gn k, q( )

Proof. Consider the generating function expressed in Equation (18) in the form

ad (m) " 2 eg(t)+1 2
Y A (00) ey = (eq(mt)+1> Ag(1)E, (ot) < i ) (equ) e (ut).  (57)

n=0
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Making use of the generating function of g-Euler polynomials &, 4(u) in Table 1 (II) and the generating
function of gGTAP CA%) (u,v) expressed in Equation (18) in suitable forms gives

: & "
2 ] [k}q!n;‘s”'q(“) ], 8)

(m) (m)
o0 (m) o CAk, (1,0)—CAk (0,0)
Z CAan (M,U)Tl]q! - Z [ q q

n=0 k=0

Further, employing the Cauchy product rule and comparing the coefficients of similar powers of ¢
gives the assertion expressed in Equation (56). O

Theorem 12. The following identity of gGTAP CA,([';) (u,v) and g-Euler polynomials 4 (u) holds true:

ZI;:O [l:]qgk—r,q(u) - 5k,q(”)
2

Al o =3 [ CAnig(0,0). 9)
q

k=0

Proof. Consider the generating function expressed in Equation (18) in the form

> (m) " 2 eqs(t) +1 2
Leaoog = () a0 (U7) (Gaes) wORE- - ©

Making use of the expansion expressed in Equation (5), the generating function of g-Euler polynomials
(m)

En,g(u) in Table 1 (IT), and the generating function of gGTAP cA;, ; (1, v) expressed in Equation (18),
we obtain

v 4 (m)
Ayd (u,0)
ngf)c ! gt &

oo [z';_o[’;]qsk,,q<u>—5k,q<u>] oo f

2 [K,! EOCAn,q(O,v) @Y

Simplifying and employing the Cauchy product rule and thereafter comparing the coefficients of
similar powers of t gives the assertion expressed in Equation (59). O

Identities involving gGTAP CA,(:Z]) (u,v) derived in this section for gGTBP CB,%) (u,v) and gGTEP
C&%) (u,v) are given in Table 4.
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Table 4. Identities involving GTBP ¢B,,

12 of 20

(u,v) and gGTEP CE,(,Z;) (u,v).

S.No. Identities Involving q-Generalized Tangent
-Bernoulli Polynomials gGTBP ¢B;, q) (u,v)

Identities Involving g-Generalized Tangent

-Euler Polynomials gGTEP CE,EI",;) (u,v)

I DyucBi (1,0) = [nlgcBI™, , (1,0)
(m) (m)
fol CB;T)l,q(u,v)dqu — By (L) tcBryg (00) u”%};‘i;lg"'@ (0.0)
i DyocBiy (,0) = [nlycB") (1, q0)

-1 CBr(z i, )+cBn, (u)
Ji B, (n,0)dgo = M—]qq

I 2By q(u,v) = Yo [il,m chq )kq(u,v)
+CBi<1,q) (u,0)
v cBuy (u,0) = T [,
B{" (1,0)—cB™ (0,0)
|l O g )
v cBuy (u,0) = T [,
=0 [7]Be-r ()~ Big (1)
B G
VI CB%)(”/U) = Yi-o [Z]q
B(zn) 1,0)+ B(m) 0,0
[M} Enig(t)
VI B (u,0) = Y4, [l
kok =& (u
{Zy:o [,]qgk*ﬂzq( )—Eka )} cBu—q(0,0)

Dq,llcgr(l?{;) (u, U) = ["}chr(,’f)l,q (M, )
cEM (1,0)+cEM (0,0)

1 m
Jo Cgr(Lf)l,q(u’v)d‘?u =T,

(u, )

Dyocéng (u,0) = [n]acE)
)+t
[n],

&
fol Cc‘,‘r(l'f)qu(u,v)dqv _ & (”
2800 (1,0) = £ [{],mk €M) (1,0)
+C81§l,q) (Z/l, U)

&M (u,0) = DAL

me, &M,
[%} By genq(1)

Lyq

& (u,0) = DL

Lq
o ], Bi—r () =Biq (1)
{ k[ki “ :|C‘€n—k+l,q(0/v)

ceny (wv) = Ty [1],

&M (1,0) &) (00)
{#} gnfk,q(u)

ceny (wv) = Ty [,

krk u)— u
(Bl 0] g, 00)

(m)

In the next section, the graph of qGTAP c A, (4,v) are displayed by using Matlab. The analysis
of the zeros of these polynomials are also carried out using numerical computations.

