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Abstract: In this paper, we specified a method that generalizes a number of fixed point results for
single and multi-valued mappings in the structure of extended b-metric spaces. Our results extend
several existing ones including the results of Aleksic et al. for single-valued mappings and the results
of Nadler and Miculescu et al. for multi-valued mappings. Moreover, an example is given at the end
to show the superiority of our results.
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1. Introduction and Preliminaries

Banach contraction principle [1] is a fundamental tool for providing the existence of solutions
for many mathematical problems involving differential equations and integral equations. A mapping
T : U — U on a metric space (U, d) is called a contraction mapping, if there exists 7 < 1 such that for
allu,v e U,

d(Tu, Tv) < nd(u,v). 1)

If the metric space is complete and T satisfies inequality (1), then T has a unique fixed point. Clearly,
inequality (1) implies continuity of T. Naturally, a question arises as to whether we can find contractive
conditions which will imply the existence of fixed points in a complete metric space, but will not
imply continuity. In [2], Kannan derived the following result, which answers the said question.
Let T : U — U be a mapping on a complete metric space (U, d), which satisfies inequality:

d(Tu, Tv) < n[d(u, Tu) + d(v, Tv)], 2)

where 7 € [0, 3) and 1, v € U. The mapping satisfying inequality (2) is called a Kannan type mapping.
There are number of generalizations of the contraction principle of Banach both for single-valued and
multi-valued mappings, see ([3—13]). Chatterjea in [14] established the following alike co ntractive
condition. Let (U, d) be a complete metric space. A mapping T : U — U has a unique fixed point, if it
satisfies the following inequality:

d(Tu, Tv) < nld(u, Tv) +d(v, Tu)]. ©)]
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where 7 € [0,1) and u,0 € U. The mapping satisfying inequality (3) is called a Chatterjea
type mapping.

Due to the problem of the convergence of measurable functions with respect to a measure,
Bakhtin [15], Bourbaki [16], and Czerwik [17,18] introduced the concept of b-metric spaces by
weakening the triangle inequality of the metric space as follows:

Definition 1 ([17]). Let U be a set and s > 1 a real number. A function d : U x U — [0,00) is called a
b-metric space, if it satisfies the following axioms for all uq, up, uz € U :

(1) d(uy,up) =0 ifand only if uy = uy;
(2) d(ul,uz) = d(ug,ul);
(3)  d(ur,u3) < sld(u, uz) + d(uz, u3)].

The pair (U, d) is called a b-metric space.

Clearly, every metric space is a b-metric space with s = 1, but its converse is not true in general.
After that, a number of research papers have been established that generalized the Banach fixed point
result in the framework of b-metric spaces. In [19], Kir and Kiziltunc introduced the following results,
which generalized Kannan and Chatterjea type mappings in b-metric spaces. Let T : U — U be a
mapping on a complete b-metric space (U, d), which satisfies inequality:

d(Tu, Tv) < nld(u, Tu) + d(v, Tv)]. 4)

where sy € [0,1) and u,v € U. Then T has a unique fixed point.
Let (U, d) be a complete b-metric space. A mapping T : U — U has a unique fixed point in U, if it
satisfies the following inequality:

d(Tu, Tv) < n[d(u, Tv) + d(v, Tu)], (5)

forall u,v € U, where 5 € [0, %) In [20], the given below results, which generalized Equation (4) for
K1 = k2 = k3 = 0 and (5) for k1 = x4 = 0 and x; = «3, have been derived.

Theorem 1 ([20]). Let (U,d) be a complete b-metric space with constant s > 1. If T : U — U satisfies
the inequality:
d (Tu,Tv) <x1d (u,v) +xod (u, Tu) +x3d (v, Tv) +x4[d (v, Tu) +d (u, Tv)], (6)

where,
K1 + 2sKp + K3 + 2564 < 1,

then T has a unique fixed point.

Theorem 2 ([20]). Let (U,d) be a complete b-metric space with constant s > 1. If T : U — U satisfies
the inequality:

d(Tu, Tv) < k1dy(u,v) + 12 [d¢(u, Tu) +dg (v, Tv)], ()
forall u,v € U, where k1,1 € [0, %), then T has a unique fixed point.

In [21], Koleva and Zlatanov proved the following result, which generalizes Chatterjea’s type
mappings in b-metric spaces and do not involve the b-metric constant.
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Theorem 3 ([21]). Let (U, d) be a complete b-metric space and d be a continuous function. If T : U — U is

a Chatterjea’s mapping, i.e., it satisfies inequality (3) such that sup{d(T"u,u)} < oo holds for every u € U.

neN
Then:

(i) There exists a unique fixed point of T, say ¢;
(if) Forany ug € U, the sequence {un}Z":1 converges to ¢, where uy, 1 = T"u,, n=0,1,2,...;
(iii) There holds the priori error estimate.

