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Abstract: In this paper, we present some Euler-like sums involving partial sums of the harmonic
and odd harmonic series. First, we give a brief historical account of Euler’s work on the subject
followed by notations used in the body of the paper. After discussing some alternating Euler sums,
we investigate the connection of integrals of inverse trigonometric and hyperbolic type functions to
generate many new Euler sum identities. We also give some new identities for Catalan’s constant,
Apery’s constant and a fast converging identity for the famous {(2) constant.

Keywords: Euler sums; Catalan’s constant; Trigamma function; integral representation; closed form;
ArcTan and ArcTanh functions; partial fractions

1. Historical Background and Preliminaries

1.1. Euler’s Work

We begin by touching on the historical background of Euler sums. The 20th century British
mathematician G. H. Hardy remarked in A Mathematician’s Apology (1940): “ ‘Immortality’ may be a
silly word, but probably a mathematician has the best chance of whatever it may mean.” Leonhard
Euler (1707-1783), the versatile and prolific Swiss mathematician, achieved immortality through his
pioneering work on infinite series and products which began when he was 22. He gained instant
fame in youth by solving the Basel problem (suggested to him by Johann Bernoulli who had tried and
failed) which asked for the exact sum of the series of reciprocals of squares of natural numbers. He

o0
, 1
generalized the problem and introduced the famous Euler zeta function: Z M > 2. Euler extended
n=1
the concept of factorial to positive rational numbers. His investigation (motivated by Christian

Goldbach, the secretary of the Petersburg Academy where Euler worked) laid the foundation for
another famous function, the gamma function, the digamma function (the logarithmic derivative of
the gamma function) and the polygamma functions formed by repeated differentiation of the digamma

function. Nicholas Oresme (1323-1382) had showed that the sum Z % diverges. Euler investigated

k=1
n
. 1 - . . .
its partial sums (called harmonic numbers), Z o detected their link with logarithms, and introduced
k=1
his ubiquitous constant <y in the process: ¢y = 1Lm {H, —log(n)}, where n is any positive integer.
n—oo
1T —x"

He also gave the formula: H, = / dx which can be established by writing the integrand as a

—Xx
geometric progression and then integrating it term by term.
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Euler sums have their origin in the correspondence between Goldbach and Euler after Euler’s
departure from Russia in 1741. In his letter of 6 December 1742, Goldbach informed Euler that he had
calculated the sums of the following series ([1] p. 741):

1_1 1 l_f_l 1 14_1 _11 1_;’_1 1_|_
2\ T2) T3 \"TaT3) g \FTaT3T )T
1 1\ 1 11\ 1 1 1 1
1—2(1—22)+3(1—22+32)—4<1—22+32—42>+...,

1 1 1 1 1 1 1 1 1 1

However, in his next letter (24th December), he modified his claims stating that they arose out of
an error which led to serendipitous discovery of Euler sums:

when I recently reconsidered the supposed sums of the two series mentioned at the end of
my last letter, I perceived at once that they had arisen by a mere writing mistake. However,
of this indeed the proverb says “If he had not erred, he should have achieved less”; for on
that occasion I came upon the summations of some other series which otherwise I should
hardly have looked for, much less discovered.

Goldbach then ([1] p. 747) proposed to compute the sum:

1 1 1 1 1
1+27 1+27 +37 1+27m+37m +...

where m, n are not equal even integers. He further gave the sum 7}—; for series with m = 1,n = 3. This
led Euler to investigate this sum. In his reply of 5 January 1743 to Goldbach, he recorded various sums
including ([1] p. 752, G, I):

1 1 1 1 1

1 1\ 1 1 1\ 1 1 1 1 2 log?(2)
1‘2(1‘z>+3(1‘z+3>‘4<1‘+‘>+"'—1z+z :

which appeared in §108 (page 509) of his Continuatio Fragmentorum ex Adversariis mathematicis
depormtorum (Opera Postuma 1, 1862, 487-518) now numbered E819.

Their correspondence culminated in a 47-page paper [2] by Euler (1776) using a
cumbersome notation:

1 /1Y 1 1 1 1 1
/271 )= () v (gt oo
In the paper mentioned, he employed three methods (which he called Prima Methodus,

Secunda Methodus and Tertia Methodus) to discover formulas representing these sums in terms of
zeta values. First, he multiplied the involved series to obtain this formula (§4, p.144):

HONLONEIETES

1 1 1 2 log?(2
<1+++>+~~- i Og(),

and
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After investigating cases with combined exponents of z,y = 2,3,...,10, he considered the
sum with 7 = 1 in the notation given earlier. He recorded a general formula (§22, p. 165) which,
form =2,3,4,..., can be written as:

S H_mt2

EU (m) = =

i; Z(k+1). (1)

N\*—‘

n=1
1.2. Post-Euler Development

Nielsen (1906) built on and supplemented Euler’s work by supplying proof of the general
Formula (1) using the method of partial fractions in ([3] pp. 47—49). Ramanujan noted a few Euler
sums in his notebooks sometime in the 1910s. Sitaramachandrarao, an Indian mathematician,
obtained identities for various alternating Euler sums in 1987 while discussing a formula of
Ramanujan [4].

