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Abstract: The objective of this paper is to study a pursuit differential game with finite or countably
number of pursuers and one evader. The game is described by differential equations in I>-space,
and integral constraints are imposed on the control function of the players. The duration of the game
is fixed and the payoff functional is the greatest lower bound of distances between the pursuers and
evader when the game is terminated. However, we discuss the condition for finding the value of
the game and construct the optimal strategies of the players which ensure the completion of the
game. An important fact to note is that we relaxed the usual conditions on the energy resources of
the players. Finally, some examples are provided to illustrate our result.

Keywords: pursuit; control functions; integral constraints; strategies; value of the game

1. Introduction

The differential game has been an area of great interest to many applied mathematicians due to
its application in solving real life problems in knowledge areas such as economics, engineering, missile
guidance, behavioral biology. The first to study differential game was Rufus Isaacs [1], and one of the
games analyzed was “the homicidal chauffeur game”. For the fundamental concepts of differential
games, see [1-8].

There are many different types of differential game problems, and one type is called
pursuit-evasion differential game. Pursuit-evasion differential game is a game involving two players,
called pursuer and evader, with conflicting goals. The aim of the pursuer is to complete the game
in a finite time, whereas that of the evader is contrary. Strategies of pursuit and evasion play a role
in many areas of life, such as missile launched at enemy aircraft, coastguard saving shipwrecked
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sailors, etc. The problem of constructing optimal strategies and finding the value of the game in a
pursuit-evasion differential game motivated a lot of researchers to study this class of differential game
problems, and fundamental results have been obtained, see [9-13].

Differential games of many pursuers with the integral and geometry constrained were studied
by [9,14-19]. The case where the state variables are constraints was studied in [20], they considered
a nonempty closed convex set in a plane, with the pursuers and evader movement restricted within
the set during the game. Conditions under which pursuit could be completed were obtained and the
strategies for the pursuers were constructed.

The evasion differential game of two dimensions, which involves one evader and several pursuers,
was studied in [11]. The control functions of the players were subject with integral constraints.
The game is solved by presenting explicit strategy for the evader, which guarantees evasion under the
condition that there is no relation between the energy resource of the players.

In [21] Levchenko and Pashkov considered differential games described by simple differential
equations, where the controls obeyed integral constraints. However, they showed that irrespective of
the resources for controls of an individual, the completion of the game remains doable.

Ibragimov and Satimov [22] obtained sufficient condition for the completion of pursuit in a
differential game problem of several pursuers and evaders in the space R”, with integral constraints
on the control functions of the players. The results were obtained under the condition that the energy
resource of the pursuers is greater than that of the evaders.

Ibragimov [9] studied a differential game of a countable number of pursuers pursuing one evader
in Hilbert space I, with geometric constraints on the control functions of the pursuers and evader.
Optimal strategies of the players were constructed and optimal pursuit time was found, under the
assumption that the energy resource of the pursuers is greater than that of the evader.

Ibragimov and Kuchkarov [10] considered the same problem in [9], with integral constraints
imposed on the control functions of the players. In this case, optimal strategies were constructed and
value of the game was found under the assumption that energy resource of the evader is greater than
that of any pursuers.

Salimi and Ferrara [12] studied a simple motion differential game with finite number of pursuers
and one evader with integral constraints imposed on control of the players in Hilbert space I,.
The equations of motion are described by

P;: %(t)
E:y(t)

ui(t), xi(0) = xig,

i (1)
o(t), y(0)=uvo,

where u; is the control function of the i*" pursuers and v is that of the evader. The authors solved
the problem and found the value of the game under the assumption that the energy resource of each
pursuer is not necessarily greater than that of the evader, and optimal strategies of the pursuers were
also constructed.

Inspired by the results in [9-12,22] and some known results on optimal pursuit problem in a
Hilbert space I, the objective of this paper is to construct the optimal strategies and finding value of
the game such that there is no relation between the energy resource of the players.

