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Abstract: In present paper, we deal with a backward diffusion problem for a time-fractional diffusion
problem with a nonlinear source in a strip domain. We all know this nonlinear problem is severely
ill-posed, i.e., the solution does not depend continuously on the measurable data. Therefore, we use
the Fourier truncation regularization method to solve this problem. Under an a priori hypothesis
and an a priori regularization parameter selection rule, we obtain the convergence error estimates
between the regular solution and the exact solution at 0 ≤ x < 1.
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1. Introduction

Over the past decade, fractional diffusion problems have become important in engineering and
science [1]. This term is used to describe a large number of problems in biological, chemical, control
theory, mechanical engineering, finance, and fractional dynamics [2–4]. Fractional order derivatives
and integrals can be used to describe the memory and hereditary properties of different substances [5],
leading to the fractional-order model, which is very useful. Information regarding the development of
fractional differential operators can be found in [6,7].

The fractional diffusion equation, which can be used to describe the superdiffusion and
superdiffusion phenomena [8], is obtained by converting the derivative of the heat equation regarding
time into the derivative of the fractional order. A large number of scholars have studied the
time-fractional diffusion equation. In [9], an iteration regularization method is used to consider
the inverse heat conduction problem for a time-fractional diffusion equation. In [10], the mollification
regularization method is used to consider the Cauchy problem of the time-fractional diffusion
equation. In [11], the spectral regularization method is applied to solve the inverse problem of the
time-fractional inverse diffusion problem. In [12], two different regularization methods are used to
solve a Riesz–Feller space-fractional backward diffusion problem. In [13], the spectral regularization
method is used to solve the Cauchy problem of the time-fractional advection-dispersion equation.
In [14], a new regularization method is applied to solve a time-fractional inverse diffusion problem.
In [15], the optimal regularization method is used to solve an inverse heat conduction problem for
the fractional diffusion equation. In [16], the Landweber iterative regularization method is applied
to identify the initial value problem of the time–space fractional diffusion-wave equation. In [17,18],
The quasi-boundary value method is used to identify the initial value of the heat equation and
the time-fractional diffusion equation on a spherically symmetric domain. In [19,20], the authors
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considered the nonlinear equation with variable exponents and proved a finite-time blow-up result for
the solutions with negative initial energy and for certain solutions with positive energy.

However, in the above papers on inverse problem of the fractional diffusion equation, the
equation is homogeneous and the problem is linear. In [21], a new modified regularization method
can be used to solve the backward problem for the nonlinear space-fractional diffusion equation.
In [22], two new modified regularization methods are applied to solve the backward problem for a
nonlinear Riesz–Feller space fractional diffusion equation. However, in [21,22], the fractional diffusion
equation is a space-fractional diffusion equation. In this paper, we investigate the following nonlinear
time-fractional diffusion equation:

Dα
t u(x, t)− uxx(x, t) = f (x, t, u(x, t)), t > 0, x ∈ R,

u(x, 0) = 0, x ∈ R,

u(1, t) = g(t), t > 0,

u(x, t)|x→∞bounded, t > 0,

(1)

where the time-fractional derivative Dα
t u(x, t) is the Caputo fractional derivative of order α(0 < α ≤ 1)

defined by [16]: 
Dα

t u(x, t) = 1
Γ(1−α)

∫ t
0

du(x,s)
ds

ds
(t−s)α , 0 < α < 1,

Dα
t u(x, t) = du(x,t)

dt , α = 1,

(2)

where f (x, t, u(x, t)) is a known nonlinear heat source. u(1, t) = g(t) is an additional condition and
can be used to identify u(x, t) as 0 ≤ x < 1. The measurable data gδ(t) ∈ L2(R) meets

‖gδ − g‖L2(R) ≤ δ, (3)

where ‖ · ‖ represents L2(R) norm and δ > 0 is a noise level.
The structure of this article is as follows. Some auxiliary results are given in Section 2. The Fourier

truncation regularization method is presented in Section 3. The error estimates are given in Section 4,
and a simple conclusion is given in Section 5.