Georghiou and Philippou [5] established Euler’s formula as well as:

0 Hn 1 2s .
Y =5 LD s v, s>

n=1 r=2

They also gave this formula:

o H7(12)
Z o 7(2)0(2s+1) —

(5+2)(25+1)
n=1 2

{(2s+3)

+2s§(f— DE@2r—1)g(2s+4-2r), s>1,

where H, (m) — Yo ", om > 1 n > 1. They remarked at the end that it was still an open question

to give a closed form of

n=1 n‘i
Surprisingly, they did not mention Euler or his work even once.

The publication of De Doelder’s paper [6] in 1991 and three papers submitted during July,
August and October 1993 by the Borweins and their co-researchers [7-9] produced a revival of
interest in these sums among a number of mathematicians. Crandall and Buhler [10] established

o 1 n=l
various series expansions of 2 ) ol Various approaches have been employed to get such sums.

n=2 m=1
De Doelder summed some series by evaluating integrals and using the digamma function. A quadratic

sum ) 4 L =Y, ( n +1) = 131676 was derived by De Doelder and an associated sum
conjectured by Enrlco Au-Yeung (an under-graduate student at Waterloo, ([7] p. 17) and ([8] p. 1191))
on the basis of his computations was established by means of generating functions and Parseval’s

identity for Fourier series by the Borweins. In fact, the associated sum ) ;> ; H" ? = % had been
computed by Sandham [11] in 1948, but it remained generally unknown. Chu [12] made use of the
hypergeometric method for deriving some Euler sums. Jung, Cho and Choi [13] use integrals from
Lewin’s book to evaluate different Euler sums. In particular, they show that ;7 , (nilyi = ¢ (4 ) can
be obtained from the integral (7.65) recorded in ([14] p. 204). Flajolet and Salvy [15] used contour
integration. Freitas [16] transformed De Doelder’s sum into a double integral and then evaluated the
integral directly. Experimental evaluation of Euler sums involving heavy use of Maple and Mathematica
led to the discovery of many new sums; some of these were established later. Euler sums have been a
popular topic for engaging many mathematicians for last many years.
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1.3. Notations and Representations of Harmonic Numbers

We use the following notations throughout our paper:

no1 n (71)k+1
L Hi=) o Hi=) -—
k=1 k=1
p
| |
P (p) _
2 Hn_<k_zlk>, H, _k—zlkp
&1 1 N G
3 = Ygpmy ~Ha gt =)

H,(f ), the generalized harmonic number of order p, is sometime denoted by ,(p) (Louis
Comtet’s Advanced Combinatorics, 1974, p. 217, [7b]). The alternating harmonic numbers, H;,
have been termed skew-harmonic numbers. We call h,, the odd harmonic numbers and follow Berndt’'s
notation ([17] p. 249, (8.2)) in preference to the symbol O, used by Borweins [8].

Taking the log of the two sides and then differentiating this product representation

1 ad x\ _
o (1) e

n=1

yields

1 = (1 1 = /1 1
0=+ L (o) = (e

n=1

leading to the telescoping sum:

e 1 1 1
lp(1+x)lp(x):n¥1<x+n—1 x+n) T x

and for integral arguments n > 1, y(n+1) — (1) = H, with (1) = —1.
We also have:

hy, = 1 n+ L E
=Y 2) ¥\3)|
Choi ([18] Equation (3.7)) defined the harmonic numbers in terms of log-sine functions

H, = —4n /2 log (sin x) sin x (cos x)*" ! dx ()
Jo

T

= —4n/2 log (cos x) cos x (sinx)*" ! dx.
0

An unusual, but intriguing representation has recently been given by Ciaurri et al. ([19]
Equation (10)) as follows:

(dnt+-D)mx X
Hn—n/ol(x—;> (COS( Zm(z)COS(Z))dx. 3)

2

We may introduce here the Lerch transcendent,

[e9)

® (z,t,a) Z

m=0 m""a
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which is defined for |z| < 1 and R (a) > 0 and satisfies the recurrence
®(z,t,a)=zP(z,t,a+1)+a'

The Lerch transcendent generalizes the Hurwitz zeta function at z = 1,

D (1,t,a) 2
and the polylogarithm, (see [14]), or de-Jonquiere’s function, whena =1,
Li;(z Z t € Cwhen |z| <1; R (f) > 1when |z| = 1.

