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Abstract: In this study, we present the concept of the interval-valued fuzzy soft point and then
introduce the notions of its neighborhood and quasi-neighborhood in interval-valued fuzzy soft
topological spaces. Separation axioms in an interval-valued fuzzy soft topology, so-called g-T; for
i=0,1,2,3,4, are introduced, and some of their basic properties are also studied.
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1. Introduction

In 1999, Molodtsov [1] proposed a new mathematical approach known as soft set theory for
dealing with uncertainties and vagueness. Traditional tools such as fuzzy sets [2] and rough sets [3]
cannot clearly define objects. Soft set theory is different from traditional tools for dealing with
uncertainties. A soft set was defined by a collection of approximate descriptions of an object based on
parameters by a given set-valued map. Maji et al. [4] initiated the research on both fuzzy set and soft
set hybrid structures called fuzzy soft sets and presented a concept that was subsequently discussed
by many researchers. Different extensions of the classical fuzzy soft sets were introduced, such as
generalized fuzzy soft sets [5], intuitionist fuzzy soft sets [6,7], vague soft sets [8], interval-valued
fuzzy soft sets [9], and interval-valued intuitive fuzzy soft sets [10]. In particular, to alleviate some
disadvantages of fuzzy soft sets, interval-valued fuzzy soft sets were introduced where no objective
procedure was available to select the crisp membership degree of elements in fuzzy soft sets. Tanya and
Kandemir [11] started topological studies of fuzzy soft sets. They used the classical concept of topology
to construct a topological space over a fuzzy soft set and named it the fuzzy soft topology. They also
studied some fundamental topological properties for the fuzzy soft topology, such as interior, closure,
and base. Later, Simsekler and Yuksel [12] studied the fuzzy soft topological space in the case of Tanay
and Kandemir [11]. However, they established the concept of the fuzzy soft topology over a fuzzy soft
set with a set of fixed parameters and considered some topological concepts for fuzzy soft topological
spaces such as the base, subbase, neighborhood, and Q-neighborhood. Roy and Samanta [13] noted a
new concept of the fuzzy soft topology. They suggested the notion of the fuzzy soft topology over an
ordinary set by adding fuzzy soft subsets of it, where everywhere, the parameter set is supposed to be
fixed. Then, in [14], they continued to study the fuzzy soft topology and established a fuzzy soft point
definition and various neighborhood structures. Atmaca and Zorlutuna [15] considered the concept of
soft quasi-coincidence for fuzzy soft sets. By applying this new concept, they also studied the basic
topological notions such as interior and closure for fuzzy soft sets. The concept of the product fuzzy
soft topology and the boundary fuzzy soft topology was introduced by Zahedi et al. [16,17], and they
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studied some of their properties. They also suggested a new definition for the fuzzy soft point and
then different neighborhood structures. Separation axioms of the fuzzy topological space and fuzzy
soft topological space were studied by many authors, see [18-23] and [24-27]. The aim of this work is
to develop interval-valued fuzzy soft separation axioms. We start with preliminaries and then give
the definition of the interval-valued fuzzy soft point as a generalization of the interval-valued fuzzy
point and fuzzy soft point in order to create different neighborhood structures in the interval-valued
fuzzy soft topological space in Sections 3 and 4. Finally, in Section 5, the notion of separation axioms
g-T;,i = 0,1,2,3,4 in the interval-valued fuzzy soft topology is introduced, and some of their basic
properties are also studied.

2. Preliminaries

Throughout this paper, X is the set of objects and E is the set of parameters. The set of all subsets
of X is denoted by P(X) and A C E, showing a subset of E.

Definition 1 ([1]). A pair (f, A) is called a soft set over X, if f is a mapping given by f : A — P(X). For any
parameter e € A, f(e) C X may be considered as the set e-approximate elements of the soft set (f, A). In other
words, the soft set is not a kind of set, but a parameterized family of subsets of the set X.

Before introducing the notion of the interval-valued fuzzy soft sets, we give the concept of the
interval-valued fuzzy set.

Definition 2 ([28]). An interval-valued fuzzy (IVF) set over X is defined by the membership function
f: X — int([0,1]), where int(]0, 1]) denotes the set of all closed subintervals of [0,1]. Suppose that x € X.
Then, f(x) = [f~(x), fT(x)] is called the degree of membership of the element x € X, where f~ (x) and f+
are the lower and upper degrees of the membership of x and 0 < f~(x) < f+(x) < 1.

Yang et al. [9] suggested the concept of interval-valued fuzzy soft set by combining the
interval-valued fuzzy set and soft set as below.

Definition 3 ([9]). An interval-valued fuzzy soft (IVES) set over X denoted by fg or (f,E) is defined by
the mapping f : E — IV F(X), where TV F (X) is the set of all interval-valued fuzzy sets over X. For any
e € E, f(e) can be written as an interval-valued fuzzy set such that f(e) = {(x, [f; (x), fo" (x)]) : x € X}
where f; (x)andf;" (x) are the lower and upper degrees of the membership of x with respect to e, where
0< fi(x) < fF(x) <1

Note that ZV FS (X, E) shows the set of all IVFS sets over X.

Definition 4 ([9]). Let f4 and gp be two IV FS sets overX. We say that:

1. fa isan interval-valued fuzzy soft subset of gp, denoted by f<gp, if and only if:

(i) A<B,
(ii) Foralle € A, f; (x) < g7 (x) and f;F (x) < g (x),Vx € X.
2. fa=gpifand only if f4<gp and g4<fp.
3. The union of two IVFS sets f, and gg, denoted by foVgp, is the IVFS set (f vV g,C), where C = AU B,
and for all e € C, we have:

[fe (x), fo" (x)], ec A—B
(fV&)elx) =1 [8 (%), & (x)], e€B—A
[max (f; (x), g (x), max (f;"(x), g (x)] e€ ANB,
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forallx € X.

The intersection of two IVFS sets fu and gp, denoted by faAgp, is the IVFS set (f A g,C), where
C = ANB,and forall e € C, we have (f A g)e(x) = [minf, (x), g, (x), minf," (x), g (x)] for all
x e X.