2. Some Auxiliary Results

Suppose f̂ (ξ) denotes the Fourier transform of f (t) defined by

f̂ (ξ) =
1√
2π

∫ ∞

−∞
e−iξt f (t)dt. (4)

In order to use the Fourier transform for variable t, we let u(x, t) = 0, as t < 0. Using the Fourier
transform for variable t, we obtain

(iξ)
α
2 û(x, ξ)− ûxx(x, t) = ̂f (s, t, u)(x, ξ), ξ ∈ R, x ∈ R,

û(x, 0) = 0, x ∈ R,

û(1, ξ) = ĝ(ξ), ξ ∈ R,

û(x, ξ)|x→∞bounded, ξ ∈ R.

(5)

Through solving this ordinary differential equation, we obtain the solution of Problem (1) in the
following frequency domain:

û(x, ξ) = e(iξ)
α
2 (1−x) ĝ(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds. (6)
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Then,

u(x, t) =
1√
2π

∫ ∞

−∞
eiξt(e(iξ)

α
2 (1−x) ĝ(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds)dξ. (7)

Using the properties of the Fourier transform for the time-fractional derivative, we obtain

| (iξ)
α
2 |=

{
| ξ | α2 (cos( απ

4 )− isin( απ
4 )), ξ < 0,

| ξ | α2 (cos( απ
4 ) + isin( απ

4 )), ξ ≥ 0.
(8)

Using (7) and (8), we find | (iξ) α
2 | has the positive real part | ξ | α2 cos( απ

4 ). As a result of

0 ≤ x < s < 1, as |ξ| becomes large, |e(iξ)
α
2 (1−x)| and |e(iξ)

α
2 (s−x)| increase quickly. The solution for

0 ≤ x < 1 can be destroyed by the small errors in the high-frequency components of the measurable
data gδ(t). Thus, Problem (1) is severely ill-posed. Therefore, the Fourier truncation regularization
method is used to solve Problem (1). First, we introduce an important Lemma.

Lemma 1. If w(x) ∈ C(0, 1) and satisfies

w(x) ≤ C1 + 2C2(1− x)
∫ 1

x
w(y)dy, (9)

then,
w(x) ≤ C1e2C2(1−x), (10)

where C1 ≥ 0, C2 ≥ 0 are constants.

Proof. Assume W(x) = w(1− x), W(1− x) = w(x), ∀x ∈ (0, 1).

Then,

W(1− x) ≤ C1 + 2C2(1− x)
∫ 1

x
w(y)dy. (11)

Assuming z = 1− y, we have

W(1− x) ≤ C1 + 2C2(1− x)
∫ 1−x

0
w(1− z)dz ≤ C1 + 2C2

∫ 1−x

0
w(1− z)dz. (12)

Assuming τ = 1− x, τ ∈ (0, x), then we have

W(τ) ≤ C1 + 2C2

∫ τ

0
W(z)dz. (13)

Using the Gronwall inequality for (13), we have

W(τ) ≤ e
∫ τ

0 2C2ds
∫ τ

0
C1ds. (14)

Then,
W(τ) ≤ C1τe2C2τ ≤ C1e2C2τ , (15)

and so,
W(1− x) ≤ C1e2C2(1−x). (16)

Hence,
w(x) ≤ C1e2C2(1−x). (17)
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3. Fourier Regularization Method and Results

Define the Fourier regularization solution of Problem (1) as follows:

uδ
ξmax

(x, t) =
1√
2π

∫ ∞

−∞
eiξt(e(iξ)

α
2 (1−x) ĝδ(ξ)Xmax(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, uδ
ξmax(ξ)

)(s, ξ)

2(iξ)
α
2

dsXmax(ξ))dξ, (18)

where Xmax is the characteristic function of the interval [−ξmax, ξmax], i.e.,

Xmax(ξ) =

{
1, | ξ |≤ ξmax,

0, | ξ |≥ ξmax.
(19)

The Fourier truncation regularization method is a very effective method for dealing with ill-posed
problems. Many authors have used it to deal with different ill-posed problems, such as in [23–32].
In [33], the authors extended the Fourier method to the general filtering method and solved the
semi-linear ill-posed problem in the general framework. Moreover, they obtained excellent results.
Hereafter, the existence, uniqueness, and stability of the solution for Problem (18) is considered.