The polylogarithm of negative integer order arises in the sums of the form

r L

j Nyl = Li_y(z) = ——— .oyt

j=1 ! 1—z)" 3\

where the Eulerian number n Z”rl (" + 1 i—j+1)", see [20]. The polygamma
j J polyg

function of order k for z #£ —1, —2, e

dx 3 !
# = Sty = 0 E L

and has the recurrence
) ) (1) k!
pz+1) = pi() +

The connection between the polygamma function and harmonic numbers is given by

HZ(aH) =C(a+1)+ ﬂlp(“) (z4+1),z#-1,-2,-3,... 4)

o!

and the multiplication formula for a positive integer m is (Abramowitz and Stegun, Handbook of
Mathematical Functions, p. 260, 6.4.8)

99 (mz) = b log(m) H12¢“( L, ©)

m

where ;. , is the Kronecker delta.
We define the alternating zeta function (or Dirichlet eta function) 5 (z) as

) n+1
-y CY ), ©
n=1
where 77 (1) = log 2. If we put
o0 n+1 py(p)
S(pg) =y, LI
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in the case where p and g are both positive integers and weight (p + ¢q) is an odd integer, Flajolet and
Salvy [15] gave the identity:

) ={1—-(=1)"} 2 (p)n(q) +n(p+9q)
(-1 Y (P“‘l)@(pw)n(zk)

it2keg \ P
+j—1 ' .
-2 ) (q il )(—1)’11(q+1)17(2k), @)
jr2k=p \ 1
where 17 (0) = %, 17 (1) = log2, ¢ (1) = 0,and { (0) = —1 in accordance with the analytic continuation

of the Riemann zeta function. For odd weight (p + q) we have from [9] and ([15] Th.3.1):

o0 HV(ZP) [%] p+q72]71 . ]
W)=Y O =<1>P]§( 1INt ra-2pi0)
1—(=1)? B 5] p+q—2j—-1 Y .
2 ) 2 + 1>Pj_1( I w20
(=17 ptqg—1 pt+q-1
S - (T - (P L, ®

where [x] is the largest integer contained in x. It appears that some isolated cases of BW (p,q) , for even
weight (p + q), can be expressed in zeta terms, but, in general, almost certainly, for even weight
(p+¢q),and p > 2, no general closed form expression exists for BW (p, q) . Some examples with even
weight are

o g2 1 © g 93
Y =20 - 586), ¥ S = 50,

There are also the two general forms of identities,

H(2p+l) )
22 T =)+l +2),

and

© g (4p)'B3,
2L, _<1_2<<2p>!>284p>“4”>

for p € N and where By, are the signed Bernoulli numbers of the first kind.

Sofo [21], furthermore, developed the half integer Euler sums. For positive integers m, p and odd
weight m + p,

(m)
~ H m
2 afmt+p—1-—r
W(m,p)=Y, —2—=(-1)P ) 2" 1< )
=1 " r=1 m=r

[BW(r,m+p—r) —S(r,m+p—r)]
1 22,,1_r<m+p_1_r>€(7)é(m+;7—r)

m-—r

<m+p—1—k

P e+ p - ©)
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In addition,
(M)

Z H:l’:) —op-1 Z { 1)n+1}.

n>1

We obtain the alternating Euler identity at half integer value,

(_1)n+1 HS:”)
Y, =W(mp)—2"VBW (m,p). (10)

n>1
Some other Euler identities are given in [22-37].

1.4. Cauchy Product and Relevant Generating Functions

The multiplication of series by Cauchy’s rule (Ch.VI of A. L. Cauchy’s Cours d"Analyse de I’Ecole
Royale Polytechnique, 1821) is given by:

(Z akxk> (Z bkxk> = Z ¢ xK

with ¢ = 2;‘:0 ajb_;. Cauchy showed (pp. 147-8, Th.6) that if the two convergent series on LHS
are composed only of positive terms, i.e., they are absolutely convergent, then so is their product.
Abel’s theorem (1826) states that if all three series (including conditionally convergent) converge to

sums, say sg, Sy, 5S¢ respectively, then s, - s, = 5, necessarily.
[e0]
A function G(x) represented by the power series: G(x) := Y _ a, x" is known as ordinary generating
n=0
function for the sequence {a, }.