(g, T"u) < (m)m sup{d(Tju, u)},
jeEN
whereny € [0, %).
Ilchev and Zlatanov in [22] proved the following result generalizing Theorem 3 for x; = 0.
Theorem 4 ([22]). Let (U,d) be a complete b-metric space and d be a continuous function. If,
(1) T:U — U isa Reich mapping, i.e., there exist k1, k3 > 0, such that k1 4+ 2xp < 1, so that the inequality
d(Tu, Tv) < xqdy(u,v) + x2[d(u, Tv) + d(v, Tu)], (8)

holds for every u,v € U;

(2) the inequality sup{d(T"u,u)} < oo holds for every u € U,
neN

then:

(i) There exists a unique fixed point of T, say ¢;
(ii) Forany ug € U, the sequence {uy, };>_, converges to ¢, where u, 1 = T"uy, n =0,1,2,...;
(iii) There holds the priori error estimate.

K1 + K2

1o )m sup{d(T/u,u)}.
K2

jeN

(&, T"u) < (

In [23], the author introduced the following results, which improve Theorems 1 and 2 of [20].

Theorem 5 ([23]). Let (U,d) be a complete b-metric space with a constant s > 1. If T : U — U satisfies
the inequality:
d(Tu, Tv) <x1 d(u,v)+x2 d(u, Tu) + 3 d(v, Tv) + x4[d(v, Tu) + d(u, Tv)], )

wherex; > 0,fori =1,2,3,4and
K1+ Ky + K3+ 2514 < 1,

then T has a unique fixed point.

Theorem 6 ([23]). Let (U,d) be a complete b-metric space with a constant s > 1. If T : U — U satisfies
the inequality:

d(Tu, Tv) < x1 d(u,v)+x2[ d(u, Tu) + d(v, Tv)], (10)

forall u,v € U, where k1,17 € [0, %) such that xp < min{%, 13, then T has a unique fixed point.
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If s = 1, then (U, d) is a metric space and condition (9) implies:

d(v, Tu) +d(u, Tv)

d(Tu, Tv) < kmax{d(u,v),d(u, Tu),d(v, Tv), 5

b (11)

where k1 + K + k3 + 24 < 1. With Equation (11), we recover the well-known result for generalized
Ciric’s contraction mapping in the metric space and obtain a unique fixed point.

In 1969, Nadler [24] generalized the single-valued Banach contraction principle into a multi-valued
contraction principle. This mapping has been carried out for a complete metric space (U, d) by using
subsets of U that are nonempty closed and bounded. There are number of generalizations for Nadler’s
fixed point theorem (see [25-27]). In [28], the author introduced the given below quasi-contraction
mapping and proved an existence and uniqueness fixed point theorem.

A mapping T : U — U on a metric space (U, d) is called a quasi-contraction, if there exists ¢ < 1
such that forallu,v € U,

d(Tu, Tv) < gmax{d(u,v),d(u, Tu),d(v, Tv),d(u, Tv),d(v, Tu)}.

Amini-Harandi in [29] introduced the concept of g-multi-valued quasi-contractions and derived a
fixed point theorem, which generalized Ciric’s theorem [28].

A multi-valued map T : U — CB(U) on a metric space (U,d) is called a g-multi-valued
quasi-contraction, if there exists ¢ < 1 such thatforallu,v € U,

d(Tu, Tv) < gmax{d(u,v),d(u, Tu),d(v, Tv),d(u, Tv),d(v, Tu)},

where CB(U) denotes the non-empty closed and bounded subsets of U. In [30], Aydi et al. established
the following result, which generalized Theorem 2.2 from [29] and Ciric’s result [28].

Theorem 7 ([30]). Let (U, d) be a complete b-metric space. Suppose that T is a g-multi-valued quasi-contraction
and q < 521?, then T has a fixed point in U.

In 2017, Kamran et al. generalized the structure of a b-metric space and called it, an extended
b-metric space. Thereafter, a number of research articles have appeared, which generalize the
contraction principle of Banach in extended b-metric spaces for both single and multi-valued mappings
(see [31-37]). In this paper, we illustrate a method (see Lemma 3), to generalize a number of fixed point
results of single-valued and multi-valued mappings in the structure of extended b-metric spaces.

Definition 2 ([38]). Let U be a nonempty set and ¢ : U x U — [1,00). A function dy : U x U — [0, 00) is
called an extended b-metric, if for all uq, up, us € U, it satisfies:

(d1) dp(u1,u2) =0 iff uy = uy;
) dg(u1,u) = dg(uz, u1);
3) dg(ur,uz) < P(ur, uz)lde(u1, uz) + dg (uz, u3)].