This paper is sectioned as follows. The second section present statement of the problems and
some useful definitions which will be required for the later sections. In the third section, attainability
domain of the players, optimal strategies and value of the game and some examples are given to show
the application of the obtained results. In the last section, we give the concluding part of the paper.

2. Statement of the Problem

In this section, we present the statement of the problem and some useful definitions that will be
used to prove our main theorem.
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Here, we will consider an optimal pursuit problem with finite or countably many pursuers and
one evader in a Hilbert space I, in such away that there is no relation between the their energy
resources. In the space I, with elements

(e}
o= (&1, ., R, ..), Z zx% < 00,

the inner product and norm are defined as

0 B) =Y wpr ol = (Z "‘%) :
k=1 k=1

Let P; and E denote the motions of the pursuers and the evader, whose equations are described by

P xi(t) = n(Hui(t), x;(0) = xp,
E:y(t) =n(t)o(t), y(0)=yo,

where x;(t), xio, u; (t),y(t), yo,v(t) € lp, u; = (ujn, ..., uj,...) and v = (vq,...,7,...) are the control
parameters of pursuer P; and evader E, respectively. Throughout this paper,i € [ = {1,2,3,..m}.

Let 6 be a fixed time, and the function #(t) be nonzero on any open interval—scalar
measurable and square integrable over the interval [0, 7], T > 0. It is also assumed to satisfy the
following conditions:

2

- 1/2
or) = ([ [ar) <o G
H(xo,r) ={xel:|lx—xol| <r}, S(xo,7r)={x€l:|x—x0l =7},

denote the ball and sphere, respectively, in the space I, with center xy and radius r. We now give some
useful definitions.

Definition 1. The admissible control of the ith pursuer is a function u(-), u; : [0,0] — I defined as

0 1/2 1/2
Ol = ([ Iul2ds) < wl—(Eu) :

provided that uy : [0,6] — RY, k = 1,2,..., are Borel measurable functions and p; is a fixed positive number
Vi. Let B(p;) denote the set of all admissible controls of the pursuer x;.

Definition 2. The admissible control of the evader is a function v(-), v : [0,0] — I, defined as

1/2
ol = [ lelas) <o

where vy, : [0,0] — R, k =1,2,..., are Borel measurable functions and o is a fixed positive number. Let B(c).
denote the set of all admissible controls of the evader y.

Once the players admissible controls u;(-) € B(p;) and v(-) € B(0) are chosen, the corresponding
motion x;(-) and y(-) of the players are defined as

xi(t) = (xin (8), xi(8), oy xie(8),- ), () = (a(8), ya(8), - yi(E), ),

0
xik(t) = Xiko +/ Juik(s)ds,  yi(t) = yro +/o n(s)ok(s)ds, i€l, keN.



Mathematics 2019, 7, 842 40f 11

It is not difficult to see that x;(-),y(-) € C(0,6;1), where C(0, 6; 1) is the space of functions
f(&) = (ht), f2(t),...,) €, £20,
such that

(i) fx(t),0 <t <0,k € N, are absolutely continuous functions;
(i) f(t),0 <t <#,is continuous with respect to the norm on I, space.

Definition 3. The strategy of the pursuer P; is a function U;(t, x;,y,v).U; : [0,00) X Iy X Iy X I — I, such
that the system of equations

%i(#) = n(OUi(t, xi,y,0(8)),  xi(0) = xio,
y(t) =n()o(t),  y(0) = yo,

has a unique solution (x;(-),y(-)) for any x;(+),y(-) € C(0,6; 1) and admissible control v = v(t),0 < t <,
of the evader E. We said that the strategy Uj; is admissible if each control formed by strategy U; is admissible.