The Cauchy product of (1 —x) ! and log(1 — x) yields the generating function ([38] p. 54, 1.514.6):

Clog(l—x) &
- ; (11)

while the Cauchy product of (1 — x) ! and log(1 + x) yields:

log(1+ x)
gl — Z H' x", (12)
both series converging for |x| < 1.
1.5. Few Sums for Further Use
0 _1)k+1
The Cauchy product of the numerical series ) _ i1 with itself gives:
k=0
o (=) < 1 > v (gt oy (=1
2y —— 1+ 5+ — =2y ——.
n); n+1 2 Z n+1 ’;(n—kl)z

Furthermore, if 11, up,u3, ... is a decreasing sequence of positive numbers with limit 0, then the
series 1y — %(m +up)+ %(ul +uy + uz) — ... is convergent. Hence, the series on LHS converges (with
sum = 2(—log2)?) and so does the first series on RHS because the second series too is convergent
with sum = —2(1 — 711—;) We thus get:

2
i _1)n+l Hy _ log (2)
n+1 2

n=1
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From this, we deduce by a shift of the index:

i (_1)n+1& — lz — w

= n 12 27
leading to
= H, 2
-1 n+l_ “n = _1 2 2).
n;( Sy 12 @
The Cauchy product of arctanx = ) é; 1 x" with itself is the series ([39] p. 162, Ex. 13):
e h
arctan x)? = —1)n Ly 2, (13)
(aretanx)? = 3 (1)1

The series are absolutely convergent when |x| < 1 and convergent when x =1. ([40]
p- 81, Ex. 2) Therefore,

> h,
_qypt1in Tt
LT =g (14)
It occurs in ([41] pp. 322-323).
The software WolframAlpha gives:
1
/0 (arctan x)? dx = 1 (7r +4log2) —
[} -1 n—1
where G is Catalan’s constant defined by G = ) _ (7)2 = 0.9159655. ..
= (@2n-1)

Thus, we have:

> > h 2h m?  mlog?2
_q\n+1 n+1 no n - g o
n;( b (2n+1 ; [n 2n+1} 6 s © (15)
Putting the value from Equation (14) in Equation (15) leads to:
d h G mlog2
_q\n+1_n _ = _ g
n;l( 1 2n+1 2 8 (16)
WolframAlpha gives:
1 (arctan x)? 1
/O I dx = 4G -78(3)]
yielding ([4] p.14, (4.16)):
Z ”+1h” — G- 768 (17)

4

n=1
2. Euler-Like Alternating Sums

2.1. A New Sum

It is easy to see that

1 21
H3, = <2Hn +hn) = ZH,% + Hyhy + 12,
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Therefore,
<) H2 =] 1 n+1H2 =] n+1H h Sy | n+1h2
Z(_l)n+1ﬁ _ 2 ( ) 2 + 2 ( ) n (18)
n=1 n n=1 n=1 n=1 "
We discovered this sum independently:
o (_1)n+1p2 2 3
Z H3 35(3) _ m”log?2 n log’(2) (19)

4 12 3 7

which on shifting the index yields

i (-1)"1H2  Z(3) N m?log2  log’(2)

= n+1 o 4 12 3
so that - R 3
i yrtiH2 ?log2  2log’(2
= (n+ 1) 6 3

and we have an identity for Apery’s constant,

o (D" 2n+1)HE  (3)
n(n+1) o2

n=1

Later on, we found the first two formulas recorded in ([12] Equations (4.4b) and (4.4c)), borrowed
from De Doelder ([6] Equation (12)) who recorded the first sum with a typographical error.
We may also record here a related sum

1)n+lH( ) 71.2 log2

= 13) - T 20)

bh

obtained via the formula of Flajolet and Salvy noted above.
We find this sum in ([6], Equation (21)):

= (=)™ 72(3)

= . (21)
= n 16
This sum occurs in ([12], Equation (4.3b)):
> nt1 Hoo1+ Ha 77(3) m?log2
— n 8 8
n=1
that is,
i n+l 2Hﬂ n i n+l h 7€<3) _ s 1Og2
— — 8 8
= n=1
We thus obtain using Equation (17):
o ”+1H My 77(3) m?log2 ~nG
; T 16 2o 22)
Using the values from Equations (19)-(22) in Equation (18), we deduce this new sum:
-~ H3 37(3) m*log2 log*(2) ~wG
+1-"2n
E 2n 32 24 + 24 + 4 @3
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2.2. Double Sums for Catalan’s Constant

We discovered this nice sum:

1\ 1 1 1\1 > K
(1)1—<1—3>2+<1—3+5>3_...:Z(q)ﬂ“;:c. (24)
n=1
& h, & 1T 11— (—1)"x"
apnth = R gl [ICH
n=1 n=1
> |
— _1\yn+1 =
=) (1) n./o 1—|—x2dx

1 [=S) 2n 1
. 1 m+1X d
/0 (Z( ) n 1+ x2 *

n=1
_ U 1 log(1 — x2)
=log() 3~ [/ 7
s s
=1 log2 — {Z log(2) — G} =G,

as

Tlog(1—x2) . ! log(1l+x) 1 Jog(1 —x)
/0 1+ /0 1+ 2 dx+./0 112

and ([38] p. 556, (4.291.8), (4.291.10)):

Tlog(l+x) , m - (llog(l—x) , m
/O de_ 5 log2 /0 de_ g log2- GO

We also found this sum by shifting the index in Equation (16):

