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Abstract: This paper is concerned with proving the existence of solutions for a coupled system of
quadratic integral equations of fractional order in Banach algebras. This result is a direct application of
a fixed point theorem of Banach algebras. Some particular cases, examples and remarks are illustrated.
Finally, the stability of solutions for that coupled system are studied.
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1. Introduction and Preliminaries

Operators which have an operator matrix representation occur in various fields such as system theory,
quantum mechanics, hydrodynamics and magnetohydro-dynamics (see [1-3]).

According to their origin, they may have rather different structure, and their study may require quite
different approaches.

Let A be an operator which has the form

/
A ( T, T,.T, ) O
I; T4

where T, Tp, T, T3, Ty are nonlinear operators defined on Banach algebras. This kind of operators is
studied by many researchers [4-6].

Amar and et al. [7] introduced and studied a coupled system of differential equations under boundary
conditions of Rotenberg’s model type, the last one arising in growing cell populations. The entries of block
operator matrix associated to this system are nonlinear and act on the Banach space.

Kaddachi and et al. [4] concentrated on answering the question: Under which conditions on its entries
does the 2 x 2 operator matrix (Equation (1)) acting on a product of Banach algebras has a fixed point?
In [4], some fixed point theorems of a 2 x 2 block operator matrix defined on nonempty bounded closed
convex subsets of Banach algebras are studied, where the entries are nonlinear operators. Furthermore,
the obtained results are applied to a coupled system of nonlinear equations.
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Let X = C(ILR), I = [0,b] and &, B > 0. In this work, the following coupled system of

fractional order
a—1

I¥2)

o) = Alto(t) +g(bw(b) /tuul(s w(s))ds, t € 1
, ’ o T(a) , , , @

— 5)b1

w(t) = ftw(t)+ gt v(t)) /ot(tr(,@))

2]

uy(s,v(s)) ds, t € L

is studied in Banach algebras; some particular cases are given; and some examples and remarks are
illustrated. Finally, the stability of solutions for the coupled system in Equation (2) is studied.

The solution of Equation (2) may be defined by a vector function Z) € X x X that satisfies (2).
Now, we introduce the following definitions of fractional operators.
Definition 1 ([8]). The Riemann—Liouville fractional integral of order B > 0 of the function f : [a,b] — R is
given by

F(f_g)p1
e = | (tr(ﬁ))f@ ds, t>a 3)

and when a = 0, we have IPf(t) = Igf(t), t>0.

Definition 2 ([8]). The Riemann—Liouville fractional derivative of order o € (0,1) of a function f is defined as

1—1x

N (t—s)™“
rDy f(t) = dt/ f(s)ds, te€la,b]

or i
RDG f(t) = — L™ f(b), t € [a,b].

2. Existence Theorem

Coupled systems of integral and differential equations are studied in many papers [9-13].

Especially, the investigation for coupled systems of fractional differential equations appears in many
studies (e.g., [9,11,14-17]).

Assume that

(i) wuj: IxR — R, j=1,2 satisfies the Carathéodory condition and
i ] y
uj(s,0)| < mj(s) € LYI] V(s,0) €I xR,

kj —maIxIWJ mj(s) forany 91 <a and 7, < B.
s€

(i) fj, g+ I x R = R are continuous and

M; = (S/Zr]1)1€ax Ifi(s,0)], j=1,2 N;= . /glealxXR Igi(s,v)|, j = 1,2 respectively.

(iii) There exist constants /; and h;, which satisfy

fi(s,0) = fi(s,w)| <l lo—w|, j=1,2

and
18j(s,0) — gj(s,w)| < hjlo—wl|, j=1,2
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Vsel and v, w € R.

30f9

Theorem 1. Let Assumptions (i)—(iii) be satisfied. Moreover, if hy k1 hoky < (1 —11)(1 =)' (a —y1 +1)T(B —

Y2 + 1), then the exists at least one solution for Equation (2) in X x X.

Proof. Consider the operators Ty, To, T3, T4 and T; on X defined by:

(Tio)(t) = fi(t, o(t))
o)) =gl
(T3w)(t) = ga(t,w(t)) [y Lpidi— uals,w(s)) ds (4)
(T)) = fl )
(Tgw)(t) = fy rih— (s, w(s)) ds.
The coupled system in Equation (2) may have the form:
v(t) = Tho(t) + Tow(t).Tyw(t) 5)
w(t) = Tyw(t) + Tzo(t),
and
0 . T1 Tz.T/ 0
()= (2 50)0)
Define Nk i
. 1 k1 !
S={veX || §M1+m
;o N, ky bP=72
S'={we X, ||w] §M2+m
For, let vy, v, € S. Thus,
| Tho1(t) = Taop(8)[| < hffor — 2| @)
and
[|To01(t) — Tova ()[| < ha[|or — 2] ®)
In addition, set
T3"01(t) = le(t).le(t) = (G.U)Ul(t) 9)
where Goy(t) = g (t,01(t)) and Uwv(t) = Puy(t,v1(t))
I T501(8) = Teoa (8[| = [[(G.U)or(F) — (G.U)va(B)]
< [Uor())]]]|Gor(t) — Goa(1)]] (10)
kohy bP—72
< W“Ul — 0ol
Furthermore,
Tl < It [ CE I g w) s
< N, f2 bP—2 a1
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foreach t1, t; € I and t; < tp, we get