The complement of the IVES set f, is denoted by f4(x) where for all e € A, we have f5(x) = [1 —

fe+(x)/1 _fe_(x)]'

Definition 5 ([9]). Let fr be an IVFS set. Then:

1.

fE is called the null interval-valued fuzzy soft set, denoted by Qg, if f, (x) = fiF(x) = 0, for all
x € X,e€ E.
fE is called the absolute interval-valued fuzzy soft set, denoted by Xg, if f; (x) = f;7 (x) = 1, for all
xe€ X,ec E.

Motivated by the definition of the soft mapping, discussed in [29], we define the concept of the

IVFS mapping as the following:

Definition 6. Let f4 be an IV ES set over Xy and gp be an IVFS set over Xy, where A C Eq and B C Ej. Let
D, : X1 — Xpand @) : Ey — Ej be two mappings. Then:

1.

The map ® : IVFS(Xq,E1) — IVFS(Xy, Ey) is called an IVFS map from X; to Xp, and for any
y € Xpand e € B C Ey, the lower image and the upper image of fa under ® is the IVFS®(f4) over X,
respectively, defined as below:

WPco, 0 SUPeco , fOI), HOIONAZpand 0;1(y) £ ¢

0, otherwise,

(W) = {

SWPco, 0SPeco , FTOI), HONAE pand @1 (y) #

0, otherwise.

[@(f)N(e)(y) = {

Let ® : IVFS(X1,E1) = IVFS(Xy, Ez) be an IVFS map from Xy to Xp. The lower inverse image
and the upper inverse image of IVES g under ® denoted by ®~'(gp) is an IVFS over X, respectively,
such that for all x € Xy and e € Ey, it is defined as below:

g(;p(e)q)u(x), if ®y(e) € B

@ @) = { |
0, otherwise,
g;f)p(e)q)u(x), ifd>p(e) €B

0 otherwise.

(@7 (gM)(e)(x) = {

Proposition 1. Let ® : ZVFS(X,E) — IVFS(Y,F) be an IVFS mapping between X and X, and
let {fiatic; € IVFS(X,E) and {gip}ic; C IVFS(Y,F) be two families of IVFS sets over X and Y,
respectively, where A C E and B C F, then the following properties hold.

S Gk =

[D(fja)]° <D (fia)" foreachj € .

[@1(gjp)]c = @ (gjp)" foreach j € ].

If gip<gj, then ®~(g;p) <P~ (gjp) for each i, j € J.

If fia<fja, then ®(fia) <®(fja) for eachi,j € J.

@[Vjesfial = Vjej®(fja) and @[V e gip] = Vjej @ (g)p)-
O[Ajerfial = Rjej®(fja) and D71 [Ajergjp) = Ajey® ' (g)p)-
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Proof. We only prove Part (5). The other parts follow a similar technique. Forany k € F,y € Y, and
a € A, then:

@[Vjc fial(k)(y) = Sql)lp( )( SUP( )(Vjej)fjA)(Z)(X)
xe®, (y) zed, ' (k

= sup ( sup (max([fj;/ ;])))(k)(y)
xed; (y) zed, (k) €

= sup (max( sup [f];(k), ]Z(k)]))(]/)
e l(y) 1 zewin)

= max( sup ( sup [f;,(K)(y) ]Jg(k)]))(]/)]
j€J xe®;(y) ze@, (k)

= max( sup ( sup fia(k)(y)))
I€] xedy (y) zewy (k)

= max®(fia) (k) ()
= Vje]q)(fjA) (k) (]/)

Now, we prove that ®[V;¢;g;g] = Vje;® ! (gjp). Forany e € E,x € Xand b € B:

O [Vjegiplle)(x) = (Vje))gjn(@p(e))(Pu(x))

= [rljf.lEa]ng’;,,njlg]Xgﬁ](<I>p(6))(<1>u(x))

= [[Hjlea]Xgﬁ,(@p(e))(@u(x))/r?éa]Xg;Z(q>p(€))(%(x))}
= [n]f.lglx @, (g3) (8)(x)fr?ealx @, (g3)(e) (%))

= r?g]X[%l(gj;)(6)(x)/<1>£1(gj+b)(6)(x)]

— n]gea]x @, ' (gj8)(e)(x)
= Vi@, (g)(e)(x).
O

3. Interval-Valued Fuzzy Soft Topological Spaces

The interval-valued fuzzy topology IV FT was discussed by Mondal and Samanta [30]. In this
section, we recall their definition and then present different neighborhood structures in the
interval-valued fuzzy soft topology (IVFST).

Definition 7. Let X be a non-empty set, and let T be a collection of interval valued fuzzy soft sets over X with
the following properties:

(i) @r, Xg belong to T,
(ii) If fig, fo£ are IVES sets belong to T, then fipA foE belong to T,
(iii) If the collection of IVFS sets { fig|j € ]} where ] is an index set, belonging to T, then Vc; fir belong to T.

Then, T is called the interval-valued fuzzy soft topology over X, and the triplet (X, E, T) is called the
interval-valued fuzzy soft topological space (IVFST).

As the ordinary topologies, the indiscrete IVEST over X contains only Qg and Xg, while the discrete
IVEST over X contains all IVFES sets. Every member of T is called an interval-valued fuzzy soft open set
(IVFS-open) in X. The complement of an IV FS-open set is called an 1V FS-closed set.

Remark 1. If f; (x) = f,;F (x) = a € [0, 1], then we put [f; (x), f," (x)] = [a,a] = a.
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Example 1. Let X = [0,1] and E be any subset of X. Consider the IVFS set fr over X by the mapping:
f+E—=ZIVF(0,1])
such that foranye € E,x € X:

£ (x 1 0<x<e
0 e<x<1.

Then, the collection T = {®g, Xg, fg} is an IVFST over X.

1. Clearly Xg, O € T.
2. Let{fie}jey be a sub-family of T where for any j € ] if x € X such that for all e € E:

1 0<x<e

fje(x)_{ 0 e<x<1.