4. Graphical Representation and Computation of Zeros

This section intends to exhibit the benefit of employment of numerical investigation and to
discover a new, interesting pattern of the zeros of the gGTAP and to support theoretical prediction.

The gGTBP CB,(ZTI) (u,v) can be determined explicitly. A few of them are as follows:

CB(()'Z)(u,U) =1,

(m) m 1

B - -
C 1"7 (H,'U) 2 +u+v [z]q/
2

(m) _m_m 2 _ 2

cBy g (u,0) = R R s
2l

+uv[2]; — m,

1
R, T2 T2

m?2],  mul2], mo[2],
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cBgZ) (u,0)

_ % _ ’7173 Cut i — vt PR+ [22]’1 B mi[f]q " mzzmq n ’”27;[3]q
muv(3ly (3] m[3y  m*3]y ulBly w3y  v[3]y qv*[3
"2 @ Rt TR BT ER @
B m?(3],  m3[3], N mu3l;  m*ul3l,  mu(3), N mo[3], m?v(3],

42g 202 2Pl 202 22 202y 202
_ uv[3]g u?v[3], B mqu*(3],  quv[3], el
(2] (2] 2[2] 2, [y

(
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We display the shapes of the gGTBP CB,,Z;) (u,v) and investigate its zeros. We plot the graph

of gGTBP CB,%) (u,v) forn =1,2,3,---,10 combined together. The shape of §GTBP CB,%)
—3<u<3,v=2m=3,and g = —1/3 are displayed in Figure 1.

(u,v) for

Our numerical results for the number of real and complex zeros of the gGTBP CB,%) (u,v) for
v=2,m=23and g = —1/3 are listed in Table 5.
Next, we calculated an approximate solution satisfying the qGTBPCB,S%)(u,v) =0foru €
R, v =2,m = 3 and g = —1/3. The results are given in Table 6.

200 F

100 -

cByw, 2)
-100|-

-200 -

-300 -

Figure 1. Curve of gGTBP CB,%) (u,v).

(m)

Table 5. The numbers of real and complex zeros of ¢B; 4 (1, v).

Degreen  Number of Real Zeros Number of Complex Zeros
1 1 0
2 2 0
3 3 0
4 2 2
5 3 2
6 2 4
7 3 4
8 2 6
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Table 6. Approximate solutions of CB,(Z'Z,) (u,v) =0foru € R.

Degree n u
1 1.0000
2 —2.2609, 29276
3 —1.8173, —0.15699, 2.7521
4 —2.1632, 29221
5 —-1.7892, —1.2772, 29430
6 —2.1077, 29725
7 1.8001, —1.5784, 2.9835
8 —2.0768, 2.9910
9 —1.8504, —1.6667, 2.9948

We investigated the beautiful zeros of the gGTBP CB'%) (u,v) = 0 by using a computer. The zeros

of the gGTBP CBY(,%) (u,v) = 0 for u € C are plotted in Figure 2.