= h G m
_1\n+1 n - - ot

3:1( 1) m_1-21% log2, (25)
2 mlog(2)

in ([12] Equation (4.5c)).
The combination of Equations (16) and (25) yields:

for which Chu derives a wrong value — +

& (—1)"1h,  mlog?2
m2-1 8 (26)

n=1
and a new double sum for Catalan’s constant:

> (-1)"nh, G

= oan2-1 47 @7)
We discovered this related sum:
ad K 3 772
e 2
2 (=1) 2n—1 327 (28)
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+1 11 n2n
Vl
(-1 n—l/ 1+x2 dx

1 1 i
2n—1Jo 1+x2

i 2n+1 X" 1 dx
2n—1) 1+x2

n=

h/
_yntl_tn
) 2n—1

[1e
I
MS

1

3
Il
—_
3
Il

1 n+1

I
Mg

1

3
Il

—_

)

o
—_

2 xarctan hi(x)
B (Z +/0 1—0—x2 ax
_w w8

16 32 32

3. More Alternating Sums

3.1. Miscellaneous Double Sums

We derived these sums earlier:

i( )n+1 Hy — 10g22 i( 1)n+l Hy — 12 _ 10g2 (2)
| n+1 2 | n 12 2
Furthermore,
- H B, H, 5((3)
n+1 n n+1
AN, -1 2 Y5\
1;( ) (n+1)2 8’ n;( ) n? 8
H,
Since Hy,, = hy, + — K , we deduce:
> h T > h 2
_qynt1_tn g _ . _q\rt1in
and
Iy, 7C(3) 2

1) 1 B
Z:l(—l)nJr CES _ﬁ—nG—O—N—ZlogZ.
n=

o H . (1\ 137* 357(3)log2 5m2log?(2) 5log*(2)
et Han 1 B g g (2) _Slog
L (-1 = 5L (2)+ 192 8§ 24 24

& H, /1) | 117* 7¢(3)log2 m*log®(2) log*(2)
_qyptlin - _ _
L (1) 2L14<2>+ 360 i T 2

Its terms (except the one with 7t%) are 2/5 times of the previous one. See the next sum with the
same terms (except the one with )

o H?2 1\  417* 77(3)log2 m2log*(2) log(2)
_\ntlitn oy - _ _
L (1) 2L14(2> * 1440 7 | R

0 HyY /1 Lig(—x) , _ 197  3((3)log2
0 x(1+x) 1440 i



Mathematics 2019, 7, 833 12 of 24

o h . (1) 1517*  77(3)log2  mPlog®(2) log*(2)
_1yptlin _ o

& H . (1) 1817*  357(3)log2 5m2log® (2)
it pys (2 _
L(-1) SLis(5) ~ 2880 T s 24

5log*2  37(3) 2

157 N 77(3)log2  m*log®(2)  log*(2)
720 4 12 12

& h . (1) 1517*  7¢(3)log2  m?log? (2)
)t -] = _
L (-1 4Ly (2) 2880 2 6

log* (2) 37(3) -
+ 3 1 3 +2m —4log2.

3.2. Sums Involving Harmonic Numbers with Multiple Arguments

For multiple arguments, we know that, for p € N, hy, = Hapy — %H pn- From [42], we obtain

Z (_1)n+1Hpn 1+P

. 2j+1)m
Z " ap Z log (2 sin (217 p
(71)n+1H (71)”+1H (71)”+1H p
L n(n—i—l)pn:Z n = n+1 pn:2g<2)
n>1 n>1 n>1
p—1 . —
_ 2 (pgin (D7 1 .
+H, 1In2 ];)log <251n< 2 >) > ; ; _E H7<,%,> ,

from which we ascertain

(=1)"hy,  3p 1
.

+;j§jlog2 (zsin ((2]—2:?1)”>> _zil Ing (ZSin (W)>

j=0 4p
1’“‘11( ) 12”‘11< )
b))t B U e
For the non-alternating case, we have, from [43]
Hpn 1 |
Yo Loy ly
n>1 (Tl + 1) p j=1 ) P

and, therefore, after some simplification

h 1721 G| P
pn
= 5 -H ; -H - . H (2j—-1) -
Loty 25t Lt s Loty
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A simple calculation gives us

Y (2};2’;1) =log(2) + %n— Zg(z).

n>1 n

3.3. Few Relations between Pairs of Sums

and

We discovered these relations:

E (-1 2 (1), 7 mlog?(2)

+ =—_ 457
= -1 = (n+1)2 48 16
0o n+1h2 co n+1h 71.3 1 2 2
Z il E 2n+1)2 ~ 9% 01g6( :
n=1 n+ n=1 n+

