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Abstract: Inirecentiworks,imanyiauthorsigeneratedistronglyirelativelyinonexpansiveisequencesiof
mappingsibyitheisequencesiofifirmlyinonexpansive-likeimappings.iInithisipaper,iweiintroduceiainew
methodiforiconstructioniofistronglyirelativelyinonexpansiveisequencesifromifirmlyinonexpansive-like
mappings.
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1. Introduction and Preliminaries

Theiclassiofifirmlyinonexpansive-likeimappingsihasibeeniintroducediini[1].iFixedipointitheory
forisuchimappingsicanibeiapplieditoiseveralinonlineariproblemsisuchiasizeroipointiproblemsifor
monotoneioperators,iconvexifeasibilityiproblems,iconveximinimizationiproblems,iequilibriumiprob-
lems (see, [1–5] forimore details).

LetiCibeiainonemptyiclosediconvexisubsetiofiaismooth,istrictlyiconvexiandireflexiveiBanach
spaceiX,iJibeiainormalizedidualityimappingifromiXiintoidualiX∗,iandiS, T : C → Xiareifirmlyinon-
expansive-likeimappings.iTheisetiofiallifixedipointsiofiTiisidenotedibyiF(T).iItiisiknownithatiifiC
isiaiboundedisubset,itheniF(T)iisinonemptyi([1],iTheoremi7.4).iWeiinvestigateiasymptoticibehavior
ofithe followingisequence {xn}iin aiuniformly smoothiand 2-uniformlyiconvex Banachispace X.

xn+1 = QC J−1(JTxn − (µX)
−2 J(xn − Sxn)) (1)

foriall n ∈ N,iwhere x1 ∈ C, µXidenotes the uniformiconvexity constant ofiX, and QCidenotes the
generalizediprojection ofiX ontoiC. If Xiis a Hilbertispace, theni(1) isireduced to

xn+1 = Txn, for all n ∈ N. (2)

Throughoutithe presentipaper, we denoteiby Nithe setiof all positiveiintegers, Rithe setiof all real
inumbers, Xia real Banachispace withidual X∗, ‖.‖ theinorms ofiX andiX∗, 〈x, x∗〉 the valueiof x∗ ∈ X∗
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atix ∈ X, xn −→ x strongiconvergence of aisequence {xn}iof Xito x ∈ X, xn ⇀ x weakiconvergence
of aisequence {xn}iof Xito x ∈ X, SXithe unitisphere ofiX, and BXithe closediunit ball ofiX.

Now, weipresent someidefinitions which areineeded in theisequel. Theinormalized duality
mapping ofiX intoiX∗ is definediby

Jx = {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2} (3)

foriallix ∈ X. The spaceiX isisaid to beismooth if

lim
t→0

‖x + ty‖ − ‖x‖
t

(4)

existsifor allix, y ∈ SX. The spaceiX is saidito be uniformlyismooth, if (4) convergesiuniformly

inix, y ∈ SX. Itiis saidito be strictlyiconvex, if ‖ x + y
2
‖ < 1 wheneverix, y ∈ SX andix 6= y. It isisaid

toibe uniformlyiconvex, if δX(ε) > 0 foriall ε ∈ (0, 2], where δXiis theimodulus oficonvexity ofiX
definediby

δX(ε) = inf
{

1− ‖ x + y
2
‖ : x, y ∈ BX , ‖x− y‖ > ε

}
(5)

forialliε ∈ [0, 2].
Theispace Xiis saidito be 2-uniformlyiconvex, if thereiexists c > 0 suchithat δX(ε) > cε2 foriall

ε ∈ [0, 2].
Itiis obviousithat every 2-uniformlyiconvex Banachispace is uniformlyiconvex. Itiis knownithat

all Hilbertispaces are uniformlyismooth and 2-uniformlyiconvex. Itiis alsoiknown thatiall the
Lebesgueispaces Lpiare uniformlyismooth and 2-uniformlyiconvex wheneveri1 < p 6 2.

For aismooth Banachispace, Jiis saidito be weaklyisequentially continuousiif {Jxn} converges
weak toiJx, whenever {xn}iis aisequence ofiX suchithat xn ⇀ x ∈ X.

Defineiϕ : X× X → R by

ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2 (6)

foriallix, y ∈ X. Itiis knownithat

ϕ(x, y) = ϕ(x, z) + ϕ(z, y) + 2〈x− z, Jz− Jy〉 (7)

foriallix, y, z ∈ X.

Definition 1 ([3]). The metriciprojection PCifrom Xionto Ciand the generalizediprojection QCifrom Xionto
Ciare definediby

PCx = argmin
y∈C

‖y− x‖, QCx = argmin
y∈C

ϕ(y, x) (8)

foriallix ∈ X,irespectively.