Since:
1 0<x<e

then Vfip € T.
3. Let fp,gr € T, where:

1 0<x<e
fE(x)_{o e<x<1,
and:
(x)— 1 0<x<e
8e )10 e<x<1.
Since:
1 0<x<e
fe(x)Age(x)—{O iy

Thus, fE NgE € T.

Example 2 ([23]). Let R be the set of all real numbers with the usual topology T, where T, = ({(a,b),a,b €
R}) and E is a parameter set. Let U = (a,b) C R be an open interval in R; we define IVFS Ug over R by

the mapping:
U:E— (Int[0,1])®

such that for all x € R:

Then, the family {Ug : (a,b) C R,Va,b € R} generates an IVFS over R, and we denote it by V) .

. Clearly, Rg, O € TLSIVPS) where foralle € E, k € R,Rg(e)(k) = [1,1], and @.(k) =0
2. Let {Ujg}jej be a sub-family ofTL(,IVFS) where for any j € ] if x € (aj, b;) and interval (a;, b;) in R such

that for all e € E:
- _J 1 xe€(a;,b))
U]E(x) - { 0 X g ([l],b])

e —= ~ IVFS
Since VjUjp = (U;U}, E) where UjU;p € Ty, then VU € rlE )

3. LetUg, Vg € TLSIVFS), then UgAVE € TLSIVFS) since UgAVe = (UNV,E) where UNV € T,
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Definition 8. Let interval [A;,A}] C [0,1] for all e € E. Then, Xg is called an interval-valued fuzzy soft
point (IVFS point) with support x € X and e lower value A, and e upper value A, if for each y € X:

g _ ) AT y=x
He)y) = { 0 otherwise.

Example 3. Let X = [0,1] and E be any subset of X. Consider IVFS point X with support x, lower value
zero, and upper value 0.3, we define IVFS point Xg by:

£0)(0) :{ 0,03] c=x

0 otherwise,

foranye € Eandc € X.

Definition 9. The IVFS point g belongs to IVES set fg, denoted by X € fr, whenever for all e € E, we have
Ao < fe (x)and A < £ ().

Theorem 1. Let fr be an IVES set, then fr is the union of all its IV FS points,
ie, fg = \N/JgEéfEJ?E.

Proof. Let x € X be a fixed point, y € X and e € E. Take all X¢& fr with different e lower and e upper
values A, A]t where j € J. Then, there exists A;, = f;”, /'\; = f," where:
Vigeppfe(y) = [sup % (y),sup £ (y)]
[ sup A, sup /\;]
AeSf(x) AeSft(x)

= [fe (0. f ()]

O

Proposition 2. Let {fr };cj be a family of IVFS sets over X, where ] is an index set and Xg is an IVFS point
with support x, e lower value A, and e upper value . If X€A ;e {fir}, then Xp&{fi} for each j € ].

Proof. Let ¥ be an IVFS point with support x, e lower value A,, and e upper value
Af, and let ®€Ajci{fje}. Then, A;S/\jej{sz}(x)g{sz}(x) for each e € E, x € X and
Ajg/\jej{f]j}(x)g{ ]Jg}(x) for each e € E, x € X. Thus, [A;,Aj]g[{f];}(x),{ ]-Jgr}(x)], for each
e € E,x € X. Hence, Xxg&{fir}jcj. O

Remark 2. If ¥ & fpV gE does not imply Xg€ fg or XpEQE.
This is shown in the following example.

Example 4. Let T be an IVFST over X, where T = {Qg, X, fe,$e, fEAQE}, and X be the absolute IVFS
point with support x, e lower value A, , and e upper value A If frand g are two IVFS sets in X defined
as below:

f+E—=IVF([0,1))

and:
¢:E—=IVF([0,1))
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such that forany e € E, x € X:

) = { [1,05] 0<x<e

0 e<x<1

and:

(x) = [02,1] 0<x<e
gelX) = 0 e<x<1.

Since:
1 ifo<x<e

fovsn ={ 5 ETE
then fEéfEVgE, but fE%fE and fEégE-

Theorem 2. Let % be an IVFS point with support x, e lower value A, , and e upper value A} and fg and
Qr be IVFS sets. If Xp& fgVqE, then there exists IVFES point %1g € fr and IVES point %ypEQE such that
Xp = ¥1gVisE.

Proof. Let ¥g&fpVgr. Then, A, <f, (x)Vg, (x) and AJ <f,F(x)VgS (x), foreache € E, x € X. Let
us choose

Er ={e € E|\; <fo (x),AJ <fe' (x) : x € X},

B = {e € ElA; <g (1), AF <g{ (1) - x € X}

and:
AL AY] ify=x, e€E
B(o)y) = § o) Ty =nech
0, otherwise,
A7 AN, ify=xy,e € E
Be)y) = § oAl Y =€ B
0, otherwise.

Since x;, < f;,(x) and x{; < fl‘: (x) for each e € Ej,x € X, that implies %1€ fir and also
X5 < frp(x), and x2+e < f;e (x) for each e € Ep, x € X, that implies %,£ € for. Consequently, EVE; = E
and ¥g = ¥1gV&e. O

Definition 10. Let (X, E, T) be an IVFST space and Xg be an IVES point with support x, e lower value A, ,
and e upper value A}. The IVES set g is called the interval-valued fuzzy soft neighborhood (IVFSN) of IVFS
point %, if there exists the IV FS-open set fg in X such that £ € fg<gg. Therefore, the IV FS-open set fE is an
IVESN of the IVFS point % if Ve € E,x € X such that A, < f; (x)and A} < f;"(x).

Definition 11. Let (X, E, T) be an IVFST space and Xg be an IVES point with support x, e lower value A, ,
and e upper value A} and %} be an IVFS point with support x*, e lower value €, , and e upper value ef . X} is
said to be compatible with A, , A}, if X provides that 0 < e, < A; and 0 < ef < A} foreache € E.

Proposition 3.

1. If fgisan IVESN of the IVFS point % and fp<hg, then hg is also an IVFSN of .

2. If fp and gg are two IVESN of the IVFS point X, then fpAgr is also the IVFSN of X.

3. If fgisan IVFSN of the IVFES point £} with support x*, e lower value A, — €, , and e upper value
AS —ef, forall e compatible with A, and €f compatible with A}, then fg is an IVFSN of the IVFS
point Xg.