Definition 4. The optimal strategies Ujy of the pursuers P; are defined as

inf rl(ul,...,um,...):Fl(ulo,...,umo,...),

u1,..., n

such that

I (Uy,..., Up,...) =supinf||x; —y(0)||,
U() i€l

where U; and v(-) are admissible strategies of the pursuers P; and evader E, respectively.

Definition 5. The strategy of evader E is a function V(t,x1,...,Xm,...,Y), V : [0,00) X I3 X -+ X Iy X
-+ X Iy — I, such that the system of equations

xi(t) = n(Hui(t, x;,y,0(t)), x(0) = xj,
y(t) =nt)V(t,x1,- o Xm, -, Y,), y(0) = yo,

has a unique solution (x;(-),...,xm(-),...y(+)) for any x;(-),y(-) € C(0,6;12), and admissible controls
u; = u;i(t), 0 < t < 0 of the pursuers P;. We said that strateqy V is admissible if each control formed by
strategy V is admissible.

Definition 6. The optimal strategy Vj of the evader E is defined as
sup rz(V) = rz(VO),
14

provided that

(V)= inf  inf{lxp —y(6)]],
iel

ul(')/"'/um('),...

u; are admissible control of the pursuers P; and V is that of the evader E.

If Ty (Usg, ..., Uno,--.) =T2(Vy) = A, then, problem (2) has a value A.
Our aim is to find the optimal strategies Ujg, Vj of the players and value of the game, respectively.
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3. Auxiliary Game

It is easily to see that the attainability domain of the pursuer P; from the initial position x;q at time
6 is the closed ball H(x;y, a(6)p;). Indeed

1x0) = xoll = | [ nteystonas] < [ nts)luits) s

< ([ s [ fuoas) < at@ps
0 0

Moreover, if ¥ € H(xjp,a(0)p;), thatis, ||X — xjo|| < a(6)p;, then, for the control

ui(s) = a’lii,)) (F—xp), 0<s<86

of the pursuer, we get

(0) = v+ [ n(S)u(s)ds
0

=i+ [ 105)( g (s

S a2
Hx xlOH 112(9) < piZ.

Therefore, the admissibility of this control follows from the relation
2
1(s) (x — xio)H ds <

0 0
) o) Pas = [ 5S <)

Moreover, applying the same procedure one can see that the attainability domain of the evader E
at time 6 from the initial state yy is the ball H(yo,a(0)c).

In this section, we study a differential game of one pursuer x and one evader y. For simplicity, we
use the notation p; = p, xjo = x¢, and x; = x. Then, dynamics of x and y are described by

n(tu, x(0) = xo,
y=n(t)o, y(0)=yo.

P:x )
E:y
The target of the pursuer P is to perceive the equality x(7) = y(7) at some 7,0 < 7 < 6; and that

of the evader E is contrary.
Let

X = {z:2(yo — x0,2) < a*(0)(p” — &) + [lyoll* — llxoll*}-

Lemma 1. Ify(0) € X, then, there exists an admissible strategy of the pursuer P which ensures x(0) = y(0)
in the game (4).

Proof. Suppose the assumption of Lemma 1 holds, construct the strategy of the pursuer as follows:

u(t) = 1 o), 0<t<e. 5)

Then, admissibility of this strategy can be proved as follows. Since

0
y(0) = yo +/0 n(s)ov(s)ds € X,
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then,
2(yo — x0,¥(6)) < a*(8) (0> — *) + [[yoll* = lIx0l?,

0
2 (om0 + [ n(0o(0dt ) < 20)(6%  20) + ol 1l ©

IN

200 =0, | 1(02(0) < 2(0)(6 ~ %) = (Iol? ~2(50,50) + 30l

Hence from the strategy (5) and inequality (6), we have

2
[ tuza= 7| (Eos o=+ 00) |
B 0 (t) 2 0
= [ Lo — P+ o [T = o [ lolPa
< o 30l 20) + s (2002~ )~ o - x0||2) +o?
:pz‘

This shows that the strategy (5) is admissible. Therefore,

x(60)

o [ n0) (B0 —x0) +o(0)) a

This proves the lemma. [

Remark 1. It should be noted that in the construction of the pursuer’s strateqy we do not require the
inequality p > 0.