Thus,
e A R G O K I o mlog?(2)
~= 2m-1 = 2n+1 96 8

leading to the sum:

e (~1)"1h2 7 mlogh(2)

dn2 -1 192 16

n=1

This relation was deduced from ([12] Equation (4.6c¢)):

i n+1h2 i n+1h _ _nj N 7T10g2(2)
= 2n—1 =1 Zn—l 96 16
We thus have:
()M & () 7 logh(2)
= 2n-1 = (2n+1)2 48 16
i( 1 n+lh +i( 1)n+lh _13: i (_1)n+l
=1 2n—1 2 2n+1) 32 =1 (271—1)3'
ad h o«
L P A | 2,
n:l( nn+1) 8 2 +log
o h 2
+1 n _
n—=

The two preceding sums have similar terms yielding a nice sum for {(2) :

© 2n+1 )2 s
) ( =, 29)
E (n+1) 6
hy 151774 2 log?(2)

n;(—l)nﬂ ST~ 140 —77(3)log2 +

log 2 30(3) 772 . (1

3
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4. Integrals and Euler Sums

In this section, we will explore the connection of integrals involving inverse trigonometric and
hyperbolic functions with Euler sums, thereby producing a number of interesting and new identities.

Theorem 1. Leta € RT U{0},6 € RT\ {0},p € NU {0} and g € R"; then,

1
1(a,6,p,9) = /x” (tanh ! (6x7))%log” (x) dx
0

52nhn
a1 (2qn+a+1)PY

= (=1)Fp!

where , ,
hi’l - Hzn - EHn = log(Z) + EHH—%

and H,, Hp,, are harmonic numbers with unitary arqument and double argument.

Proof. We have that 5 5
n qn
(tanh ™! (0x7))2 = ) %,

n>1 n

therefore

'y |
I(ﬂ, 5/ p, q) = Z Tn /xzqn+ﬂ logp (x) dx/

n>1 0

and, integrating by parts, yields

52np
I(a,8,p,q) = (1) p! 1 .
(@0,p.4) = (=1) prglln(an—i-a—i-l)p+1

O

Certain particular interesting cases can be explicitly represented and we detail some cases in the
next few corollaries.

Corollary 1. Leta = —1,6 = +1,p € NU{0} and g € RT; then,

1
I(-1,£1,p,q) = /% (tanh ! (£x7))%1log” (x) dx

Forp =0,

1(-1,£1,0,9)

1
/% (tanh ™! (£x7))% dx
0

1 hy, 7
T he e
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Forp =1,
1
1 1 2
I(-1,£1,1,9) = /; (tanh™" (£x7))"log (x) dx
0
35
= arl e (Lo -Fiw),
where 11 7 1 1 1
L) = T - 50O log2-+ 3 (2)Iog? (2) - g3 log* (2) 2L (3 ). 0)

For peven,letp =2(m—1),meN

1
[(=1,41,2(m—1),q) — /% (tanh ™ (£x7))210g?" 2 (x) dx
0
_(@2m-=2)! _ (2m—2)!
- (2q)2m+l Z an - (Zq)2m+l Q( )
where, from paper [44],
2m+1
Q(m) = Z%:%égm*l) (31)
n>1
m—1
_1 2 (22111 2j+1 _ )é(Zj)§(2m—2j+l).
]
For

where we have the identity

rg ;ﬂ% = Lis (;) +(3) — Lis (2) log(2) — Lip (2) log (2) ~log? (Z) log3.

Corollary 2. Leta=2q—1,6 = £1,p € NU{0} and q € R™; then,

% (tanh ™! (£x9))log? (x) dx

1
12— 1,41,p,q) = /
0
(—

1)7 p! hy,
)P S (n+1)PH!

1) p! ptl g
- (<2q>)*’ﬁ D”(ﬂ ; )

n+1
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Forp=2,q=1
1
I1(1,+£1,2,1) = /x (tanh™! (4x))?log? (x) dx
0
_ 1
-4 n>1M1 n+1)
1 1 3 1
= - Yun, —
4.5 ( (n+1) ng(n—i—l))
7 3 35
= L)+ log2) ~ 30(2) — 10 (3) ~ 20 (4),
where we have evaluated
hy, B 7
n;m 2log2, n; n+1) 2 =6(2) —4log(2) + ;0 (3),
hy, B B 35
L (n+1)3 =20(2)—4L(3) —8log2+(3) + 3 (4).

Foré = +5
/1x tanh ™! :l:lx : dx—lzhin
) 3 229" n(n+1)
= 15log2 —9log3 —log?(2),

—~—
N
=
H
W =
L
[
~__
Il

where . . 9
_n ;i - ) = 2 (72
L raln 1) ti(5) ~4102* (5)-

We can decompose the two sums into:

= 2log*(2); Y oo = log?(2) — 5 log2 4 21
,1;19”11 198 (2); n; 9o+l (n+1) 4 0g(2) 3 08 +2log3,
and
— H, . (1 1 2(9) & H, 9
n;l gy Lip <9) + Elog (8) ’ Z gn+1 (Tl—|—1) log ( )
Moreover,

Lo -1 (5) 8 (5)] = 18 () =5 (5).