4. If fpisan IVFSN of the IVFS point X1g and gg is an IVESN of the IVFS point %, then fgV g is also
an IVFSN of %1 and X,E.

5. If fpisan IVFSN of the IVFES point X, then there exists IVFSN g¢g of X such that gp < fr and gp is
IVFSN of IVFES point § with support y, e lower value vy, , and e upper value v}, for all jpEgE.



Mathematics 2020, 8, 178 8of 17

Proof.

1.

Let fg be an IVFSN of the IVFS point %. Then, there exists the IVFS-open set gg in X such that
fEéggéfE. Since fgihE, J"C'EégEéfEihE. Thus, hE isan IVFSN of XE.
Let fr and gg be two IVFSN of the IVFS point . Then, there exists two IV FS-open sets hg, kg in
X such that ¥ Ehp<fp and Xp€kp<gr. Thus, ¥ EhpAkp< fpAgE. Since hgAkg is an [V FS-open
set, ggAfpis an IVFSN of Zg.
Let fg be an IVFSN of the IVFS point £; with support x*, e lower value A, — ¢, , and e upper
value A — ¢, for all ¢; compatible with A, and ¢/ compatible with A. Then, there exists
IVFS-open set g¥ such that ¥5€g% <fr. Let gg = Vy+g} , then g is IVFS-open in X and gg< fr.
By Theorem 1 and since for alle € E, V&5 = ¥p <V gt = gp<fr. Hence, ¥pEgr < fr, ie., fr is
an IVFSN of %f.
Let fr be an IVFSN of the IVFS point %1¢ with support x1, e lower value A;,, and e upper value
A}, and g be an IVFSN of the IVFS point %,r with support x3, e lower value A,,, and e upper
value /\;E. Then, there exists IVFS-open sets hi, hop such that $1p&hp<fr and %ppEhyp<fE,
respectively. Since #1&hg, Ay, < hy,(x),A], < hﬂ(x) foreache € E and x € X. Since % EhyE,
Ay, < hyy(x),A), < hy,(x) for each e € E and x € X. Thus, we have:

max{[Aye, A, [Ager Az} < max{[hy, (x), 1 (%)), [l (%), 3, (%)]}
for each e € E, x € X. Therefore, flEVXZEéhlEVhZEI hlEVhZE € 7, and hlEVhZEéfEVgE'
Consequently, fgVgr is an IVFSN of x1p V.
Let fg be an IVFSN of the IVFS point ¥g, with support x, e lower value A, ", and e upper value
AJ. Then, there exists IV FS-open set ¢ such that £ £¢p < fr. Since gr is an IV FS-open set, F is
a neighborhood of its points, i.e., gr is an IVFSN of IVFS point §r with support y, e lower value
7., and e upper value ", for all e € E. Furthermore, gr is an IVFSN of IVFS point % since
%p&gr. Therefore, there exists gr that is an [VFSN of % such that ¢g< fr and gf is an [IVFSN of
JE; since fpisan IVFSN of Xf.

Definition 12. Let (X, E, ) be an IVFST space and fr be an IVFS set. The IV FS-closure of fr denoted by
Clfg is the intersection of all IV FS-closed super sets of fr. Clearly, Clfg is the smallest IV FS-closed set over
X that contains ff.

Example 5 ([23]). Consider IVFST TL{VF S over R as introduced in Example 2, and if Hg is an IVFS over R
related of the open interval H = (a,b) C R by mapping:

H:E — (Int[0,1))%

where e € E and x € R, then the closure of HE is defined as:

CIH : E — (Int[0,1)¥

~ ] 1 xeal]
He(x) _{ 0 x¢lab]

Remark 3. By replacing X for fg, the IV FS-closure of Xg denoted by CIX is the intersection of all IV FS-closed
super sets of Xr.



Mathematics 2020, 8, 178 90f17

Proposition 4. Let (X, E, T) be an IVFST space and fr and gg be two IVFSS over X. Then:

ClQr = @f and ClXg = X,

fe<ClfE, and Clfg is the smallest IV FS-closed set containing IVFSfE,
CI(CIfe) = CIfz,

Z'ffEégE, then (leE)éClgE

fE is an IVFS-closed set if and only if fr = CIfE,

Cl(fE\~/gE) = leEVClgE,

Cl(fgf\gg)é(:le/N\CZgE.

NS ks L=

Proof. We only prove Part (6). A similar technique is used to show the other parts.

Since fr<frVg¢r and ge<frVgE, by Part (4), we have CIfp<CI(fgVgr) and CIg<CI(fgVgE).
Then, leEVClg}géCl(fEVgE)

Conversely, we have fp<Clfr and ¢g<Clgg, by Part (2). Then, frVgp<ClfgVClgr where
ClfgVClgg is an IVFS-closed set. Thus, CI(fgVgr)<ClfrVCIgg.

Therefore, CI(fgVgE) = ClfgVClge. O

Definition 13. Let (X1, E1, 1) and (Xo, Ez, T2) be two IVFSTS and:
D: (Xll E]/Tl) — (XZ/ EZ/ TZ)

be an IVFES map. Then, ® is called an:

1. interval-valued fuzzy soft continuous (IVFSC) map if and only if for each g, € To, we have ®~1(gg,) € 71,
2. interval-valued fuzzy soft open (IVFSO) map if and only if for each fr € 11, we have ®(fg,) € 1.

Theorem 3. Let (Xy,Eq, 11) and (X, Ez, 72) be two IVFST and ® be an IVFS mapping from Xi to Xy, then
the following statements are equivalent:

1. ®isIVEC,

2. Foreach IVFS point X on Xy, the inverse of every neighborhood of ®(Xr) under ® is a neighborhood
Of fE,

3. Foreach IVFS point X on Xy and each neighborhood gg of ®(%g), there exists a neighborhood fg of Xg
such that ®(fr)<gE.

Proof.