182(t2, w(t2)) TP ua(ta, w(ty)) — galty,w(tr)) IP ua(ty, w(ty))

g2t w(th)) IP ug(ty, w(ty)) — ga(h, w(tr)) 1P ua(tz, w((tr))] (12)
192(t2, w(t2)) — g2ty w(t))] IP |uz(t, w(tz))]

§(t,w(t)| | 1P up(ty, w(ty)) — 1P up(ty, w(ty)) |,

(Tsw)(t2) — (Tzw)(t1)|

+ IN +

but

1Pt 0(t2)) — Pty o)] < [ (s ()] d. 13

ty F(,B)
Then,
(p—t)Pm

1P ua(ta, w(ta)) — 1P up(ty,w(th))| < ko TB—mtl)

(14)

Then, we get

B—72
[ (Tw)(r) — (o)) | £ (322D lts) = w(t)] + g s (= )P (15)

(B—712+1 B—72+1)

Then, US’ is relatively compact.
We prove that T3(S) C (I — Ty)(S'), for v; € S.
Now, we can introduce a function ¢, : X — X by

w — Tzv1 + T40o, (16)

By kp bP~72
T(B—72+1)
w € X where T30+ Tyw = w implies T30 = (I — Ty)w. Thus,

then the function ¢, is a contraction with a constant I, + . Then, there exists a unique point

Ta(s) € (I - Ta)X. 17)
For w € X, , ds* € I such that
[[wlleo = [w(s™)| = [Tz0(s") + Taw(s")|
< [a(s*, 0(s") IPun(s*, v(s™)) + fa(s*, w(s"))] (18)
Ns ky bP—72
< —== __ + M.
= If—mt1) 7
Then, T5(S) C (I — Ty)(S).
For v € S', then
| Ty0(tn) = Too(H)| = [I*ur(tn, v(tn)) — Fur(t,0(1))|
kq
—t, — |, 19

since t, — t and u; is continuous in the second argument, then by Lebesgue Dominated Convergence
Theorem, we have

uy(tn, o(tn)) — u1(t,0(t)) in R = Tyo(t,) — Tjo(t) in R,

thus Tjv € C(I, R).
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Defining T’ = T4(1 — T;) T3, , Assumption (ii) implies that
g 2 p P

M = ||T/(5)||:SUI;|T/(W)|
we

< sup] ti(t_s)ail
= S T T
ki b
T(a—7+1)

uy(s,w(s)) ds| (20)

and therefore hy ki hoky < (1 —1)(1 =) T(a — 91 + 1)T(B— 12+ 1).
Let vy, v; € S, then Vs € I. We obtain

Niky b
~1 / -1 1K1
— — T: < _— 21
|Tio1(s) + To(I = Ta) " T3o1(s)To(I — Ta) " T3v2| < Mi+ M-y 1) (21)
This implies that
Tyo1 + To(I — Ty) ' T30, Ty(I — Ty) "'T30, € S forany vy, v, € S. (22)
Now, all conditions of Theorem 4.2 in [4] are verified and our results follows. [
Example 1. Let I = [0,1]. Consider the fractional order coupled system
. o(t) w(t) 3,0 2tw(t)
= — I I
v(t) tsin( 4 )+ 31t Tt o) t e )
t+sin(“l) o) 55 o(t)
= 2 4 Vs U e
wlt) 242 T4 Tty 'S
Set
o o(s) 25 w(s) o w(s)
fils,v) =ssin(==), (s, w) = Tt gilsw) =
s+ sin(4) o(s) ()
fa(s,w) = T2 uz(s,v) = 1+ 0(s) &2s,w) = 4
Then, we easily get
o lui(s,v)] < 2s=mq(s) and |up(s,v)] < 1=my(s).

Choose 1 = v = 1/2, then we can obtain ki = % and k, = ﬁ

1
g1(t, w1) — g1(t,wa)| < g\w1—W2|

1
82(t,01) —g2(tv2)| < 7 |o1 — o
and

1 .
lfi(t,v1) — fi(t,02)] < §|vl—vz|, i=1,2.

Then, the inequality hy ky hp kp < (1 —=11)(1 —L)T'(a — v+ 1)T(B — v+ 1) is verified.
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3. Stability of Solutions of the Coupled System

Here, asymptotic stability on R of the solution z = (v, w) of the coupled system in Equation (2)
is studied.