30 30

20 ~ 20 ~

Imu) 0 = & Imu) 0 = =
WP o o
I
—10f ] _1of ]
-20 4 -20F 4
30 . . . . . . 30 . . . . . .
30 20 10 0 10 20 30 40 30 20 -10 0 10 20 30 40
Re(u) Re(u)
30 30 l
20 B 201 ° o o °®
e%e
° o ° °
101 . 4 10}
° ® ¢
{ ]
Imu) 0 = = mw) o —@ e
o ° ° o
-1or o [ ) B -0t
L o o [
L Y'Y J PS °
-20 B -20 . .
30 . . . . . . 30 . . T . . . .
30 20 -10 0 10 20 30 40 30 20 -10 ) 10 20 30 40
Re(u) Re(u)

Figure 2. Zeros of gGTBP CB%) (u,v) =0.
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In Figure 2 (top-left), we choose n = 10,m = 10,4 = —1/3, and v = 2. In Figure 2
(top-right), we choose n = 20,m = 20,q = —1/3, and v = 2. In Figure 2 (bottom-left), we choose
n=20,m=230,q=-1/3, and v = 2. In Figure 2 (bottom-right), we choose n = 20,m = 40, = —1/3,
and v = 2.

Using computers, several values of n were verified. However, it remains unknown whether the
following conjecture is true or false for all values of # (see Tables 5 and 6 and Figure 2).

Conjecture 1. Forb € R, prove that CB,%)(u,b),u € C, has Im(u) = 0 reflection symmetry. Howeuver,

CB,%) (u,b) has no Re(u) = a reflection symmetry for a € R.

Conjecture 2. For b € R, prove that gGTBP CB,(ZZ) (u,b) = 0 has n distinct solutions.

Stacks of zeros of gGTBP CB,%)(u,v) =0forv=2,m=10,g=—-1/3and 1 < n < 20 form a 3-D

structure and are presented in Figure 3. Next, we plot the real zeros of the gGTBP CB,%) (u,v) =0 for
ueR,v=2m=10,q=-1/3and 1 < n < 20 in Figure 4.

0000.;5‘.\

Figure 3. Stacks of zeros of §GTBP CB%) (u,v) =0.

20 o ]
r *
g [ ]
r [ ]
re [ ]

15 - [ ]
® [ ]

[ ]
e ®
n [ ]
10| @ [ ]
[ ]
[ ] [ ]
e

[ ] e

5 [ ]

[ ] ®

[ ]
[ ] ®
ul Lol UL Ll 1 LIl [ENERENEL TR Ll LI L

5 -4 3 2 -1 0 1 2 3 4 5 & 8 9 10
Re(u)

Figure 4. Real zeros of CB;(;,Z) (u,v) =0.
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The gGTEP cé’,%) (1,v) can be determined explicitly. A few of them are as follows:
cEan (u,0) =1,

1 m
Cgl(/";)(u,v) = 57 E+u+vr

&y (u,0) = —% - m; +u? + g0 + 4[;}q + m[j]" + mzf]q - ”[5]" - muz[z],,
v[2], mo[2]
_ 5 9 _ > q uv[Z]q,
2 3
N mu4[3]q N mzzmq N U[Z]q N mvf}q N mzzmq B uv£3}q B muz[B]q
N B,  m3], m?3], N m’[3ly  uf8ly  mPul3]; w[3ly
202l 42 42 202 202l 2Pl 2[2)
mu?[3],  v[3], m v[3], N u?v(3], 3 q0*(3], 3 mqv? (3], N quv? (3],
202 202 2[2)g 2l 22 2[2] 2l

We display the shapes of the gGTEP Cé’,%) (1,v) and investigate its zeros. We plot the graph

of gGTEP C&%) (u, v)forn=1,2,3,---,10 combined together. The shape of gGTEP CE,%) (u,v) for
—5<u <5v=2,m=3,and g = 1/3 are displayed in Figure 5.

1000

500

C(S‘n{':,’(u, 2)

-500

-4 -2 0 2 4

Figure 5. Curve of gGTEP CE,STZ) (u,v).

We observed a remarkable regular structure of zeros of the gGTBP CBSZ) (1,v) = 0 and hope to verify

the same kind of remarkable regular structure of zeros of the gGTEP CE,STZ) u,v) = 0. Our numerical

results for the number of real and complex zeros of the gGTEP CS,SZ;) (u,v) are listed in Tables 7 for
v=2m=3,andg=1/3.
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(m)

Table 7. Numbers of real and complex zeros of anfg (u,v).