—
[N
N

(

The pair (U, dy) is called an extended b-metric space.
Example 1. Let U = [0, 00). Definedy : U x U — [0, 00) by:

ifu=uv;
ifuorve {1,2}, u #v;
ifu#ve{l2}

otherwise.

~

dg(u,v) =

~

= 0w o

~
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Then (U, dy) is an extended b-metric space, where ¢ : U x U — [1, 00) is defined by:
p(u,v) =u+v+1,
forallu,v € U.

Remark 1. Every b-metric space is an extended b-metric space with constant function ¢p(uy,uy) =s, fors > 1,
but its converse is not true in general.

Definition 3 ([35]). Let (U,dy) be an extended b-metric space, where ¢ : U x U — [1,00) is bounded.
Then for all A, B € CB(U), where CB(U) denotes the family of all nonempty closed and bounded subsets of U,
the Hausdorff-Pompieu metric on CB(U) induced by d is defined by:

Hg(A,B) = max{supdy(a,B),supdy(b,A)},
acA beB
where for every a € A, dy(a,B) = inf{dy(a,b) : b € B} and ® : CB(U) x CB(U) — [1,c0) is such that:
®(A,B) =sup{¢(a,b):a € Abec B}

Theorem 8 ([31]). Let (U,dy) be an extended b-metric space. Then (CB(U),He) is an extended
Hausdorff~-Pompieu b-metric space.

Lemma 1 ([39]). Every sequence {uy},cn of elements from an extended b-metric space (U, dy), having the
property that for every n € N, there exists v € [0,1) such that:

dp(ung1,tn) < ydg(thn, tn—1) (12)
where for each uy € U, limy, 00 ¢ (Un, thy) < % Then {uy}5_ is a Cauchy sequence.
Definition 4. Let U be any set and T : U — CB(U) be a multi-valued map. For any point uy € U,

the sequence {uy }5_, given by:
Ups1 € Tuy, n=0,1,2,... (13)

is called an iterative sequence with initial point uy.

2. Main Results

Definition 5. Let (U,dy) be an extended b-metric space. A function T : U — CB(U) is called continuous,
if for every sequence {uy},en and {v,}nen belongs to U and u,v € U such that lim, oty = u,
limy, y00 vy, = vand v, € Tuy. We have v € Tu.

Definition 6. An extended b-metric space (U, dy) is called x-continuous, if for every A € CB(U), {tn }pen €
U and u € U such that limy, 0 1ty = u. We have limy o dp (1, A) = dg(u, A).

Remark 2. Note that *- continuity of d is stronger than continuity of dy in first variable.

Lemma 2. For every sequence {u, },cn of elements from an extended b-metric space (U, dy ), the inequality

k-1 i
dg (o, u) <Y do(ui, uisr) [ [ ¢(ur, ui), (14)
i=0 10

is valid for every k € N.

Proof. From the triangle inequality for k > 0, we haveL
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dp(uo,up) < ¢(uo, ug)dg(ug, ur) + ¢(uo, ux)p(ur, ug)dg (uy, uz)
+ o+ p(uo, ug)P(uy, ug) - - - p(ug—1, ug)dg (ux_1, ug)-

This implies that:

— i
dg(uo, up) < Y do(uiuipr) [ [ o, ug).
i=0 1=0
O

Lemma 3. Every sequence {uy },cn of elements from an extended b-metric space (U, dy), having the property
that there exists «y € [0,1) such that:

d¢(”n+1/ un) < ’Yd¢(”nr un—l) (15)
for every n € Nis Cauchy.

Proof. First, by successively applying (15), we get:

d(n, ttpg1) < "dg (o, u1), (16)

for every n € N. Then by the Lemma 3, for all m, k € N, we have:

m+k—1 n
dp(tm, k) <) dg(un, 1) [ T (s, i)

n=m 1=0

m+k—1 n

dg(tm, k) < dg(uo, 1) 2 Y T T, i)
1=0

k—1 n+m

A, tpyie) < dg(uo,ur) Y Y™™ TT o (us, ek
n=0 1=0

n+m

A (tm, k) < v"dg(uo, 1) Z TT ¢Cu tsr)
n=0 =0

d¢(um, um+k> < ’)/ d¢ uO/ ul Z 10g7nn+m¢ up, ”m+k)+ . (17)

Now let us take two cases for log, [123" (g, i) + 1

Case1: If H”*’” ¢(uy, uy 1) is finite, let us say M, then lim,_e0 log7 M +n = oo. Hence the series
YKL 4108 MF s convergent.