4. Main Result

We recall the following lemmas in order to prove our main theorem.

Lemma 2. (see Ibragimov et al. 2005. Lemma 9). Suppose r and R;, i € I, are fixed positive real numbers and
H(xjo, R;), i € I, and H(yo,r) are collections of finitely or a countable number of closed balls. Let

Ip={i€1:S5(o,r)NH(xj,R;) # D},
Xi = {Z c lz : Z(yo — xiO/Z) < Rlz — r2 -+ Hy0“2 — ||X1‘0||2}, 1€ I().

If (yo — xi0, po) > 0, i € I, for a nonzero vector py, and

H(yo,7) € |J H(xi0, Ri),
i€l

then,

H(yo,r) C | X:.

i€l
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Lemma 3. (See Ibragimov 2005. Assertion 5). Let infjc; R; = Ry > 0and (yo — xjo, po) > 0,i € I, fora
nonzero vector py, if for any 0 < & < Ry the set ;c; H(xio, R;i — &) does not contain the ball H(yo,r), then,
there exists a point j € H(yo,r) such that ||ij — xjo|| > R;, forall i € 1.

Theorem 1. Let (yo — xjo, po) > 0 for all i € I, for a nonzero vector py € Iy, then, the number

=inf{l > 0: H(yo,a UH xjo, a(0)pi +1)} ®)
iel

is the value of the game (2).

Proof. The proof of the theorem in divided into three parts:
1. Constructing the strategies of the pursuers:

We introduce the fictitious pursuers (FPs) z;, whose equations of motions are described by

1/2
7 = n(t)wi(t), Zi = Xjo, </ ||wl |2ds) < pi = pi + 11(9) . (9)

It can be shown easily that the attainability domain of the fictitious pursuers z; at time 6 from the
initial position x; is the ball
H(xio, pia(6)) = H(xio, a(0)pi + A).

Next, we define the strategy of the fictitious pursuers z;,i € I, as follows:

10 (o — xi0) +0(t), if 0<t<6
i(t,v) _ a2(9) (]/O 10) ( )/ f > = Y0, (10)
0, if Oip<t<9,
where 6y € [0, 6] is the time for which
B | () i
/0 m(yo — Xjo) +o(t) = p;. (11)
Note that such time 6y may not exist.
We now define the strategies of the real pursuers x;,i € I, by
u;(t,v) = gwi(t, v), 0<t<e@. (12)
i
where p; = p;(0) = pi + -
2. The value A is guaranteed for the pursuers.
We now show that the strategies (12) satisfy the inequality
supinf [[y(6) — xi(0)]] < ). 13)

o) !

Thus, it follows from definition of A that

y[)/ UH Xio, a Pl +)\)

iel

Then, it follows from Lemma 2 where R; = a(0)p; + A and r = a(6)0, that

]/O/ U Xl/

iel
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where

Ip ={i € I:S(yo,a(0)c) N H(xip,a(0)p; + 1) # D}
and (14)
X; ={z € I : 2(yo — xi0, z) < (a(0)p; + A)* — a*(0)0” + [|lyol* — l|xoI*}-

Accordingly, the point y(0) € H(yo,a(6)c) belongs to some half-space X;, with s € Iy and hence,
2(yo — xis, y(0)) < (a(0)ps + 1) — a(0)0? + [|yoI* — | xsol* (15)
By Lemma 1, for the strategies of the pursuers z;,i € I, we obtain z,(0) = y() and

r

n(t)

2
200 dt < 2. (16)

(Yo — xs0) +0(t)

By strategy (12), we have

1%,(8) — ¥ (@)l = 1x:(6) — 2(@)]

= [ s [t
= [ nerE — vt 17
< o

Using Cauchy-Schwatz inequality, we obtain

[ vttt = ([Feom)” ([ oEa) <o 18)

Therefore, from inequalities (17) and (18) we obtain

0
@0,

1%5(8) —y(O)]] < A (19)
Hence, the value A is guaranteed by the actual pursuers.
3. The value A is guaranteed for the evader.