Theorem 1. Suppose g ∈ L2(R), assume f ∈ L∞([0, 1]×R×R) satisfy f (x, t, 0) = 0 and

| f (x, t, ω)− f (x, t, ν) |≤ k | ω− ν |, (20)

for constant k > 0 independent of x, t, ω, ν. Therefore, a unique solution uδ
ξmax

(x, t) to problem (18) exists.

Proof. For ω(x, t) ∈ C([0, 1]; L2(R)), define the operator as follows:

G(ω)(x, t) :=
1√
2π

∫ ∞

−∞
e(iξ)

α
2 (1−x) ĝ(ξ)Xmax(ξ)eiξtdξ +

1√
2π

∫ ∞

−∞
eiξt

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, ω)(s, ξ)

2(iξ)
α
2

dsXmax(ξ)dξ.

Therefore, for ω, ν ∈ C([0, 1]; L2(R)), we first prove the following inequality:

‖Gp(ωξmax )(x, ·)− Gp(νξmax )(x, ·)‖ ≤ (
k
2
)p(eξ

α
2
max ξ

− α
2

max)
p 1√

p!
(1− x)

p
2 |||ωξmax − νξmax |||, (21)

where ‖ · ‖ is the norm in L2(R), and ||| · ||| is the sup norm of C([0, 1]; L2(R)). We use the method of
induction to prove Inequality (21).
When p = 1, we have

‖G(ωξmax )(x, ·)− G(νξmax )(x, ·)‖2 = ‖Ĝ(ωξmax )(x, ·)− Ĝ(νξmax )(x, ·)‖2

=
∫ ∞

−∞
|
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, ωξmax )(s, ξ)− ̂f (s, t, νξmax )(s, ξ)

2(iξ)
α
2

dsXmax(ξ)|2dξ

=
∫ ξmax

−ξmax
[
∫ 1

x

e(iξ)
α
2 (s−x)

2(iξ)
α
2

( ̂f (s, t, ωξmax )(s, ξ)− ̂f (s, t, νξmax )(s, ξ))ds]2dξ

≤
∫ ξmax

−ξmax
[
∫ 1

x

e2(iξ)
α
2 (s−x)

4(iξ)α
ds

∫ 1

x
| ̂f (s, t, ωξmax )(s, ξ)− ̂f (s, t, νξmax )(s, ξ)|2ds]dξ
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≤ e2(iξmax)
α
2

4(iξmax)α
(1− x)

∫ ξmax

−ξmax
[
∫ 1

x
| ̂f (s, t, ωξmax )(s, ξ)− ̂f (s, t, νξmax )(s, ξ)|2ds]dξ

≤ e2ξ
α
2
max

4ξα
max

(1− x)
∫ 1

x
[
∫ ∞

−∞
| ̂f (s, t, ωξmax )(s, ξ)− ̂f (s, t, νξmax )(s, ξ)|2dξ]ds

=
e2ξ

α
2
max

4ξα
max

(1− x)
∫ 1

x
[
∫ ∞

−∞
| f (s, t, ωξmax )(s, t)− f (s, t, νξmax (s, t)|2dt]ds

≤ e2ξ
α
2
max

4ξα
max

(1− x)k2
∫ 1

x
[
∫ ∞

−∞
|ωξmax (s, t)− νξmax (s, t)|2dt]ds

=
e2ξ

α
2
max

4ξα
max

(1− x)k2
∫ 1

x
‖ωξmax (s, ·)− νξmax (s, ·)‖2ds

≤ e2ξ
α
2
max

4ξα
max

(1− x)k2(1− x)|||ωξmax − νξmax |||
2

≤ e2ξ
α
2
max

4ξα
max

(1− x)k2|||ωξmax − νξmax |||
2.