Definition 3. A pair zq = (v1, w1) is said to be an asymptotically stable solution of Equation (2) if for any € > 0
there exists T' = T'(e) > 0 such that for very t > T’ and for every other solution zy = (vy, wy) of (2),

z1() — 20| <.

Given two solutions z; and z of Equation (2), then we have

o)~ 2] < Lfileor(5) — i 02(6)
+ It ) [T s s) s

- gl(f,wz(t))/o r(“))ul(s,wz(s))dﬂ
liv1(t) — va(t)]

+ gt [ EET (o) s el

+lntua) gt [

IN

a—1

>) 3 (s, 02(s))| ds

S
0(

IN

hfon(6) = v2(0)] + 21ga 1,1 (1) |/“M§ () ds

(t — s)*~
= lstm®) -gtn)] [ I e
2k; Ny ¥ hi ki b* ™

< _ _
< hlo® =M+ = T e, ) @ el
then
2ky Ny b* hi kg b*
_ _ < — .
(1 ll)llvl(t) Uz(i’)“ = F(Déf’)/1+1) r(“771+1)||w1 ZU2|| (24)
In the same fashion, we obtain
2 ky Ny B2 hy ky bR~
(1 - b)l[wi(t) —wa(b)]] < =22 22 |01 — 02, (25)

FB=m2+1) TI(B—72+1)
and

By ky bY M 2k Ny b1 | 2y Ny bP~72
[Hlor =2l + [1 = b = Fetmg ] o —wal| < 6=y + 565 (26)

L(p=12+1)

. Ty kp bP72
1-h- T(B—12+1)

— mi hy ky bP72 hyky b*~M
Let A — mln{l _ll - W, 1 —12 - W}, then

12k Ny b 2k Np bP™2
_ + — < A 1 .
[lon = vaff +{lwr —wall < [F(oc—'lerl) T(f—12+1)

27)

Since

z1(t) —z22(t) = (vi(t) —02(t), wi(t) —wa(t)),
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then
[z1(t) —z2(t)|] < loa(t) —v2(t)]] + [|w1 (t) — w2 (t)]]
2k Ny b*= 7 2ky Np bP~72
< AT 2702 28
e e y Rl ey @)
< &

Then, we obtain the following theorem.
Theorem 2. Let assumptions of Theorem 1 be satisfied,

WT(B—724+1) +haka bP™ 12 <T(B—72+1), LT(x =11 +1) +h kg b* " <T(a— 71 +1),
and

A,l[z ki Ny b1 2k Np bP—72 <s
Me=m+1) T(B-—72+1)

Then, the solution of Equation (2) is asymptotically stable on R.

4. Further Results

Consequently, we have the following results in X x X.

(i) Letting a, B — 1, then we have the coupled system of quadratic integral equations

o(t) = filt,o(t) + g1 (tw(t)) ./; up (s, w(s)) ds,
falt,w(t) + ga(t, (1) [ " a5, 0(s)) ds.

g
—~

~
~—

(ii) Letting g1 = g2 = 0, we get the coupled system of functional equations

o(t) = flto(h)
w(t) = ftw(t).

(ili) Putting fi(t,w) = ay1(t), f2(t,v) = ax(t), then we have the coupled system of quadratic integral
equations of fractional order

t — a—1
o) = m)+alw0) [T ) b

0

g
—~

~
~—

a2 (t) + g2(,0(8)) (/Ot%

(v) Letting fi(t,w) = ai(t), fa2(t,v) = ax(t), then we get the coupled system of fractional
integral equations

(S Q
— —
~~ ~~
S— SN—
Il Il
) m
N —_
—~ —~
~~ ~~
S— SN—
+ o+
S— S
=1
—
=
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System of Fractional Differential Equations
Let
rD*v(t) = w(t,w(t)), t € ] and v(0) =0, 0<a<1 (29)
rDPw(t) = wup(t,o(t)), t € J and w(0) =0, 0<pB<1

where gD?* is a Riemann-Liouville fractional derivative of order 0 < a < 1.

Theorem 3. Let assumptions of Theorem 1 be satisfied. Then, there exists at least one solution for Equation (29)
in X xX.

The proof is straight forward as in [11].
By direct calculations, we can prove an existence result for the following coupled systems

o'(t) = fi(tw(t)), v(0) = vy,

w'(t) = foltot), w(0) = wp.

(30)

5. Conclusions

The theory of block operator matrices opens up a new line of attack of mathematical problems.
During the past years, several papers are devoted to the investigation of linear operator matrices defined
by 2 x 2 block operator matrices (Equation (1)).

In this paper, we prove an existence theorem of solutions for a coupled system of quadratic integral
equations of fractional order in Banach algebras, by a direct application of a block operator fixed point
theorem [4]. This coupled system includes many key coupled systems of integral and differential equations
that arise in nonlinear analysis and their applications. Some examples and remarks are illustrated. Finally,
we study the stability of solutions for the coupled system in Equation (2).
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