(1) = (2) Let gr be an IVFSN of ®(Xg) in 7. Then, there exists an IVFS-open set fr
in 1, such that ®(¥g)&fr<gr. Since ® is IVFSC, ®~!(f) is an IVFS-open in 77, and we have
Fp&D ! (fe) 207 (gk).

(2) = (3) Let gz bean IVFSN of ®(&E). By the hypothesis, ® ! (gr) isan IVFSN of £¢. Consider
fe = ® '(gg) tobe an IVFSN of Zr. Then, we have ®(fr) = ®(® 1 (gr))<gE.

(3) = (1) Let g¢ be an IVFS-open set in T,. We must show that ®~1(gg) is an IVFS-open set in
71. Now, let £gE€®1(gE). Then, ®(%r)&g. Since gf is an I[VFS-open set in 7o, we get that gf is an
IVFSN ®(Xg) in 15. By the hypothesis, there exists IVFS-open set fr thatis an [VFSN of ¥ such that
®(fp)<gE. Thus, fe<P 1D (f£)]|<D 1 (gg) for fr isan IVFSN of #¢. From here, fp<®~!(gE), as f¢
isan IVFSN of X¢. Hence, ®~!(gp)&t. O

4. Quasi-Coincident Neighborhood Structure of Interval-Valued Fuzzy Soft Topological Spaces

In this section, we present the quasi-coincident neighborhood structure in the interval-valued
fuzzy soft topology (IVFST) and its properties.
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Definition 14. The IVFS point X is called soft quasi-coincident with IVFS f, denoted by Xgifr, if there
exists e € E such that A; + f; (x) > 1and A} + f;7(x) > 1. If fg is not soft quasi-coincident with fg, we

write fE—4gE.

Definition 15. The IV FS set ft is called soft quasi-coincident with IV FS gg, denoted by frdgg, if there exists
e € E such that f; (x) + ¢, (x) > Land f,;F (x) + ¢f (x) > 1.

Proposition 5. Let X be an IVFS point with support x, e lower value A, , and e upper value A} and fr, gp
two IVFS sets. Then:

(i) fe<ge < fE—qgs,
(ii) ZpEfr < Fpdfe.

Proof. We just prove Part (i). A similar technique is used to show Part (ii). For two IVFS sets fr, gk,

we have:
fe2ge & Ve€E:[f, (x) £ ()] < g (x), g (x)] Vx € X
& VecE:f (x)<g (x)and £, (x) < ¢S (x),Vx € X
& VeeE:fi(x)+1—g, (x)<land f,"(x)+1—g (x) <1,Vxe X
& VYec€E:f (x)+g ()<1andfe() +gTi(x) <1,Vxe X
& fedgE-
O

Proposition 6. Let {fjr : j € J} be a family of IVFS sets over X and X be an IVFS point with support x, e
lower value A, , and e upper value A" If XeG(A fig), then Xpqfig for each j € J.

Proof. Let f£f(Afjr). Then, A, 4(A;f;, ) (x), Af4(Aif;;)(x) fore € E, and x € X. This implies that
Ay >1—A (f]_)( x)and A > 1 — Aj( ]Jg)( x),x € X. Since/\]-f_( )<f];( ) and A; ]e( x) < ]E( x),
then A, > 1—A;(f,)(x) > 1—f, (x )foreacheEExGXandA* >1-A (je>< ) >1— /e(x)
for each ¢ € E,x € X. Hence, )\ > 1-f;,(x) and Af > 1-— P *(x). Therefore, [A;,AS] >
(1,1] — [f (x), ]e( x)] 1mphesthatx5>1—f]E and fjfjg foreachje J. O

Remark 4. %£j(fr V gp) does not imply Xgdfr or XpGge. This is shown in the following example.
Example 6. Let us consider Example 4 where Xpg(feVgE), but Xp—qfg and Xg—GgE.

Theorem 4. Let % be an IVFS point X with support x, e lower value A, , and e upper value A and fg, gg
be IVFS sets over X. If Xgd(fr V ), then there exists X1pq fr and %opdgr such that X = X1V X)E.

The proof is very similar to the proof of Theorem 2.

Definition 16. Let (X, E, T) be an IVESTS and % be an IV FS point with support x, e lower values A, , and
e upper values A;. The IVFS set g is called a quasi-soft neighborhood (QIVFSN) of IVES point X if there
exists the IVFS-open set fr in X such that Xpd fp<gg. Thus, the IV FS-open set fg isa QIVFSN of the IVFS
point % if and only if Je € E,x € X such that A; + f; (x) > land A} + f,F(x) > 1.

Remark 5. A quasi-coincident soft neighborhood of an IVFS point generally does not contain the point itself.
This is shown by the following:
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Example 7. Let X = [0,1] and E be any subset of X. Consider two IVFS sets fr, gr over X by the mapping
f+E—=ZIVF(0,1]) and f : E — ZVF([0,1]) such that forany e € E, x € X:

. _J [04,05] 0<x<e
fe(x){ 0 e<x<1,

and:

)~ | 0607) 0<x<e
el X) = 0 e<x<1,

and Xg be any IV ES point defined by:

..\ _ ) [04,05] c=x

Te(e) = { 0 ¢ # x.
Let T = {@g, Xg, f£, g }- Then clearly, T is an IVFST over X. Since fp<gp and §f, thus gg isa QIVFSN
of Xg. However, X¢ ¢ gr.

Proposition 7.

(1) If fg<gg and fr isa QINVSN of g, then g is alsoa QINV SN of %,

(2) If fg, ge are QINVSN of X, then fgAgE is alsoa QINVSN of .

(3) If frisa QINVSN of %1 and gg isa QINVSN of X, then fEVgE is alsoa QINV SN of #1gV Xk,

(4) If fpisa QINVSN of X, then there exists g that isa QINVSN of X, such that gg<fr, and gg is a
QINVSN Ony, VyquE.

Proof. (1) and (2) are straightforward.