When p = j, the inequality satisfies

‖Gj(ωξmax )(x, ·)− Gj(νξmax )(x, ·)‖2 ≤ (
k2

4
)j(

e2ξ
α
2
max

ξα
max

)j (1− x)j

j!
|||ωξmax − νξmax |||

2. (22)

Therefore, when p = j + 1, we have

‖Gj+1(ωξmax )(x, ·)− Gj+1(νξmax )(x, ·)‖2 = ‖Ĝ(Gj(ωξmax ))(x, ·)− Ĝ(Gj(νξmax ))(x, ·)‖2

=
∫ ∞

−∞
|
∫ 1

x
e(iξ)

α
2 (s−x) f (s, t, ̂Gj(ωξmax (s, ξ)))− f (s, t, ̂Gj(νξmax (s, ξ)))

2(iξ)
α
2

dsXmax(ξ)|2dξ

≤
∫ ξmax

−ξmax
[
∫ 1

x

e2(iξ)
α
2 (s−x)

4(iξ)α
ds

∫ 1

x
| f (s, t, ̂Gj(ωξmax (s, ξ)))− f (s, t, ̂Gj(νξmax (s, ξ)))|2ds]dξ

≤ e2(iξmax)
α
2

4(iξmax)α
(1− x)

∫ ξmax

−ξmax
[
∫ 1

x
| f (s, t, ̂Gj(ωξmax (s, ξ)))− f (s, t, ̂Gj(νξmax (s, ξ)))|2ds]dξ

≤ e2ξ
α
2
max

4ξα
max

(1− x)
∫ 1

x
[
∫ ∞

−∞
| f (s, t, ̂Gj(ωξmax (s, ξ)))− f (s, t, ̂Gj(νξmax (s, ξ)))|2dξ]ds

=
e2ξ

α
2
max

4ξα
max

(1− x)
∫ 1

x
[
∫ ∞

−∞
| f (s, t, Gj(ωξmax (s, ξ)))− f (s, t, Gj(νξmax (s, ξ)))|2dt]ds

≤ e2ξ
α
2
max

4ξα
max

(1− x)k2
∫ 1

x
[
∫ ∞

−∞
|Gj(ωξmax (s, t))− Gj(νξmax (s, t))|2dt]ds
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=
e2ξ

α
2
max

4ξα
max

(1− x)k2
∫ 1

x
‖Gj(ωξmax (s, ·))− Gj(νξmax (s, ·))‖2ds

≤ e2ξ
α
2
max

4ξα
max

(1− x)k2
∫ 1

x
(

k2

4
)j(

e2ξ
α
2
max

ξα
max

)j (1− s)j

j!
|||ωξmax − νξmax |||

2ds

≤ (
k2

4
)j+1(

e2ξ
α
2
max

ξα
max

)j+1 |||ωξmax − νξmax |||2

j!

∫ 1

x
(1− s)jds

= (
e2ξ

α
2
max k2

4ξα
max

)j+1 (1− x)j+1

(j + 1)!
|||ωξmax − νξmax |||

2.

Then,

‖Gj+1(ωξmax )(x, ·)− Gj+1(νξmax )(x, ·)‖ ≤ (
eξ

α
2
max k

2ξ
α
2
max

)j+1 (1− x)
j+1

2√
(j + 1)!

|||ωξmax − νξmax |||. (23)

Applying the method of induction, for all ω, ν ∈ C([0, 1]; L2(R)), we have

‖Gp(ωξmax )(x, ·)− Gp(νξmax )(x, ·)‖ ≤ (
k
2
)p(eξ

α
2
max ξ

− α
2

max)
p 1√

p!
(1− x)

p
2 |||ωξmax − νξmax |||.

Considering the operator G : C(x; L2(R))→ C(x; L2(R)), we can obtain

lim
p→∞

(
k
2
)p(eξ

α
2
max ξ

− α
2

max)
p 1√

p!
(1− x)

p
2 = 0. (24)

Therefore, a positive number p0 exists such that 0 < ( k
2 )

p0(eξ
α
2
max ξ

− α
2

max)
p0 1√

p0!
(1− x)

p0
2 < 1. Thus,

Gp0 is a contractive mapping, stating that equation Gp0(ω) = ω has the unique solution uξmax (x, t) ∈
C(x; L2(R)). Note that G(Gp0(uξmax )) = G(uξmax ), so Gp0(G(uξmax )) = uξmax . According to the
uniqueness of the fixed point, for the equation G(ω) = ω, there exists the unique solution uξmax .