An interesting connection with these given four sums is the alternating identity
BV g (4),
= (n+ 1)
from which, by extrapolation, we are able to obtain the very fast converging alternating identity
n+1 Iy,

Z 311 ln

n=1
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Corollary 3. Fora=—-1—g

1
I(—q—1,%£1,p,q9) = /xil*q (tanh ™! (x7))%log” (x) dx

0
(_1)p p! hiy
2g)"*! Zin(2n— 1)

_ o (1" R~ )m
- grtt 2, T <n(2n—1) +2]§ (2n — 1)/

- qu( +22 H]V)

where, from paper [44], we have evaluated, for j even,

V() = n;mh_"l)j—1<a<j+1>+n<j+1>>+§<¢<f>+n<j>>logz
212;(2% 1) (207~ 2k+1). (32)

For the case

1(-2,£1,2,1) = ~2 (tanh ! (£x))?log? (x) dx = 2L (3) — — (4)

o
R
N @

+72(3)10g2 ~ 77 (3) - 37 (2) log2 + 20 (2),

where we have the results

For

1 2
1 _ ) ! _ h
1( 2,12,0,1) L {tanh ( 2x>} 5= ¥ Ty

0
1 1 1 243

where we have the identity

Hu 5,00 30 () Lo 3 (2
222,1;1(211_1)—4§(2)+210g(2> 5 log2 2L12<3> log< >10g3

n>1

Higher powers of the tanh ™! (x) function yield more Euler sum identities, and we have the
following corollary.
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Corollary 4.

1

x* (tanhfl (x))3 dx = Z / x2nt2j+a=1 4,

n>1

:\§

o .

]; (21 -1

hn
= L)Yy n(2j—1)(2n+2j+a)

n>1j>1
Iy (21og(2) + HH%)
n(2n+a+1)

I

=

Mg
/N

Various cases follow, fora = —1,

|
I
S
N
T
NI=
SN—
|
=
v
=
=
N
W
N
~—~
S~—

1
/ % (tanh " (x))? dx
0

Fora=1,

1
B 1 hy (2 log(2) + HnJr%)
b/x(tanh 1(X))3dx:1,§1 WD)

1 2hy, W2 3
=1L (n(n+1)(2n+1)+n(n+1)> =3¢@):

n>1

From here, we have the identities

hn o1
Y oD e D) :6(2)—2103;2,1;1m — 20 (2) +2l0g2,

n>1

and we have the new identities

2 hy 1
€(2):32(“+1)<h”+2n+1>’

hnH%

21 9. 1
nZlm = B§(3)—§log (2)+2G+§§(2).

Fora = -2,

=1 n(2n—1)

_ hy log?2 h,H, hy, 3
=) ( (2n —1) +2n(2n—1) _2n2(2n—1)> =360

n>1

1
O/x12 (tanh ™! (x)) dx = % Z i (21082) & 1)

From here, we have the identities

Y~ L %=1,

n>1 n

3 n(Zr;H_nl) _ Zg(3)_2§(2)log2+2§(2)'

n>1
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Consider the quartic,

1
/% (tanh ™! (x Z Y ——— = 2%5 (5).
0

2. 5mm(n +]

1
1 1 b
—= (tanh ™ 5xd ))tdx =5
O/ﬁ(an (2 ) ;1;];22”*2] tnj(n+j+1)

= 36((3) +221log®(3) — % log*(3) — 481og(2) log?(3) + 481og(3)Li, (-é) + 48Li3 (-é) .

»N»—n

For powers of the arctan x function, we shall find some further alternating harmonic Euler sums.

Theorem 2. Leta € RYU{0},6 € R\ {0},p € NU{0} and g € R*; then,

1
J(a,6,p,9) = /x” arctan® (6x7) log” (x) dx
0

(SN
wShn(2qn 4 a+1)P*H

where

1 1
EHn = 10g2 + EHTZ*%

and Hy, Hy,, are harmonic numbers with unitary arqument and double argument.

hy = Hpy —

Proof. We have that

_1\nt+1 2n 2qn
arctan® (6x1) = ) L ;
n>1 n
therefore,
( )n-l-l 5271]/1 1
J(@aé,pq) = ) - /xZ""” log" (x) dx
n>1 0
_1\nt1 oo
e 0D D ML
=11 (2qn+a+1)"
O

Certain particular interesting cases can be explicitly represented and we detail some cases in the
next few corollaries.