Obviously,ifor x ∈ Xiandiz ∈ C,

z = PCx ⇐⇒ 〈y− z, J(x− z)〉, (∀y ∈ C). (9)

Also,ifor x ∈ Xiandiz ∈ C,

z = QCx ⇐⇒ 〈y− z, Jx− Jz〉, (∀y ∈ C). (10)

Definition 2 ([1]). Aimapping T : C −→ Xiis saidito be a firmlyinonexpansive-like mapping,iif

〈Tx− Ty, J(x− Tx)− J(y− Ty)〉 > 0 (11)
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foriallix, y ∈ C.

Definition 3 ([1]). LetiT : C −→ X be aimapping. A pointip ∈ C isisaid to beian asymptoticifixed pointiof
T,iif thereiexists aisequence {xn}iof Cisuch thatixn ⇀ p andixn − Txn −→ 0. Theiset ofiall asymptoticifixed
points ofiT isidenoted byiF̂(T).

Definition 4 ([1]). Theimapping Tiis saidito be of typei(r), ifiF(T) isinonempty and ϕ(u, Tx) 6 ϕ(u, x)
foriall u ∈ F(T)iandix ∈ C.

Itiis knownithat if Tiis aimapping of typei(r), theniF(T) isiclosed andiconvex.

Definition 5 ([4]). Theimapping T is saidito beiof typei(sr), if Tiis of typei(r) andiϕ(Tzn, zn) −→ 0, whenever
{zn}iis a boundedisequence ofiC suchithat ϕ(u, zn)− ϕ(u, Tzn) −→ 0 forisomeiu ∈ F(T).

Definition 6 ([4]). Theisequence {Tn}iis said to satisfyithe conditioni(Z), if every weakisubsequential limit
ofi{xn} belongsito F({Tn}),iwhenever {xn}iis a boundedisequence ofiC suchithat xn − Tnxn −→ 0.

Now,iwe giveisome resultsiwhich willibe usediin our mainiresults.

Theorem 1 ([5]). Theispace Xiis 2-uniformlyiconvex ifiand onlyiif thereiexists µ > 0 suchithat

‖x + y‖2 + ‖x− y‖2

2
> ‖x‖2 + ‖µ−1y‖2, for all x, y ∈ X. (12)

Lemma 1 ([4], Lemma 2.2). Supposeithat Xiis 2-uniformlyiconvex. Then

( 1
µ X
‖x− y‖

)2
6 ϕ(x, y), for all x, y ∈ X. (13)

Lemma 2 ([1]). If T : C −→ Xiis aifirmly nonexpansive-likeimapping, then F(T)iis a closediconvex subset of
XiandiF̂(T) = F(T).

Lemma 3 ([4]). Supposeithat Xiis uniformlyiconvex. IfiS : X −→ X andiT : C −→ X areimappings of
typei(r) suchithat F(S) ∩ F(T)iis nonemptyiand Sior Tiis of typei(sr), then ST : C −→ Xiis ofitype (r)iand
F(ST) = F(S) ∩ F(T). Further, ifiboth Siand Tiare of typei(sr), theniso isiST.

Lemma 4 ([4]). Supposeithat Xiis uniformlyiconvex. Leti{Sn} be aisequence ofimappings ofiX intoiitself and
{Tn}ia sequenceiof mappingsiof Ciinto Xisuch thatiF({Sn}) ∩ F({Tn}) isinonempty, bothi{Sn} andi{Tn} are
ofitype (sr),iand Snior Tniis of typei(sr) foriallin ∈ N. Thenithe followingiholds:

(i) {SnTn}iis ofitypei(sr);
(ii) if Xiis uniformlyismooth andiboth {Sn}iandi{Tn} satisfyithe conditioni(Z), theniso doesi{SnTn}.

Theorem 2 ([4]). Let Xibe aismooth and uniformlyiconvex Banachispace, Cia nonemptyiclosed convexisubset
ofiX, andi{Tn} a sequenceiof mappingsiof CiintoiX suchithat {Tn}iis ofitype (sr)iand {Tn}isatisfies the
conditioni(Z). If Tn(C) ⊂ Cifor allin ∈ N andiJ isiweakly sequentiallyicontinuous, then theisequence
{xn}idefined byix1 ∈ C andixn+1 = Tnxn foriall n ∈ N convergesiweakly toithe strongilimit ofi{QFxn}.

Now, weiconstruct a newistrongly relatively nonexpansiveisequence fromia givenisequence
ofifirmly nonexpansive-likeimappings withia commonifixed pointiin Banachispaces.