Theorem 2. Suppose f satisfies Inequality (20), uξmax and uδ
ξmax

are the solutions of Equation (18), respectively.
For 0 < x < 1, we have

‖uξmax − uδ
ξmax
‖ ≤
√

2δeξ
α
2
max(1−x)e

1
4 ξ−α

maxk2(1−x). (25)

Proof. Using Parseval’s equality, we get

‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖2 = ‖ûξmax (x, ·)− ûδ
ξmax

(x, ·)‖2

=
∫ ∞

−∞
|[e(iξ)

α
2 (1−x)(ĝ(ξ)− ĝδ(ξ))

+
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ)

2(iξ)
α
2

ds]Xmax(ξ)|2dξ
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=
∫ ξmax

−ξmax

|[e(iξ)
α
2 (1−x)(ĝ(ξ)− ĝδ(ξ))

+
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ)

2(iξ)
α
2

ds]|2dξ

≤ 2
∫ ξmax

−ξmax

[e(iξ)
α
2 (1−x)(ĝ(ξ)− ĝδ(ξ))]2dξ

+
1
2

∫ ξmax

−ξmax

[
∫ 1

x

e(iξ)
α
2 (s−x)

(iξ)
α
2

( ̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ)ds]2dξ

≤ 2e2ξ
α
2

max(1−x)
∫ ∞

−∞
|ĝ(ξ)− ĝδ(ξ)|2dξ

+
1
2

∫ ξmax

−ξmax

[
∫ 1

x

eξ
α
2

max(s−x)

ξ
α
2
max

( ̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ))ds]2dξ

≤ 2e2ξ
α
2

max(1−x)‖ĝ(ξ)− ĝδ(ξ)‖2

+
1
2

∫ ξmax

−ξmax

[
∫ 1

x
e−2ξ

α
2

max xds
∫ 1

x

e2ξ
α
2

maxs

ξα
max

( ̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ))2ds]dξ

≤ 2e2ξ
α
2

max(1−x)‖ĝ(ξ)− ĝδ(ξ)‖2

+
1
2
(1− x)e−2ξ

α
2

max x
∫ ∞

−∞

∫ 1

x

e2ξ
α
2

maxs

ξα
max

( ̂f (s, t, uξmax )(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ))2dsdξ

= 2e2ξ
α
2

max(1−x)‖ĝ(ξ)− ĝδ(ξ)‖2 +
1
2
(1− x)e−2ξ

α
2

max x
∫ 1

x

∫ ∞

−∞

e2ξ
α
2

maxs

ξα
max

( f (s, t, uξmax )− f (s, t, uδ
ξmax

))2dtds

≤ 2e2ξ
α
2

max(1−x)‖ĝ(ξ)− ĝδ(ξ)‖2 +
1
2
(1− x)k2e−2ξ

α
2

max x
∫ 1

x

∫ ∞

−∞

e2ξ
α
2

maxs

ξα
max
|uξmax (s, t)− uδ

ξmax
(s, t)|2dtds

= 2e2ξ
α
2

max(1−x)δ2 +
1
2
(1− x)k2e−2ξ

α
2

max xξ−α
max

∫ 1

x
e2ξ

α
2

maxs‖uξmax (s, ·)− uδ
ξmax

(s, ·)‖2ds.

Then,

‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖2

≤ 2e2ξ
α
2
max(1−x)δ2 +

1
2
(1− x)k2e−2ξ

α
2
max xξ−α

max

∫ 1

x
e2ξ

α
2
maxs‖uξmax (s, ·)− uδ

ξmax
(s, ·)‖2ds.

Therefore,

e2ξ
α
2
max x‖uξmax (x, ·)− uδ

ξmax
(x, ·)‖2

≤ 2e2ξ
α
2
max δ2 +

1
2
(1− x)k2ξ−α

max

∫ 1

x
e2ξ

α
2
maxs‖uξmax (s, ·)− uδ

ξmax
(s, ·)‖2ds.