Case 2: If H"*m ¢(up, Uy, k) is infinite, then limy, 0 log,, I o (U, tyyy) = 00, s0 there exist ng € N
such that log, [T @ (up, i) > M, e,

log, TT/23" ¢ (g ity 1) +11

v < AMan, foreachn € N, n > ny.
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n-+m
Hence the series Y X _} o8+ 1li-0 Pluitn k)£ ig convergent. In both cases denoting by S the sum
of this series, we come to the conclusion that:

dop (i, Umgi) < " dgp(uo,u1)S,

for all m, k € N. Consequently, as Wlll_rgo 7™ = 0, we conclude that {1, } ;e is a Cauchy sequence. [J

Remark 3. Lemma 3 shows that the condition on ¢ in Lemma 1 corresponding to that for each ug € U,

1 ) . C .
. 111113 (Un, um) < —, can be avoided. Therefore, Lemma 3 generalizes Lemma 1, which is the basis of the

results from [36].
Lemma 4. Let A,B € CB(U), then for every n > 0 and b € B there exists a € A such that:
dg(a,b) < Hep(A,B) + 1. (18)
Proof. By definition of Hausdorff metric, for A, B € CB(U) and for any b € Y, we have:
d¢(A,b) < Ho(A,B).
By the definition of infimum, we can let {a, } be a sequence in A such that:
dg(b,an) < dy(b,A)+1n, wheren > 0. (19)

We know that A is closed and bounded, so there exists 2 € A such that a, — a. Therefore, by (19),
we have:

dg(a,b) < dp(A,b) +71 < Hop(A,B) +1.
O

Theorem 9. Let (U,dy) be a complete extended b-metric space with ¢ : U x U — [1,00). If T : U — U
satisfies the inequality:

dg(Tu, Tv) < K1d¢(u, v) + K2d¢(u, Tu) + K3dgp(v, Tv) + Ky [d¢(v, Tu) +dg(u, Tv)], (20)
wherex; > 0,fori =1,...,4and for each uy € U,
K1+ Ky + 342k Um p(up, um) <1,
n,m—oo
then T has a fixed point.

Proof. Let us choose an arbitrary 1y € U and define the iterative sequence {u,}> , by u, = Tu,_1 =
T" Yug for all n > 1. If u, = u,_1, then u,, is a fixed point of T and the proof holds. So we suppose
Uy # Uy—1, ¥ 1n > 1. Then from Equation (20), we have:

dp(Tun, Tuy—1) < x1dg(tn, y—1) + x2dg(ttn, Tuy) 4 x3d g (1p—1, Ttty—1)
+Ky [d¢(un,1, Tun) + d¢(un, Tun,l)].

From the triangle inequality, we get:

d(p(Tun/ Tun—l) < Kldtp(un/ un—l) + K2d¢<un/ Tun) + K3d¢(un—1/ Tun—l)
x4 (U1, 1) [dg (1, un) + dp(tn, tiyi1)].
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This implies that:

dp(Upsr,tn) < (K1 453 + Kap(thy—1, i) ) (U, tiy—1)
(K2 + kg p(Up—1, Uns1))dg(tn, Upi1). (21)

Similarly,

IN

(1 + 12 + Kap(tty—1, un+1))d¢(un, Up_1)
+ (13 + 4 (Up—1, Upt1) )dg (thn, Uy 1) (22)

d(l)(unr un+l)

By adding Equations (21) and (22), we get:
d¢(”n+1/ ”n) < ﬂdq)(”n/ Lln71). (23)
where,

_ 2y + K2 + K3 + 24P (Up—1, Un+1)
2 —xp — k3 — 2K4¢(Up_1, Up11)

Since K1 + K3 + K3 + 2K4 imy, i —s00 P (thn, U ) < 1, multiply by 2,

21 + 2Ky + 2k3 + 4y . Ergoocp(un, Up) < 2,

2K1 + 2Ky + 2x3 + (2K4n}711r3m¢(un,um) —+ 2K4n}nir3m4>(u”,um)) < 2.

This implies that:
21 + Kk + 13+ 2k Hm P(uy, thy) <2 — Ky — k3 —2k4 lim  ¢(uy, Upy).
1,1m—00 n,m—00

= 1 < 1. Hence from Lemma 3, {u, };" is a Cauchy sequence. As U is complete, therefore there
exists u € U such that ILm uy = u. Next, we will show that u is a fixed point of T. From the triangle
n—o0

inequality and Equation (20), we have:

dpl, Tu) < p(at, Tu) g1t 1) + (i1, Tt)

¢, Tu)[dg (1, ty 1) + w1dp (U, 1) + x2dg (Un, thy41)
+xdy(u, Tu) + xafdp(un, Tu) +dp(u, 1))

¢(u, Tu)[dg(u, tyy1) +x1dp(Un, u) + xodg (i, tty11)
+x3dg (1, Tu) + kadg (1, Uyy1) + x4 (1, Tur)

[dg(tn, u) +dg(u, Tu)]

¢(u, Tu)[(1+14)dg (1, 1n 1) + (1 + Kap(1tn, Te) )y (11, 1)
Ko (U, Uny1) + (k3 + Kap (1, Tu) )dgp (u, Tu)]..