Corollary 5. Leta = —1,6 = +1,p € NU{0} and g € RT; then,

1
J(-1,£1,p,q9) = / arctan’ (+x7) log? (x) dx

0

(=

1) ( 1)n+1hn
( )][7+1 e~ np+2
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For p = 1, and using the results of the previous sections,

1
J(—=1,£1,1,9) :/% arctan? (£x7) log (x) dx = ! Z (-1
0

(29)* =4 n’

Corollary 6. Leta =29 —1,6 = +1,p € NU{0} and q € R™; then,

1

J(29—1,%+1,p,9) /xzq_l arctan® (+x7) log” (x) dx
0
(=

D' ()",
)P Sin (n+ 1Pt

P p+1
) qu>)*7“2 v (111_2 : )

j=1 (Tl + 1)]

For p = 2, and using the results of the previous sections,

1
J(2g—1,£1,2,q) = /qu_l arctan® (+x7) log? (x) dx
0

_ (1, (Lo 21
- " :
i (2q)7*1 n>1 no=(n+1y

: G + 817 (4) — 27 (3) log2 + { (2) log?(2) — L1og* (2)

(29)° —aLig(1) = 37 + 97(2) + 7log2 — £ (3)

Corollary 7. Leta=—q—1,6 = +1,p € NU{0} and q € R™; then,

1
J(—q—1,%1,p,9) = /x*q*1 arctan? (+x7) log? (x) dx

0
= (_1)pp!2 (‘Unﬂhn

n>1M (211 - 1)p+1 '

_ D gy, ((—1)*’“ Y <—1>j+v+?> _
1 n

=1 (2n-1)
Forp =0,

J(29—1,£1,0,q) = x~ 971 arctan? (£x7) dx

3
[\
—_

QI S O~

S

T 3
Zlog2+Gf 8§(2)> .
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Higher powers of the arctan (x) function yield more Euler sum identities, and we have the
following corollary.

Corollary 8.

1 (_1)n+1 I 1
/x“ arctan’ (x) dx = ) 7”/33"” arctan (x) dx
0 nz1 " 0

1 nt+a—2 — n+a
oy Gy (T Mg 7 e )
] 4n (2n+a+1)

Various cases follow, for a = 0, and using the double arqument of the polygamma function

1 (_1)n+1hn T+ Hoy—o — Hau
/ arctan® (x) dx = Y 4 4
0

=1 4n 2n+1

_ oy C )
- };4"(211“) (” 2log(2) + 2H, 2H%)

3

63

Manipulating this integral identity gives us the new Euler sums,

m 18
G+ at 3—2§(2) log2.

(1) haHy 35 9
VB e B3 - 221082
n; r 32 8
(1" (Hy —Ha) 13 1
_ = _ = e 2 _ =
ngi 1 = 325(3) 17G+ 47110g (2) 2GlogZ,

th _ E_%
L nn+1) 082+ 5~ 36 @)

n>1
Fora = -1,
n
/; arctan” (x) dx = ;T(TCJrH%_%*H%,%)
0 n=
9 1 3 1
- 2 N () _p® (2
@6+ (07 (3) 9 (1))
9 3
= 26— 2p),

j+1
where the Dirichlet function g (4) = Y- (1"
j=1

2t Here, we note that
i

o (Z) o (i) = 87 — 768 (4) — (87" + 768 (4) ) = —15368 (4);
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moreover, using the integral identity, we obtain the new Euler sum

(_1)n+1 hn

- (H%%—H%f%) = 3@(2)G—12B(4)+£7TC(3)+47TG

)3

n>1
~77 (3) +8G — 37 (2) — 27 log 2.

For the quartic

l .
1" ok
/ L arctan (1) dx = ) Z(n)(+n>]
4 n>1j>1 JMU

1,9 3
= G+ 0 (5) + 3 (4),

and

(_1)n+j+k+l hnh]hk

1
tan® (x) dx = T
O/xarcan (x) dx Z‘4ZZ:2]kn(]~¢-k—i-n—|-1)

n>1j>1k>1
15 5 . 20925 45 3 .
= = ek — 2 aB(4) —
27Tt 1022 O~ A — g

945 675 405
+1006° (6) ~ 5560 (4) 1082+ 520 (2) £ (3).

5. Conclusions

In the first three sections of the paper, we treated miscellaneous Euler sums, particularly,
the alternating sums. We developed many new Euler type identities. In particular, we have developed
some new identities for the Catalan constant, Apery’s constant and Euler’s famous { (2) constant.
In the fourth section of this paper, we have demonstrated and explored the connection of integrals
involving trigonometric and hyperbolic functions with Euler sums. We have evaluated particular
integrals related to Euler sums, many of which are not amenable to a mathematical software package.
Integrals dealing with powers of arctangent and hyperbolic functions will be further developed in a
forthcoming paper.
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