2. Main Results

Theifollowing resultsiwill beiused in theisequel of theipaper.
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Lemma 5. LetiC beia nonemptyiclosed convexisubset of aismooth,istrictly convex, 2-uniformlyiconvex and
reflexiveiBanach spaceiX. Supposeithat (S, T)iis aipair ofifirmly nonexpansive-likeimappings ofiC intoiX
and letiF = F(S) ∩ F(T) 6= ∅. Let Uibe aimapping ofiC intoiX defined byiU = J−1(JT − βJ(I − S)),
whereiβ > 0 andiI denotesithe identityimapping oniC. Then

ϕ(u, Ux) +
1
2
( 2

µ2
X
− β

)
‖Ux− Tx‖2 6 ϕ(u, Tx)

foriall u ∈ F(U)iandix ∈ C.

Proof. Letiu ∈ F(U) andix ∈ C beigiven. Then,ifrom (7)iand theidefinition ofiU, it followsithat

ϕ(u, Ux) + ϕ(Ux, Tx)− ϕ(u, Tx) = 2〈u−Ux, JTx− JUx〉
= 2β〈u−Ux, J(x− Sx)〉. (14)

SinceiS is firmlyinonexpansive-like andiu ∈ F(S), we knowithat

〈u−Ux, J(x− Sx)〉 = 〈u− Sx, J(x− Sx)〉+ 〈Sx−Ux, J(x− Sx)〉
= 〈Sx−Ux, J(x− Sx)〉. (15)

Onithe otherihand, weihave

〈Sx−Ux, J(x− Sx)〉 = −‖Sx− Tx‖2 + 〈Tx−Ux, J(x− Sx)〉
6 −(‖Sx− Tx‖2 − ‖Tx−Ux‖‖x− Sx‖)

6 −(‖Sx− x‖2 − 1
2
‖Ux− Tx‖)2 +

1
4
‖Ux− Tx‖2

6 ‖Ux− Tx‖2. (16)

Sinceiβ > 0, fromi(14)–(16), weideduce that

ϕ(u, Ux) + ϕ(Ux, Tx)− ϕ(u, Tx) 6 2β‖Ux− Tx‖2. (17)

SinceiX is 2-uniformlyiconvex, Lemma 1 impliesithat

(µX)
−2‖Ux− Tx‖2 6 ϕ(Ux, Tx). (18)

Byi(17) and (18), weiobtain the desirediinequality.

Now, weipresent theiconstruction of stronglyirelatively nonexpansiveisequences in theifollowing.

Theorem 3. LetiC be a nonemptyiclosed convexisubset of aismooth and 2-uniformlyiconvex Banachispace X;

(i) {Tn}, {Sn}iare sequencesiof firmlyinonexpansive-like mappingsifrom Ciinto Xisuch that F = F({Tn}) ∩
F({Sn}) isinonempty;

(ii) {Un}iis aisequence ofimappings fromiC intoiX definediby

Un = J−1(JTn − βn J(I − Sn)
)

foriallin ∈ N, whereiβn is aisequence of realinumbers suchithat 0 < infn βniand supn βn < 2(µX)
−2iand

Iidenotes the identityimapping oniC.

Then F({Un}) ⊂ F({Sn}) ∩ F({Tn})iand {Un}iis of typei(sr). Also,iif Xiis uniformlyismooth and i{Sn}
satisfiesithe conditioni(Z), theni{Un} satisfiesithe conditioni(Z).
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Proof. Weican easilyisee thatiF({Un}) ⊂ F({Sn}) ∩ F({Tn}). Atifirst, weishow that {Un}iis of
typei(sr).
Noteithat F({Un})iis nonempty.iBy Lemma 5,iwe alsoiknow that each Uniis aimapping ofitype
(r)ifrom CiintoiX.
Supposeithat {Tnzn}iis a boundedisequence ofiC suchithat

ϕ(u, Tnzn)− ϕ(u, UnTnzn) −→ 0

for someiu ∈ F({Un}). Then, itifollows fromiLemma 5 that

0 6
1
2
(

2
µ2

X
− βn)‖Unzn − Tnzn‖2 6 ϕ(u, Tnzn)− ϕ(u, Unzn). (19)

Thus,iit follows fromisupn βn < 2(µX)
−2 thati‖Unzn − Tnzn‖ −→ 0. Consequently,iweihave

ϕ(Unzn, Tnzn) −→ 0iandihence{Un}iisiofitypei(sr).iNow,iweipresentitheiproofiofiparti(ii).iSuppose
thatiXiisiuniformlyismoothiandi{Sn}isatisfiesitheiconditioni(Z).iLetipibeiaiweak subsequentialilimit
ofia boundedisequence {xn}iofiC suchithat Tnxn −Unxn −→ 0. Byithe definition ofiUn, weihave

J(xn − Snxn) =
1

βn
(JTnxn − JUnxn) (20)

foriallin ∈ N. SinceiJ is uniformlyinorm-to-norm continuousion eachinonempty boundedisubset ofiX

andisupn
1

βn
< ∞, it followsifrom (20)ithat

‖xn − Snxn‖ =
1

βn
‖JTnxn − JUnxn‖ −→ 0.