<
<

IN

IN

So,

(1 —x3 — 4 (i, Tu))dy (u, Tu) <¢(u, Tu)[(1+ x4)dg(u, ttp1) + (K1 + KaPp(un, Tu) )dg (1, 1)
+ Kodg (tn, Upi1)) (24)

Similarly,

(1 —xp — rap(un, Tu))dy(u, Tu) <¢(u, Tu)[(1+ x4)dg(u, ttp1) + (K1 + K (0, Tu))dg (u, 1)
+ 136 (tn, Un11)]- (25)
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By adding Equations (24) and (25), we have:

(2 — 10 — 13 — 2k4¢p(up, Tu))dp(u, Tu) < P(u, Tu)[2(1 4 x4 )dp (U, upy1) + 2(k1 + kap(un, Tu))dy(u, uy)
+ (k2 + x3)dg (1, thn41)] = 0,

as n — oo. This implies that:
(2 — K2 — k3 — 2K4¢p(1p, Tu))dy(u, Tu) < 0.

Since (2 — xp — k3 — 2K4¢(un, Tu)) > 0, we get dy(u, Tu) = 0, i.e., Tu = u. Now, we show that u is
the unique fixed point of T. Assume that ' is another fixed point of T, then we have Tu' = u'. Also,

!

de(u,u) = dg(Tu, Tu')
< Kdg(u, u,) +Kodg(u, Tu,) + K3d¢(u/, Tu) + x4[dg (u, Tu/) + d4,(u,, Tu)
< xidg(u, u') + Kodg (1, u') + K3d¢(u,,u) + x4[dy (u, u,) + d¢(u,,u)
< (k4 20a)dg (u,10).
This implies that:

(1 —xy — 2K4)dp(u, u') <o0.
As k1 + K + k3 + 2Kk4 < K1 + K + K3 + 2Ky nlrilr_r}oo(p(un,um) < 1. Therefore (1 — x; — 2x4) > 0, and

dg(u, u,) —=0,ie,u=u.Hence T hasa unique fixed pointin U. [

Remark 4. From the symmetry of the distance function dg, it is easy to prove similar to that done in [4,22] that
iy = k3. Thus the inequality (20) is equivalent to the following inequality:

de(Tu, Tv) < x1dg(u,v) + xoldp(u, Tu) + dp(v, Tv)] + x4[dg (v, Tu) + dgp(u, Tv)], (26)

where K1, i, kg > 0 such that k1 + 2kp + 24 imy, im—se0 P(thn, um) < 1.
Ifx; = xp = Oand x4 € [0, 3) in inequality (26), we obtain generalization of Chatterjea’s map [14] in extended
b-metric space.

Remark 5. Theorem 9 generalizes and improves Theorem 1.5 of [23] and therefore Theorem 2.1 of [20]. Moreover,
Theorem 9 generalizes and improves Theorem 3.7 from [40], that is, Theorem 2.19 from [41].

Theorem 10. Let (U,dy) be a complete extended b-metric space with ¢ : U x U — [1,00). If T : U — U
satisfies the inequality:
dg(Tu, Tv) < x1dg(u,v) + xol[dy(u, Tu) +dg(v, Tv)], (27)

for each u,v € U, where k1,1 € [0, %) Moreover for each uy € U,

nﬂlnirgmﬂun,um)icz <1,

then T has a unique fixed point.

Proof. Let us choose an arbitrary 1y € U and define the iterative sequence {u,}9_, by u, = Tu,_1 =
T" lug for all n > 1. If u, = u,,_1, then uy, is a fixed point of T and the proof holds. So we suppose
Uy # uy_1, ¥ n > 1. Then from Equation (27), we have:

dg(Tuy, Tuy_1) < K1dg(tn, tn—1) + K2[dg(ty—1, Tiy_1) 4 dp(un, Tuy)].
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So,
(1- K2)d¢<un+lr uy) < (x1 + K4)d¢<un/ Up_1)-
K1+ K
g (ttn, U y1) < 11_ K44d¢(”nrunfl)-
This implies that:
d¢(un+1/ Mn) < Ud¢(un/ unfl)' (28)
where,
K1+ Ky
- 1-— K4 '

Since «1,x € [0, %), son < 1, from Lemma 3, {u, }_, is a Cauchy sequence. As U is complete,
therefore there exists u € U such that lim,, . 1, = u. Next, we will show that u is a fixed point of T in
U. From the triangle inequality and Equation (27), we have:

dp(e,Tu) < @u, Tu) (1, t41) + dp (1, Tu)]