Using Lemma 1, we obtain

e2ξ
α
2
max x‖uξmax (x, ·)− uδ

ξmax
(x, ·)‖2 ≤ 2e2ξ

α
2
max δ2e

1
2 ξ−α

maxk2(1−x), (26)

then,

‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖2 ≤ 2e2ξ
α
2
max(1−x)δ2e

1
2 ξ−α

maxk2(1−x). (27)

Hence,

‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖ ≤
√

2eξ
α
2
max(1−x)δe

1
4 ξ−α

maxk2(1−x). (28)
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Remark 1. From Theorem 2, we can see δ → 0, ‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖ → 0. Therefore, the solution of
Problem (18) depends continuously on g ∈ L2(R).

4. Error Estimate

The error estimates at 0 < x < 1 and x = 0 are given in this section.

• The error estimate at 0 < x < 1.

In order to obtain the error estimate at 0 < x < 1, we impose an a priori bound on u(x, t), i.e.,∫ ∞

−∞
e2xξ

α
2 |û(x, ξ)|2dξ ≤ E2, ∀x ∈ (0, 1), (29)

where E is a constant.

Theorem 3. Assume that f satisfies Equation (20). u(x, t) is the exact solution of Problem (1) and uδ
ξmax

(x, t)
is the solution of (18). Suppose conditions (3) and (29) hold. Choosing the regularization parameter

ξmax = (ln(
E
δ
))

2
α , (30)

we get the following estimate at 0 < x < 1:

‖u(x, ·)− uδ
ξmax

(x, ·)‖ ≤ 2
√

2E1−xδxe
1
4 (ln

E
δ )
−2k2(1−x). (31)

Proof. Applying Parseval’s equality, we obtain

‖u(x, ·)− uξmax (x, ·)‖2 = ‖û(x, ·)− ûξmax (x, ·)‖2

=
∫ ∞

−∞
|e(iξ)

α
2 (1−x)(1−Xmax(ξ))ĝ(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds

−
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, uξmax )(s, ξ)

2(iξ)
α
2

dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|e(iξ)

α
2 (1−x)(1−Xmax(ξ))ĝ(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds

−
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

dsXmax(ξ)dξ +
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

dsXmaxdξ

−
∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, uξmax )(s, ξ)

2(iξ)
α
2

dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|[e(iξ)

α
2 (1−x) ĝ(ξ) +

∫ 1

x
e(iξ)

α
2 (s−x)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds](1−Xmax(ξ))

+
∫ 1

x

e(iξ)
α
2 (s−x)

2(iξ)
α
2

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ))dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|(1−Xmax(ξ))û(x, ξ) +

∫ 1

x

e(iξ)
α
2 (s−x)

2(iξ)
α
2

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ))dsXmax(ξ)|2dξ
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≤ 2
∫ ∞

−∞
|(1−Xmax(ξ))û(x, ξ)|2dξ

+ 2
∫ ∞

−∞

∫ 1

x

e(iξ)
α
2 (s−x)

2(iξ)
α
2

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ))dsXmax(ξ)|2dξ

= 2
∫
|ξ|>ξmax

|û(x, ξ)|2dξ

+ 2
∫ ξmax

−ξmax
|
∫ 1

x

e(iξ)
α
2 (s−x)

2(iξ)
α
2

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ))ds|2dξ

≤ 2
∫
|ξ|>ξmax

e−2xξ
α
2 e2xξ

α
2 |û(x, ξ)|2dξ

+
1
2

∫ ξmax

−ξmax
|
∫ 1

x

eξ
α
2
max(s−x)