(8) Let fgbea QINVSN of #1 and gg bea QINVSN of %. Then, there exists an IV FS-open set hg
in X such that ¥1gjh < fg and g isa QINVSN of %,r. Thus, there exists an IV FS-open set hop
in X such that ,pdhyp <g. Since ¥1pjhig foreache € E,x € X, Ay, + hy, > 1, A{, 4+ hi, > 1, this
implies that A}, > 1—hy,, A{, > 1—h{ foreache € E. Since %,rjhyg, foreache € E, A5, + hy, > 1,
)L;_e + h;’e > 1, this implies that A,, > 1 —h,,, A;e >1— h;; foreach e € E, x € X. From here,

max (Ap,, A,,) > max (1 — hy,(x)), (1 — hy,(x)), max (A{,, A5,) > max (1 — i, (x)), (1 — k3, (x)).

Therefore, %1V %pq(h1pVhop ) < feVgE. Consequently, fEV¢r isa QINVSN of %1V iE.

(4) Let fp be a QINVSN of %¢. Then, there exists gr that is a QINVSN of ¥ such that ¥£4gr<fE.
Consider the gr = hr. Indeed, since ¥gjhr and hr is an IVFS-open set, hg isa QINVSN of %f.
Thus, we obtain kg thatisa QINVSN of fjr.

O

Theorem 5. In IVFST (X, E, T), the IVFS point X belongs to Clfg if and only if each QIVFS of X is soft
quasi-coincident with f.

Proof. Let IVFS point ¢ with support x, e lower value A, , and e upper value A} belong to
Clfg,i.e, Xg€CI fg. For any IVFS-closed g containing fr, ¥r&gr, which implies that A, < g, (x) and
Af < gf(x), forall x € X,e € E. Consider g to be an QIVFN of the IVFS point ¢ and hg—jfE.
Then, forany e € Eand x € X, h; (x) + f; (x) < 1,15 (x) + f,;F(x) <1, and so, fp<h. Since hg is a
QIVESN of the IVFS point £, by X, it does not belong to h}.. Therefore, we have that £ does not
belong to CIfg. This is a contradiction.
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Conversely, let any QIVFSN of the IVFS point ¢ be soft quasi-coincident with fr. Consider that
%r doe not belong to CIfg,i.e, g & Clfr. Then, there exists an IV FS-closed set gg, which contains fg
such that ¢ does not belong to g¢r. We have £gjgt. Then, ¢¢ is an QIVFSN of the IVFS point ¥ and
fE—Gg%. This is a contradiction with the hypothesis. [

5. IVFS Quasi-Separation Axioms
In this section, we develop the separation axioms to IVFST, so-called IV FSQ separation axioms
(IVESg-T; axioms) fori = 0,1,2, 3,4, and consider some of their properties.

Definition 17. Let (X, E, T) be an IVFST space. Let X and ijg be IVFS points over X, where:

" _ ) e z=x
*e)(z) = { 0 otherwise

and:

(Z)_{['Ye/’)/j] z=Y

0 otherwise,
then Xp and g are said to be distinct if and only if ¥g Ajr = O, which means x # y.

Definition 18. Let (X, E, T) be an IVFEST space. The IVFS point X is called a crisp IVFS point xg’”, if

A, =Af =1foralle € E.

Definition 19. Let (X, E, T) be an IVFST space and ¢ and i be two IVFS points. If there exists IVFS
open sets fr and g such that:

(a) when % and fjg are two distinct IV ES points with different supports x and y, e lower values, and e upper
values A, , Af and vy, ,~y}, respectively, and f is an IVESN of the IVFS point Xg and Jg—§fg or g is
an IVFSN of the IVFES point g and Xg—§gE,

(b)  when X and §jr are two IVFS points with the same supports x =y, e value A, < vy, , and e value
Ad < v and frisa QIVFSN of the IVFS point §g such that Xg—§fg,

then (X, E, T) is an interval-valued fuzzy soft quasi-Ty space (IV FSq-Ty space).

Example 8. Consider the IVES set defined in Example 3.1 and X, §jg to be any two distinct IVFS points in X

defined by:
7(e)(z) = { 0 iia

and:

7(e)(2) = {2 ’fc;z

Then, fg is an IVFSN of Xg and §jg—§ fg. Thus, X is an IVFSq-Ty space.

Theorem 6. (X, E, 7) is an IVFSq-T space if and only if for every two IVFS points Xg, yg and Xg ¢ Clijg
or yg ¢ CZXE-

Proof. Let (X, E, T) be an IVFSq-Tj space and ¢ and jg be two IVFS points in X.
First consider that ¥¢ and g are two distinct IVFS points with different supports x and y, e lower

values, and e upper values A, ,y, and A/, ., respectively. Then, a crisp IVFS point fg 4 has an
IVESN fr such that §r—§fF or a crisp IVFS point gg'” has an IVFSN g such that g —§fr. Consider

that the crisp IVFS point fg’u has an IVFSN ff such that #g—§fg. Moreover, fr is an QINFSN of %
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and 7g~§fg. Hence, xg ¢ Clyr. Next, we consider the case ¢ and g to be two IVFS points with the
same supports x = y, e lower value A, < <, , and e upper value A} < ;. Then, ¢ has a QIVFSN
that is not quasi-coincident with ¥, and so, by Theorem 5, i ¢ Clyt.

Conversely, let X and i be two IVFS points in X. Consider without loss of generality that
Xr ¢ Clyg. First, consider that ¥r and /¢ are two distinct IVFS points with different supports x and
y, e lower values, and e upper values A, , 7y, and A}, 7y, , respectively, since X ¢ Cljg forany e € E,
fo (y) = fF(y) =0and f, (x) = £,/ (x) = 1. Then, CI(jE)° is an IVFSN of % such that CI(§g ) —§i.
Next, let ¢ and g be two IVFS points with the same supports x = y, and we must have e lower value
A, > 7, and e upper value A > 1, then ¥¢ has a QIVFSN that is not quasi-coincident with jg. O

Definition 20. Let (X, E, T) be an IVFST and % and §jg be two IVFS points, if there exists IVFS open sets
fr and gr such that:

(a) when Xg and g are two distinct IVFS points with different supports x and y, e lower values, and e upper
values A, , 7y, and A, v, respectively, fg is an IVFSN of IVFS points Xg and §g—ifg, and g is an
IVESN of IVFS points g and Xg—4ge,

(b)  when Xg and §fg are two IVFS points with the same supports x =y, e value A, < v, , and e value
A < vF, feisan QIVFSN of the IVFS point g such that Xg—§fE,

then (X, E, T) is an interval-valued fuzzy soft quasi-Ty space (IVFSq-Ty space).
Theorem 7. (X, E, T) is an IVFSq-T; space if and only if any IVFS point X in X is an IV FS-closed set.