<

< ¢(u, Tu)[dp(u, 1) + x1dg(un, u) + ko[dp (Un, tpy1) + dg(u, Tu)]..
So,

(1 —ro¢p(u, Tu))dyp(u, Tu) <0,

as n — 0. Since limy, y—sc0 P(Un, Um)x2 < 1, we get (1 —xo¢p(u, Tu)) > 0, and so dy(u, Tu) = 0, i.e.,
Tu = u. We will show that u is the unique fixed point of T. Assume that u' is another fixed point of T,
then we have Tu' = u'. Again,

dg(u, u) = dg(Tu, Tu,)
Kndg (1) + o ldg (1, Tu) + dyp(u', Tu')]
trrdg (1) < do(u,u),

IN

which is a contradiction. Hence T has a unique fixed point in U. [
Remark 6. Theorem 10 generalizes Theorem 1.2 of [20].

For u,v € Uand ¢,d € [0,1], we will use the following notation:

Ne, e, (u,0) = max{d¢(u, v),c1dy(u, Tu), c1dg(v, Tv), %(d(p(u, Tv) +dg(v, Tu))}.

Theorem 11. Let (U,dy) be an extended b-metric space. Let T : U — CB(U) be a multi-valued mapping
having the property that there exist ¢1, ¢y € [0,1] and 7 € [0,1) such that:

(i) Foreach ug € U, imy, j—s00 7C2p (1, ttyy) < 1, here u, = T"uy,
(if) He(Tu, Tv) < Ne, ¢, (1,v) forall u,v € U.

Then for every ug € U, there exist v € [0,1) and a sequence {uy },cn of iterates from U such that for
everyn € N,

d(P(ui’l/ ul’l+l) S ’Yd(/J(unflr Mn)- (29)
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Proof. Let us choose an arbitrary ug € U and u; € Tup. Consider:

nCap(thy—1, Ups1)
2 —neap(uy—1,Upi1)

v = max{y,

Clearly, v < 1. If u3 = up, then for every n € N, the sequence {u, },cn given by u, = ug satisfies
Equation(29). Since:

dtP(”lr Tul)) d(P(TuO/ Tul) < H(:I)(Tu(), Tul)

<

< NNeye (uo, ”1)-

there exists up € Tuq such that dg(u1, u2) < 77N, ¢, (1o, u1). If up = uyq, then for everyn € N, n > 1,
the sequence {uy } ,en given by u, = uj satisfies Equation (29). By repeating this process, we obtain a

sequence {u, },cn of elements from U such that u,, 1 € Tuy, and 0 < dg(n, Up1) < 7Neyep (Un—1, tn)
forevery n € N, n > 1. Then we have:

0 < dq‘)(un/ un+1) < UNcl,Cz(unflr un)
c
< nmax{dy(uy_1,un),c1dg(ty_1, Ty_1),c1dy(tn, Tun), 52
(dtp(”n—l/ Tun) + d(P(ul’ll Tun—l))}

¢
< 77max{d¢(un71r”n);cld(p(unflrun)rCld(,b(un/un+1)/?z(dcp(unflruwrl))}
o (tty_q, 1
< 77max{d¢(unflrun)zcldtp(unfl/un)rcld¢(un/un+1)/M (30)
(dg(un—1,un) + dg(un, uns1))}, (31)

for every n € N. If we take:

coP(Up—1,Un41)

max{dg(un—1,un), c1dp(Un—1,un), c1dp(Un, Uni1), 3

(dgp(tn—1,un) +dg(tin, upi1))} = c1dp(tn, tny1),

then from Equations (30) and (31), 0 < d(un, ys1) < nc1dy(un, ttyr1) < 1dg(tin, tyi1). Asy < 1,50
we obtain the contradiction. Therefore, we have:

dgp(tn, 1) < 1N, (Up—1, n)

CoPp(Up—1,Up+1)

< ymax{dy(uy—_1,un), >

(d(P(unfl/ un) + d(,b(un/ unJrl))}'
Consequently, dg(upn, tiyq1) < ndy(uy—1,un) or

< neaP(thy—1, Upi1)
- 2

d(p(un/ Upi1) (dtp(unflr un) +d¢(unr unJrl))-

This implies that dg (uy, 1ty 41) < 1dg(tty—1, Un) oOF

< neaP(thy—1, tpt1) d

= Up—1,Un),
2 — oo (y—1, Uns1) o (tn=1, )

dfP (un/ Unt1 )
for every n € N. Thus,

neap(Uy—1, Upt1)
2 —ncap(y—1,Upi1)

dtP(un/unJrl) < max{n, }d¢,(un,1, un)/
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ie.,
d(p(unr Uny1) < 'yd¢(u,,,1, Up).
Thus, the sequence {u, },cn satisfies Equation(29). Hence from Lemma 3, we conclude that
{un }nen is Cauchy sequence. [
Theorem 12. Let (U,dy) be a complete extended b-metric space. Let T : U — CB(U) be a multi-valued
mapping having the property that there exist c1,cp € [0,1] and n € [0,1) such that:

(i) Foreachug € U, limy, jn—s00 12 (1, ttyy) < 1, here uy, = T"ug,
(if) Ho(Tu,Tv) < yNe, ¢, (u,v) forallu,v € U,
(iii) T is continuous.