Degreen Number of Real Zeros Number of Complex Zeros

1 1 0
2 2 0
3 3 0
4 2 2
5 3 2
6 4 2
7 5 2
8 4 4
9 5 4
10 2 8

Next, we calculated an approximate solution satisfying the gGTEP C&%) (u,v) =0foru € R,
v =2,m = 3,and g = 1/3. The results are given in Table 8.

Table 8. Approximate solutions of Cé',(,f?,;) (u,v) =0foru € R.

Degree n u
1 0
2 —2.1602, 2.1602
3 —2.1498, —0.73464, 2.8845
4 0.30406, 3.0659
5 —2.0953, 1.0226, 3.0658
6 —1.9820, 14174, 3.0287
7 —1.9583, —1.2749, —0.42473, 15804, 3.0043
8 —2.0338, 0.48493, 1.5889, 2.9970
9 —-19779, —1.4188, 1.0634, 1.4592, 29975

We investigate the beautiful zeros of the gGTEP CE,%) (1,v) = 0 by using a computer. The zeros
of the gGTEP CS;S,TZ) (1,v) = 0 for u € C are displayed in Figure 6.
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20 T T T T T 20

Im(u) 0 Im(u)

o

—10f _1ol I i
20 . . . . . 20 . . . . .
20 ~10 ) 10 20 30 40 50 20 -10 ) 10 20 30 40 50
Re(u) Re(u)
20 T T 20 T T
Y J
oo o”"¢®
1o .. ® 10} L 4
o
() ® ¢
o o o o
Imu) 0 @ @ Imu) 0 @ @
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Re(u) Re(u)

Figure 6. Zeros of gGTEP CE,SZ;) (u,v) =0.

In Figure 6 (top-left), we choose n = 20,m = 10,4 = 1/3, and v = 2. In Figure 6 (top-right), we
choose n = 20,m = 20,q = 1/3, and v = 2. In Figure 6 (bottom-left), we choose n = 20, m = 30,
q =1/3,and v = 2. In Figure 6 (bottom-right), we choose n = 20,m =40, = 1/3,and v = 2.

Stacks of zeros of CE,%) (u,v) =0forv=2,m=10,4 =1/3,and 1 < n < 26 form a 3-D structure

and are presented in Figure 7.

Figure 7. Stacks of zeros of CS,%) (u,v) =0.
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Next, we plot the real zeros of the gGTEP CE,giZ) (u,v) =0foru € R, v =2,m=10,9 = 1/3,and
1 <n < 26in Figure 8.

) ®
[ ] @
r@® [ ] ® [ d
[ [ [
r [ J [
[ [ [ 4
20 — ® [ 4
® [ [
re [
[ BN [ 4
® [ ] ® ®
[ ] ® [
r [ [
n [ J [ ] [ 4
r [ [
® [ J [ J
10— ® [ d
[ ] [ ] [ J
[ ] [ ] [ d [
[ ] [ ] [ J
® ®
® [ J ®
r ® [ ]
[ J

r [ ] [ ]
| | L e | |
0 5 10

Re(u)

Figure 8. Real zeros of CE,%) (u,v) =0.

From all the numerical computations done in this research work, we give the following conjectures:

Conjecture 3. For b € R, prove that C&%) (u,b),u € C, has Im(u) = 0 reflection symmetry. However,
C&%) (u,b) has not Re(u) = a reflection symmetry for a € R.

Conjecture 4. For b € R, prove that gGTEP CE,(JZ) (u,b) = 0 has n distinct solutions.

Using computers, several values of n have been verified. However, it is still remains unknown if
these conjectures hold true or not for any value of n (see Tables 7 and 8 and Figure 6). We expect that
the research in this direction will be a new approach using numerical methods for the study of the
qGTAP cAY (u,0).
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