Proof. Suppose that each IVFS point Xt in X is an IVFS-closed set, i.e., g = ;. Then, gr is an
IVFES-open set. Let xg and y be two IVFS points as follows: First, consider that £ and §¢ are two
distinct IV FS points with different supports x and y, e lower values, and e upper values A, , v, and
AJS,vd, respectively. Then, gr is an IVFS-open set such that gg is an IVFSN of IVFS point jg and
Xg—qge. Similarly, fr = 7% is an IVFS-open set and fr isan IVFSN of the IVFS points X and §r—{ fE.
Next, we consider the case ¢ and §r to be two IVFS points with the same supports x = y, e value
A, < 7, ,and evalue A] < v;. Then, ¢ has a QIVFSN g, which is not quasi-coincident with .
Thus, X is an IVFSqg-T; space.

Conversely, Let (X,E, T) be an IVFSq-T; space. Suppose that any IVFS point X is not an
IVFS-closet setin X, i.e., f = X¢. Then, fE #* leE, and there exists gEéleE such that ¥ # V.

First, consider that £r and i are two distinct IVFS points with different supports x and y, e lower
values, and e upper values A, , 7, and A, v, respectively. Suppose that e lower value A, < 0.5 and
e upper value A, < 0.5. Since §g&CI fr, by Theorem 4.1, any fg is a QIVFSN of §¢ and X fg. Then,
there exists [V FS-open set hg such that 7§he < fp. Hence, h, (y) + 7, > 1. Next, let ¥¢ and 7 be two
IVFS points with the same supports x = y, e value A, < 7, , and e value A} < 7. Since ypEClxg,
by Theorem 5, each fr isa QIVFSN of IVFS points jjr, g4 fr. This is a contradiction. [

Definition 21. Let (X, E, T) be an IVFST and % and §jg be two IVFS points, if there exists IVES open sets
fr and gr such that:

(a) when % and fjg are two distinct IV FS points with different supports x and y, e lower values, and e upper
values A, , 7y, and A}, 7., respectively, fg is an IVFSN of the IVFS point X and gg is an IVFSN of
the IVFS point §jg, such that fg—dgE,

(b)  when X and §r are two IVFS points with the same supports x =y, e value A, < vy, , and e value
AF <, feisan IVESN of IVES point Xg and gg is a QIVFSN of IVFS point §g,

then (X, E, T) is an interval-valued fuzzy soft quasi-T, space (IVFS g-T, space).
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Example 9. Suppose that X = [0,1] and E are any proper (E C X). Consider IVFS sets fp and gg over X
defined as below: f : E — ZVF([0,1]) and ¢ : E — ZVF([0,1]), such that forany e € E, x € X:

por={ 3 0525

and:
0 0<x<e
g<e><x>—{1 oot

Let T = {@g, Xk, fe, g} Then clearly, T is an IVFST over X. Therefore, for any two absolute distinct
IVES points Xg, g in X defined by:
1 z=x

f<e><z>—{ 0 i

ie)(z) = 0 fz=y
j(e)(z) {1 .

Then, frisan IVESN of X, and gr is an IVESN of {jg, such that fr—§gr. Then, X is an IVFS g-T, space.

and:

Theorem 8. I[VFST(X,E, ) is an IVFSq-T, space if and only if for any x € X, we have ¥ = N{Clf :
fe € IVESN of %}

Proof. Let (X, E, T) be a crisp IVFSq-T, space and % be an IVFS point with support x, e lower value
A, , and e upper value 7. Let yg be a crisp IVFS point with support y, e lower value vy, , and e
upper value A . If ¥¢ and §g are two IVFS points with different supports x and y, e lower values,
and e upper values A, , v, and AJ, v, respectively, then there exist two IVFS-open sets fr and g
containing IVFS points jjr and g, respectively, such that fr—§gr. Then, gg is an IVFSN of IVFS
point ¥¢ and fr is a QIVESN of jjr such that fr—§gr. Hence, ijr ¢ CIgr. If £¢ and §jr are two IVFS
points with the same supports x = y, then 7, > A;and 7, > A/. Thus, there are QIVFSN fr of
IVES points jjg and IVFSN g such that fr—jgg. Hence, jg ¢ CIgE.

Conversely, let ¢ and g be two distinct IV FS points with different supports x and y, e lower
values, and e upper values A, , A} and 7, , 7.", respectively. Since:

£ = N{CIfz : fe € IVFSN of 2£}, and A{CI([f:, 1) (y) : fe € IVESN of %} = 0.

Thus, 7e~gA{Clfe : fr € IVFSN of #£}. Therefore, there exists f¢ that is an IVFSN of ¥ and
7e—GClfg. Take two T-IVFS-open sets fr and (Clfg)°. Therefore, fr is an IVFSN of IVFS point %,
(Clfg)¢ an IVFSN of IVFS point g, and fr—§(Clfg)c. O

Definition 22. Let (X, E, T) be an IVFST. If for any IVFS point X with support x, e lower values A, , and e
upper values A} and any IVFS-closed set fg in X such that g—qfg, there exists two IV FS-open sets hg and
kg such that ¥g&hg and fp<kg, hg—gkg, then (X, E, T) is called an interval-valued fuzzy soft quasi reqular
space (IVES g-regular space).

(X, E, 1) is called an interval-valued fuzzy soft quasi-Tj3 space, if it is an IVFS g-regular space
and an IVFS g-T; space.