Then T has a fixed point in U.
Proof. From Theorem 11, by taking in account condition (i) and (ii), we conclude that {u, },cn is a

Cauchy sequence such that:
Up+1 € Tuy, (32)

for every n € N. As U is complete, so there exists u € U such that lim,, o 4, = u. From inequality (3),
by the continuity of T, it follows that:
Upt1 = Tuy — Tu, asn — co.
Therefore, u € Tu. Hence T has a fixed pointin U. O
Theorem 13. Let (U,dy) be a complete extended b-metric space. Let T : U — CB(U) be a multi-valued
mapping having the property that there exist c1,cp € [0,1] and n € [0,1) such that:

(i) Foreach ug € U limy, m—o0 §C2¢(Un, ) < 1, here u, = T"uy,
(if) Ho(Tu,Tv) < yNe, ¢, (u,v) forallu,v € U,
(iii) T is x-continuous.

Then T has a fixed point in U.
Proof. From Theorem 3, by taking in account condition (i) and (ii), we conclude that {u, },cy is a

Cauchy sequence such that:
Uyl € Tuy, (33)

for every n € N. As U is complete, so there exists u € U such that lim, . t;, = u. Then we have:

dg(uny1, Tu) = dg(Tuy, Tu) < He(Tuy, Tu) < nNg e, (U, u) < pmax{dg(uy, u),cq
dg(un, Tuy),c1dg(u, Tu), %(d(p(un, Tu) +dg(u, Tuy))} < nmax{
c
dg(tn, 1), crdp(Un, tyy1), c1dp(u, Tu), 52 (dg(n, Tu) + dg(u, Tun))}
c
nmax{dy(un,u),c1dp(un, yg1), c1dgp(u, Tu), ?2 (¢(un, Tu) (34)
(d¢(un,u) +d¢(u, Tu))) +d¢(u,un+1)}, (35)

IN

for every n € N. Since nlgrgo Uy = U, nlgrolo dg(ttn, uy11) = 0. Then nli_r};od(p(unH,Tu) = dg(u, Tu).

Therefore, by taking limit # — oo in Equations (34) and (35), we obtain:
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dq;(lxl, TM) < 77Nc1,c2 (un/ Z/l)
cp im ¢(uy, Tu)

< nmax{0, cydg(u, Tu), ——== 5 dp(u, Tu)}
ney lim ¢(uy, Tu)
< max{ncy, 7 ”sz Yy (u, Tu).
ney lim gb(un,Tu)
As max{#ncy, n—"="2~ } <1, so from above inequality dg (1, Tu) < dy(u, Tu), which is

impossible, therefore d(u, Tu) = Oi.e., u € Tu. Hence T has a fixed pointin U. [
Theorem 14. A multi-valued mapping T : U — CB(U) has a fixed point in a complete extended b-metric
space (U, dy), if it satisfies the following two axioms:

(i) There exist c1,cy € [0,1] and 7 € [0,1) such that He(Tu, Tv) < 5Ne, ¢, (u,v) forallu,v € U,
(i) For each ug € U, max{nc; . }%13 ¢(ttn, um), nco . 171113 ¢(tn, um)} < 1, here u, = T"uy.

Proof. From Theorem 11, by taking in account condition (i) and (ii), we conclude that {u, },cn is a
Cauchy sequence such that:
Upt1 € Tuy, (36)

for every n € N. As U is complete, so there exists u € U such that li_r>n uy = u. Then for every n € N,
n—oo

we have:

dg(ttps1, Tu) = dg(Tuy, Tu) < He(Tuy, Tu) < 7Ne, e, (tn, 1)

< nymax{dy(un,u), c1d¢(un, Tuy), c1dg(u, Tu), %Z(d(p(un, Tu) + d¢(u, Tun))}

< ymax{dy(un,u),c1dp(un, ttpi1), crdp(u, Tu), %2 (dg(un, Tu) +dg(u, Tuy))}

< mpmax{dy(uy,u),c1dy(un, yi1),c1dp(u, Tu), C2—2(4>(un, Tu) (37)
(dg (un,u) +dg(u, Tu))) + dg (1, 10541) }- (38)

Now, we will take two cases:

Case (i): If dg(u, Tu) < nh_r}r(}o sup dg (un, Tu), then there exists a subsequence {uy, },cn of {u, } such that
dg(u, Tu) < llim dg(ty,41, Tu), so for each € > 0, 3 [ € N such that foreveryl € N, [ > I,
— 00

we have:

dg(u, Tu) —e < dy(up,11, Tu)