ξ
α
2
max

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ))ds|2dξ

≤ 2e−2xξ
α
2 E2 +

1
2

∫ ξmax

−ξmax
|
∫ 1

x
e−2ξ

α
2
max xds

∫ 1

x

e2ξ
α
2
maxs

ξα
max
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ)|2ds|dξ

≤ 2e−2xξ
α
2 E2 +

1
2
(1− x)e−2ξ

α
2
max x

∫ ξmax

−ξmax

∫ 1

x

e2ξ
α
2
maxs

ξα
max
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ)|2dsdξ

= 2e−2xξ
α
2 E2 +

1
2
(1− x)e−2ξ

α
2
max x

∫ 1

x

e2ξ
α
2
maxs

ξα
max

∫ ξmax

−ξmax
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uξmax )(s, ξ)|2dξds

≤ 2e−2xξ
α
2 E2 +

1
2
(1− x)e−2ξ

α
2
max x

∫ 1

x

e2ξ
α
2
maxs

ξα
max

∫ ∞

−∞
| f (s, t, u)− f (s, t, uξmax )|

2dtds

≤ 2e−2xξ
α
2 E2 +

1
2
(1− x)e−2ξ

α
2
max xk2

∫ 1

x

e2ξ
α
2
maxs

ξα
max

∫ ∞

−∞
|u(s, t)− uξmax (s, t)|2dtds

= 2e−2xξ
α
2 E2 +

1
2
(1− x)k2e−2ξ

α
2
max xξ−α

max

∫ 1

x
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds.

Then,

‖u(x, ·)− uξmax (x, ·)‖2 ≤ 2e−2xξ
α
2 E2 +

1
2
(1− x)k2e−2ξ

α
2
max xξ−α

max

∫ 1

x
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds.

Therefore,

e2xξ
α
2
max‖u(x, ·)− uξmax (x, ·)‖2 ≤ 2E2 +

1
2
(1− x)k2ξ−α

max

∫ 1

x
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds. (32)

Using Lemma 1, we obtain

e2xξ
α
2
max‖u(x, ·)− uξmax (x, ·)‖2 ≤ 2E2e

1
2 (1−x)k2ξ−α

max . (33)

Then,

‖u(x, ·)− uξmax (x, ·)‖ ≤
√

2Ee
1
4 (1−x)k2ξ−α

max e−xξ
α
2
max . (34)

Applying the triangle inequality, combining (25) and (34) with (30), we obtain

‖u(x, ·)− uδ
ξmax

(x, ·)‖ ≤ ‖u(x, ·)− uξmax (x, ·)‖+ ‖uξmax (x, ·)− uδ
ξmax

(x, ·)‖

≤
√

2Ee
1
4 (1−x)k2ξ−α

max e−xξ
α
2
max +

√
2eξ

α
2
max(1−x)δe

1
4 ξ−α

maxk2(1−x)

= 2
√

2e
1
4 (1−x)k2(ln E

δ )
−2

E1−xδx.
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Remark 2. From Theorem 3, we only get that the error estimate is bound but not the convergence, as δ→ 0
when x = 0. In order to give the convergence error estimate at x = 0, we must give an a priori error bound of
u(0, t) as follows: ∫ ∞

−∞
|û(0, ξ)|2(1 + ξ2)pdξ ≤ E2, (35)

where E is a constant.

• The error estimate at x = 0.

Theorem 4. By choosing the regularization parameter

ξmax = (ln(
E√

δ
))

2
α , (36)

we get the error estimate as follows:

‖u(0, ·)− uδ
ξmax

(0, ·)‖ ≤ 2
√

2Eδ
1
2 e

1
4 (ln

E√
δ
)−2k2

. (37)

Proof. Applying Parseval’s equality, we obtain

‖u(0, ·)− uξmax (0, ·)‖2 = ‖û(0, ·)− ûξmax (0, ·)‖2

=
∫ ∞

−∞
|e(iξ)

α
2 (1−Xmax(ξ))ĝ(ξ) +

∫ 1

0
e(iξ)

α
2 s

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds

−
∫ 1

0
e(iξ)

α
2 s

̂f (s, t, uξmax )(s, ξ)

2(iξ)
α
2

dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|e(iξ)

α
2 (1−Xmax(ξ))ĝ(ξ) +

∫ 1

0
e(iξ)

α
2 s

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds

−
∫ 1

0
e(iξ)

α
2 s

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

dsXmax(ξ)dξ +
∫ 1

0
e(iξ)

α
2 s

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

dsXmax(ξ)dξ

−
∫ 1

0
e(iξ)

α
2 s)

̂f (s, t, uξmax )(s, ξ)

2(iξ)
α
2

dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|[e(iξ)

α
2 ĝ(ξ) +

∫ 1

0
e(iξ)

α
2 s)

̂f (s, t, u)(s, ξ)

2(iξ)
α
2

ds](1−Xmax(ξ))