Fromiouriassumptions,iweiknowithatip ∈ F ⊃ F({Un}).iTherefore,i{Un}isatisfiesitheiconditioni(Z).

Remark 1. It isinotable thatievery nonexpansiveimapping Tiis aimapping of typei(r), but theiconverse isinot
necessarilyisatisfied inia Hilbertispace. Foriinstance, letiT : R −→ R beidefined byiTx = x2, then Tiis ofitype
(r) and is neitherinonexpansive nor ofitype (sr). Also,ilet T : R+ −→ R+ibe defined byiTx =

√
x. Then Tiis

aimapping of typei(sr).

Remark 2. For aimapping Tifrom CiintoiX, the followingiassertions hold:
(a) Tiis of typei(sr) ifiand onlyiif {T, T, · · · }iis of typei(sr);
(b) F̂(T) = F(T)iif and onlyiif {T, T, · · · }isatisfies the conditioni(Z).

Corollary 1. Leti(S, T) beia pairiof firmlyinonexpansive-like mappingsifrom Ciinto Xisuch thatiF(T) ∩ F(S)
areinonempty andiU be a mappingifrom Ciinto Xiwhich is definediby

U = J−1(JT − βJ(I − S))

wherei0 < β < 2(µX)
−2. Thenithe followingiassertions hold:

(i) F(U) ⊂ F(T) ∩ F(S)iand Uiis of typei(sr);
(ii) ifiX is uniformlyismooth, theniF̂(U) = F(U).

Theorem 4. Let {Vn}ibe aisequence of mappingsifrom Ciinto itselfiwhich are definediby

Vn = QCUn

foriallin ∈ N. Thenithe followingiconsequences hold:
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(i) F({Vn}) ⊂ Fiand {Vn}iis of typei(sr);
(ii) ifiX is uniformlyismooth andi{Sn} satisfiesithe conditioni(Z), theniso doesi{Vn}.

Proof. Weiknow thatiF(Vn) ⊂ F(Tn) ∩ F(Sn) foriallin ∈ N andihence iF({Vn}) ⊂ F 6= ∅. Weifirst
showithat {Vn}iis of typei(sr). Fromi(i) ofiCorollary 1, we knowithat eachiUn is of typei(sr). SinceiQC
isiof typei(sr) fromiX intoiitself and

F(QC) ∩ F(Un) ⊂ F(Tn) ∩ F(Sn) ⊃ F 6= ∅,

Lemma 3iimpliesithat eachiVn = QCUn isialso of typei(sr).
Since {QC, QC, ...}iis of typei(sr) byiRemark 2, {Un}iis of typei(sr) by Theorem 3, and

F(QC) ∩ F({Un}) ⊂ F 6= ∅,

the parti(i) ofiLemma 4 impliesithat {Vn}iis of typei(sr).
Weifinallyishowithe parti(ii).iSupposeithatiXiisiuniformlyismoothiandi{Sn}isatisfiesitheicondition
(Z).iSinceiCiisiweaklyiclosed,iweicanieasilyiseeithatiF̂(QC) = F(QC) = C.iThisiimpliesithat
{QC, QC, ...}isatisfiesitheiconditioni(Z).iFromiTheoremi3,iweiknowithati{Un}isatisfiesitheicondition
(Z). Thus, theipart (ii) ofiLemma 4 impliesitheiconclusion.

Asia directiconsequence ofiTheorems 2 and 4, we obtainithe followingiresult.

Theorem 5. LetiX beia uniformlyismooth and 2-uniformlyiconvex Banachispace, Cibe a nonemptyiclosed
convexisubset ofiX, {Tn} and {Sn}ibe two sequencesiof firmly nonexpansive-like mappingsifrom Ciinto Xisuch
that F = F({Tn}) ∩ F({Sn})iis nonempty andi{Sn} satisfiesithe conditioni(Z), βnibe a sequenceiof real
numbersisuch that

0 < inf
n

βn, sup
n

βn < 2(µX)
−2,

andi{xn} be aisequence defined byix1 ∈ C and

xn+1 = QC J−1(JTnxn − βn J(xn − Snxn)
)

foriallin ∈ N.iIfiJiisiweaklyisequentiallyicontinuous,itheni{xn}iconvergesiweaklyitoitheistrongilimitiofi{QFxn}.
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