Define the evader’s strategy that satisfies

inf - inflly(8) —x: ()l = A, (20)

Uy () eeestin (+) oon 1€

where u1(+),...,um(-),... are the admissible control of the pursuers. If A = 0, then, the result follows
from (20). Suppose that A > 0, then, by definition of A, for any 0 < é < A, the set

(U H(xio, a(8)p; + A —6)

iel

does not include the ball H(yo,a(6)c). According to Lemma 3, there exists a point 7 € S(y,a(0)0)
such that ||7 — xjo|| > a(0)p; + A, i € 1. Therefore, by the inequality

x:(8) — xpoll < a(@)pi, i€
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We obtain
|7 —xi (@) > |7 — xioll — [[xi(6) — xioll = a(0)pi +A —a(0)p; = A.

Hence, if the evader comes to the point i at the time 6, the inequality (20) is guaranteed. This is
achievable using the control function

o Y—Yo
t) = ——=n(tle, 0<t <9, ==, 21
O Tyl @
that is,
0
y(0) =0+ [ (Ho(s)ds = 7. @)

Hence, the value of the game is not less than A and the inequality is satisfied. This complete the
proof of Theorem 1. O

We now present some examples to demonstrate our result.

Example 1. Consider the differential game problem (2) withp; =1, 0 =9, o =5, and denoting 1(t) = 1.
Consider the following initial positions of the players:

xiOZ(O/"'rO/S/O/"')/ yOZ(O/O/)

We can easily see that by simple computation we obtain that a(8) = 3,a(0)p; = 3, and a(0)c = 15.
Next, we show that A = 14. is value of the game. Firstly, it is enough to show that

i) Given any € > 0, the insertion

H(O,15) C |J H(xip, 17 +€)
i=1

holds, where O is the origin.

ii)  Since the ball H(O,15) is not contained in the set | ) H(xj,13), that is, let z = (z1,2,...) be an
i=1

arbitrary point of the ball H(O, 10). This implies that Y3 | z2 < 225. The following two cases are possible,

either z has a non negative coordinate or all coordinates of z are negative. Suppose that there exists a

non-negative coordinate zj of the vector z, then,

1/2
lz—xioll = (4 +Z 1+ B2+ +..)

oo 1/2
_ (Z 22+ 64— 16zk> (23)

i=1
< (289 — 162)1/2 <17 < 17 +¢,

hence, z € H(xjp, 17 + €).

Now, suppose that all the coordinates of z are negative. This implies that the inequality

o 1/2

z— x|l = 2?2 + 64 — 16z < (289 —162;)/2 <17 +¢€

1
i=1
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is satisfied for sufficiently large k, since the series Y > 1 z2, zx — 0 as k — oo is convergent. Additionally,

any point z € S(O,15) with negative coordinates does not belong to the set | | H(xi, 13), since for any
i=1
number i, ||z — xj|| = (289 — 16z;)1/2 > 13.

Therefore, the number

A =inf {l >0: H(yo,a(f)o) C G H(xijp,a(0)pi) + l}
i=1 (24)

:inf{l >0: H(O,15) C | H(x,3) +z} =14
i=1

is the value of the game by the theorem.

5. Conclusions

We have studied a fixed duration pursuit—evasion differential game of a countable number of
pursuers pursuing one evader with integral constraints on control functions of the players. We obtained
a sufficient condition for completion of pursuit and obtained the value of the game. It worth noting
the following points:

e  There is no relationship between the players energy resources;
e  The case 77(t) = 1 was studied in [12].
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