+
∫ 1

0

e(iξ)
α
2 s

2(iξ)
α
2
( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ))dsXmax(ξ)|2dξ

=
∫ ∞

−∞
|(1−Xmax(ξ))û(0, ξ) +

∫ 1

0

e(iξ)
α
2 s

2(iξ)
α
2
( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ))dsXmax(ξ)|2dξ

≤ 2
∫ ∞

−∞
|(1−Xmax(ξ))û(0, ξ)|2dξ + 2

∫ ∞

−∞

∫ 1

0

e(iξ)
α
2 s

2(iξ)
α
2
( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ))dsXmax(ξ)|2dξ

= 2
∫
|ξ|>ξmax

|û(0, ξ)|2dξ + 2
∫ ξmax

−ξmax

|
∫ 1

0

e(iξ)
α
2 s

2(iξ)
α
2
( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ))ds|2dξ
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≤ 2
∫
|ξ|>ξmax

(1 + ξ2)−p(1 + ξ2)p|û(0, ξ)|2dξ

+
1
2

∫ ξmax

−ξmax
|
∫ 1

0

eξ
α
2
maxs

ξ
α
2
max

( ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ
ξmax

)(s, ξ))ds|2dξ

≤ 2 sup
|ξ|>ξmax

{(1 + ξ2)−p}E2 +
1
2

∫ ξmax

−ξmax
|
∫ 1

0

e2ξ
α
2
maxs

ξα
max
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ)|2ds|dξ

≤ 2(1 + ξ2
max)

−pE2 +
1
2

∫ ξmax

−ξmax

∫ 1

0

e2ξ
α
2
maxs

ξα
max
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ)|2dsdξ

≤ 2ξ
−2p
max E2 +

1
2

∫ 1

0

e2ξ
α
2
maxs

ξα
max

∫ ξmax

−ξmax
| ̂f (s, t, u)(s, ξ)− ̂f (s, t, uδ

ξmax
)(s, ξ)|2dξds

≤ 2ξ
−2p
max E2 +

1
2

∫ 1

0

e2ξ
α
2
maxs

ξα
max

∫ ∞

−∞
| f (s, t, u)− f (s, t, uξmax )|

2dtds

≤ 2ξ
−2p
max E2 +

1
2

k2
∫ 1

0

e2ξ
α
2
maxs

ξα
max

∫ ∞

−∞
|u(s, t)− uξmax (s, t)|2dtds

= 2ξ
−2p
max E2 +

1
2

k2ξ−α
max

∫ 1

0
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds.

Then,

‖u(0, ·)− uξmax (0, ·)‖2 ≤ 2ξ
−2p
max E2 +

1
2

k2ξ−α
max

∫ 1

0
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds.

Therefore,

e2·0ξ
α
2
max‖u(0, ·)− uξmax (0, ·)‖2 ≤ 2ξ

−2p
max E2 +

1
2

k2ξ−α
max

∫ 1

0
e2ξ

α
2
maxs‖u(s, ·)− uξmax (s, ·)‖2ds. (38)

Using Lemma 1, we obtain

e2·0·ξ
α
2
max‖u(0, ·)− uξmax (0, ·)‖2 ≤ 2ξ

−2p
max E2e

1
2 k2ξ−α

max . (39)

Then,
‖u(0, ·)− uξmax (0, ·)‖ ≤

√
2ξ
−p
maxEe

1
4 k2ξ−α

max . (40)

Applying the triangle inequality, combining (25) and (40) with (36), we have

‖u(0, ·)− uδ
ξmax

(0, ·)‖ ≤ ‖u(0, ·)− uξmax (0, ·)‖+ ‖uξmax (0, ·)− uδ
ξmax

(0, ·)‖

≤
√

2ξ
−p
maxEe

1
4 k2ξ−α

max +
√

2eξ
α
2
max δe

1
4 ξ−α

maxk2

= 2
√

2e
1
4 k2(ln E√

δ
)−2

Eδ
1
2 .

5. Conclusions

In this paper, the Fourier truncation regularization method is used to deal with the backward
problem for a time-fractional with a nonlinear source. At the same time, the error estimates between
the exact solution and the regularization solution are obtained at 0 ≤ x < 1.
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