Theorem 9. IVFST(X,E, 1) is an IVFS g-Ts space if and only if for any IVFSN g of IVFS point X there
exists an IV FS-open set fg in X such that Xg€ fp<clfp<gg.
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Proof. Let g be an IVFS set in X and g be an IVFS point with support x, e lower value A,, and
e upper value A; such that ¥g&€gg. Then, clearly, g5 is an IVFS-closed set. Since X is an IVFS g-T;
space, there exist two IVFS-open sets f, hg such that % éfg,g‘ééhg,hg and fr—ghg. Thus, fﬁ-éh%
Therefore, Cl fp<h¢. implies Cl fp<gr. Hence, g€ fr<Clfp<gE.

Conversely, let ¢ be an IVFS point with different support x, e lower value A;, and e upper
value A, and let gr be an IVFS-closed set such that ¥g—jgg. Then, g% is an IV FS-open set containing
the IVFS point %f, i.e., Xg€g:. Thus, there exists an IVFS-open set fr containing ¥g such that
Xp€fp<Clfp<gr ge<(Clfg). Therefore, clearly, (CIfg) is an IVFS-open set containing gr and
fE—G(ClfE)°. Hence, X is an IVFS g-T; space. [

Definition 23. Let (X, E, T) be an IVFST. If for any two IV FS-closed sets fr and g such that fp—=4gg, there
exists two 1V FS-open sets hg and kg such that fp<hg and gp<kg, then (X, E, T) is called an interval-valued
fuzzy soft quasi-normal space (IV ES g-normal space).

(X, E, 1) is called an interval-valued fuzzy soft quasi Ty space if it is an IVFS g-normal space and
an IVFSq-T; space.

Theorem 10. IVFST(X, E, T) isan IVFS q-Ty space if and only if for any IV FS-closed set fg and IV FS-open
set containing fg, there exists an IVFS-open set hg in X such that fg<hp<clhg<g.

Proof. Let fr be an IVFS-closed set in X and gg be an IVFS-open set in X containing f, i.e., fE<gE.
Then, g% is an IV FS-closed set such that fr—=4g%.

Since X is an IVFS q-Ty space, there exist two [V FS-open sets hg, kg such that fg<hg, g%ékg,
and hg—gkg. Thus, hg<kS, but Clhg<Clk$ = kg. Furthermore, g& <k implies k*<gp. That is an
IVFS-closed set over X. Therefore, Clhg <kS. Hence, we have fp<hg<Clhg<gg.

Conversely, let fr and g be any IVFS-closed sets such that fg—4gr. Then, fp<g%. Thus, there
exists an IVFS-open set hg such that fg<hp<Clhp<gp. Therefore, there are two [V FS-open sets hg
and (Clhg)® such that fg<hg, gg<(Clhg)°. This shows that X is an IVFS q-T space. [

Theorem 11. If ® : (X1,E1,11) — (Xo, Ez, ) is an IVFSC and IVFSO map where ®,X; — X, and
®,E; — Ej are two ordinary bijections, then Xy is an IV FSq-T; space if and only if X5 is an IVFSq-T; space
fori=0,1,2,3,4.

Proof. We just prove when i = 2. The other parts are similar.

Suppose that we have two IVFS points kg, and 5, with different supports k and s, e lowers
value, and e upper values A, , /\e+ and v, , ’yj, respectively, for any e € Ej. Then, the inverse lower and
upper image of IVFS point kg, under the IVFSO map @ is an IVFS point in X; with different support
®~1(k) as below:

ST (kT)(e)(x) = k™ (@p()) (Pu(x)) and @7 (k) (e) (x) = kT (@ (e)) (Pu(x)).

Furthermore, the inverse lower and upper image of IVFS point 3¢, under the IVFSO map @ is an
IVFS point in X with different support ®~(s) as below:

@15 )(e)(x) = 5 (Pp(e)) (Pu(x)) and @7 (57) (e) (x) = ™ (Pp(e)) (Pu(x))-

Since (X1, Eq, 1) is an IVFSg-T, space, there exist two IVFS-open sets fr and gr in Xj such that
& Y(kg,)Efe, D 1(5k,)EgE, and fr—ige. Thus, kg, € fp and g, Egp, while ®(fg)—~§P(gE). Therefore,
(X2, E, 12) is an IVFSq-T, space.

Conversely, suppose that we have two IVFS points ¥ and ¢ with different supports x,y € X, e
lower value, and e upper value A, , A} and vy, , v, respectively. Then, the lower and upper image
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of an IVFS point ¢ under the IVFSC map ® is an IVFS point in X, with different support &, (x) as
below:

P(x7)(e)(k) = <SI>up(k)[ sup  (¥7)(e)](2)
zed-1 eed:',;l(s)

Ay ifk=®,(x)
0 otherwise,

and:

Q")) (k) = sup [ sup (¥7)(e)](2)
2€@71(k) ecd,(e)

B A ifk=®y,(x)
- 0 otherwise

and the lower and upper image of an IV FS point §jr under the [VFSC map @ is an IVFS point in Xp
with different support ®,(y) as below:

@7 )(e)(k) = sup [ sup (7 )(e)l(z)
z€@71(k) ecd,(e)

{ Yo ifk=du(y)

0 otherwise

and:

D) (e)(k) = fpup(k)[ sup  (77)(e)](2)
z€®@1(k) ec®,(e)
_ {'yj if k = @y (y)

0 otherwise.

Since (X5, Ep, 1) is an IVFSq-T, space, there exist two IVFS-open sets fg, and g, in X, such that

D(%)EfE,, P(7)EQE,, and fr,—dgE,. Clearly, J?Eédfl(sz),yEé(D’l(gEz) and <1>’1(f52)ﬂ17<b’1(g52).
Then, (X3, E1, 71) is an IVFSq-T, space. [

6. Conclusions

The aim of this study was to develop the interval-valued fuzzy soft separation axioms in order to
build a framework that will provide a method for object ranking. Thus, in this paper, we introduced
a new definition of the interval-valued fuzzy soft point and then considered some of its properties,
and different types of neighborhoods of the IVFS point were studied in interval-valued fuzzy soft
topological spaces. The separation axioms of interval-valued fuzzy soft topological spaces were
presented, and furthermore, the basic properties were also studied.
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