< ymax{dy(ttn, 1), c1dp(thny, th 11), 1l (1, Tu),%
(dg (un, Tu) +dg (1, un 1)) }

< ypmax{dg(un, u),c1dp(iin,, tin,41), c1dg(u, Tur), %2 (39)
(@t Tit) (A (st 10) + i (1, Tu)) + i1, 11) ). (40)

Since llim Uy, = U, llim dg(ttn,, tiy,+1) = 0. Therefore, by taking limit [ — oo in Equations (39)
—00 —00
and (40), we obtain:
o im ¢p(uy,, Tu)
dg(u, Tu) —e < ymax{0, cydy(u, Tu), — 22— dy(u, Tu)}

oo lim (1, Tu)
< pmax{en == g, Ta),
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for every € > 0. Thus,

ncp lim ¢ (uy,, Tu)

dg(u, Tu) < max{5cy, §—== 5 Yy (u, Tu).
nex im ¢ (uy,, Tu)
As max{rcy, §—=2 5 } <1, s0 from above inequality dy(u, Tu) < dg(u, Tu), which

is impossible, therefore d¢(u, Tu) = 0,i.e., u € Tu. Hence T has a fixed point in U.
Case (ii): If dgp (u, Tu) > nh_r)rolo sup dg(un, Tu), then there exists Ny € N such that for every n > Ny, we
have
dg(un,, Tu) < dg(u, Tu).

From the triangle inequality, dg (1, Tu) < ¢(u, Tu)(dp(u, iy41) + dg(tty41, Tu)), we obtain:
dg(u, Tu) — ¢(u, Tu)(dp(u, up1) < ¢p(u, Tu)dy(uyq1, Tu)
c
< ¢(u, Tu)ymax{dy(un, u), c1dgp(un, tni1), crdgp(u, Tu), Ez(d(p(un, Tu) 4+ dp(u,upq1))}
c
< pmax{dy(un, u),c1dy(tn, yi1),c1dg(u, Tu), Ez(q)(un, Tu) 41)

(g (0, 10) + g1t Tut))) + (1,1 #2)

Since nh_rg;o Up = U, r}gr;o dg(ttn, uy11) = 0. Therefore by taking limit n — co in Equations (41)
and (42), we obtain:

dg(u, Tu) — ¢(u, Tu)dp(u, up41) <
cp im ¢p(up, Tu)

¢(u, Tu)y max{0, c1dy (u, Tu), ——== 5 dg(u, Tu)
neo im ¢(uy, Tu)
< ¢(u, Tu) max{#ncy, 7 ”_>°°2 Y (u, Tu), (43)
ney lim (P(Lln, Tu)
from condition (ii), since ¢ (u, Tu) max{rycy, §——""— } < 1, so from Equation (43),

dg(u, Tu) < dg(u, Tu), which is impossible, therefore dy (1, Tu) = 0,i.e., u € Tu. Hence T has
a fixed point in U.

Remark 7.

(i) Forcy,co = 0in Theorem 12, we obtain Nadler’s contraction principle for multi valued-mappings, i.e.,
Theorem 5 from [24].

(ii) Theorem 14 generalizes Theorems 12 and 13;

(i) Theorem 14 generalizes Theorem 3.3 from [42], which generalizes Theorem 7 of [30]. Also, Theorem 7,
which is a generalization of Theorem 2.2 from [29], improves Theorem 3.3 from [43], Corollary 3.3
from [5], and Theorem 1 from [28].

Example 2. Let U = {%,}1,...,2%,,...} u{0,1}, dp(uy,u2) = (uq — up)?, for uy,up € U, where

¢ : UxU— [1, o) define by ¢p(u1, uz) = uq + up+ 1. Then U is a complete extended b-metric space.
Define mapping T : U — CB(U) as

Tu — {2?1%}’ u
u, u

|~

Il
N

=, n=20,1,2,...
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Hence T is continuous. Since NCI,CZ(Z%,O) = %,for all c1,¢; € [0,1], we get:

Hq)(T(zl”),T(o)) = 22,% < 22,% < %Ncl,cz(zln,o),

where = % Also for each ug € U, ngl‘g neap(un, up) < 1. Clearly, it satisfies all the conditions of

Theorem 12, and so there exists a fixed point.

Example 3. Let U = [0,00). Define dg (1, u2) = (u1 — u2)?, for uy,up € U, where g : Ux U — [1, o),
where ¢(uy, up) = uq + up + 2. Then U is a complete extended b-metric space. Define mapping T : U —
CB(U) as Tu = {8u} for every u € U. Note that Theorem 14 is applicable by taking c; = ¢ = 0and n = §.
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