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Abstract: In this paper, we introduce the notion of higher-order weak adjacent epiderivative for
a set-valued map without lower-order approximating directions and obtain existence theorem
and some properties of the epiderivative. Then by virtue of the epiderivative and Benson
proper efficiency, we establish the higher-order Mond-Weir type dual problem for a set-valued
optimization problem and obtain the corresponding weak duality, strong duality and converse
duality theorems, respectively.
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1. Introduction

The theory of duality and optimality conditions for optimization problems has received
considerable attention (see [1-10]). The derivative (epiderivative) plays an important role in
studying duality and optimality conditions for set-valued optimization problems. The contingent
derivatives [1], the contingent epiderivatives [11] and the generalized contingent epiderivatives [12]
for set-valued maps are employed by different authors to investigate necessary or/and sufficient
optimality conditions for set-valued optimization problems. Later, the second-order epiderivatives [13],
higher-order generalized contingent (adjacent) epiderivatives [14] and generalized higher-order
contingent (adjacent) derivatives [15] for set-valued maps are used to study the second (or high) order
necessary or/and sufficient optimality conditions for set-valued optimization problems. Chen et al. [2]
utilized the weak efficiency to introduce higher-order weak adjacent (contingent) epiderivative for a
set-valued map, they then investigate higher-order Mond-Weir (Wolfe) type duality and higher-order
Kuhn-Tucker type optimality conditions for constrained set-valued optimization problems. Li et al. [3]
used the higher-order contingent derivatives to discuss the weak duality, strong duality and converse
duality of a higher-order Mond-Weir type dual for a set-valued optimization problem. Wang et al. [4]
used the higher-order generalized adjacent derivative to extend the main results of [3] from convexity
to non-convexity. Anh [6] used the higher-order radial derivatives [16] to discuss mixed duality of
set-valued optimization problems.

It is well known that the lower-order approximating directions are very important to define the
higher-order derivatives (epiderivatives) in [2—4,6,14,15]. This limits their practical applications when the
lower-order approximating directions are unknown. So, it is necessary to introduce some higher-order
derivatives (epiderivatives) without lower-order approximating directions. As we know, a few paper
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are devoted to this topic. Motivated by [17], Li et al. [7] proposed the higher-order upper and lower
Studniarski derivatives of a set-valued map to establish necessary and sulfficient conditions for a strict local
minimizer of a constrained set-valued optimization problem. Anh [8] introduced the higher-order radial
epiderivative to establish mixed type duality in constrained set-valued optimization problems. Anh [18]
proposed the higher-order upper and lower Studniarski derivatives of a set-valued map to establish
Fritz John type and Kuhn-Tucker type conditions, and discussed the higher-order Mond-Weir type dual
for constrained set-valued optimization problems. Anh [19] further defined the notion of higher-order
Studniarski epiderivative and established higher-order optimality conditions for a generalized set-valued
optimization problems. Anh [20] noted that the epiderivatives in [8,19] is singleton, they proposed a
notion of the higher-order generalized Studniarski epiderivative which is set-valued, and discussed its
applications in optimality conditions and duality of set-valued optimization problems.

As we know that the existence conditions of weak efficient point are weaker than ones of efficient
point for a set. Inspired by [2,8,18-20], we introduce the higher-order weak adjacent set without the
lower-order approximating directions for set-valued maps. Furthermore, we use the higher-order
weak adjacent set and weak efficiency to introduce the higher-order weak adjacent epiderivative for a
set-valued map, we use it and Benson proper efficiency to discuss higher-order Mond-Weir type dual
for a constrained set-valued optimization problem, and then obtain the corresponding weak duality,
strong duality and converse duality, respectively.

The rest of the article is as follows. In Section 2, we recall some of definitions and notations
to be needed in the paper, and so define the higher-order adjacent set of a set-valued map without
lower-order approximating directions, which has some nice properties. In Section 3, we use the
higher-order adjacent set of Section 2 to define the higher-order weak adjacent epiderivative for
a set-valued map, and discuss its properties, such as existence and subdifferential. In Section 4,
we introduce a higher-order Mond-Weir type dual for a constrained set-valued optimization problem
and establish the corresponding weak duality, strong duality and converse duality, respectively.

2. Preliminaries

Throughout the paper, let X , Y and Z be three real normed linear spaces. The spaces Y and Z
are partially ordered by nontrivial pointed closed convex cones C C Y and D C Z with nonempty
interior, respectively. By 0y we denote the zero vector of Y. Y* stands for the topological dual space of
Y. The dual cone C" of C is defined as

Ct:={feY*|f(c) >0,Vc e C}.
Its quasi-interior Ctis defined as
Ct = {f e Y*|f(c) >0,Vce C\{0y}}.

Let M be a nonempty subset of Y. We denote the closure, the interior and the cone hull of M
by clM, intM and coneM, respectively. We denote by B(c, r) the open ball of radius r centered at c.
A nonempty subset B of C is called a base of C if and only if C = coneB and Oy & clB.

Let E C X be a nonempty subset and F : E — 2Y be a set-valued map. The domain, graph and
epigraph of F are, respectively, defined as

domF := {x € E|F(x) # @}, imF:={y € Y|y € F(x)},

grF :={(x,y) e Ex Y|y € F(x),x € E}

and
epiF := {(x,y) € Ex Y|y € F(x)+C,x € E}.
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Definition 1. [9] Let M C Y and yo € M.
(i) yo is said to be a Pareto efficient point of M (yg € Minc M) if

(M —{yo}) N (=C\{0y}) = @.
(ii) Let intC # @. yq is said to be a weakly efficient point of M (yg € WMinc M) if
(M —{yo}) N (—intC) = @.

Definition 2. [10,21,22] (i) The cone C is called Daniell if any decreasing sequence in Y that has a lower bound
converges to its infimum.
(ii) A subset M of Y is said to be minorized if there isa y € Y such that

MC {y}+C.
(iii) The weak domination property is said to hold for a subset M of Y if
M C WMincM + intC U {0y }.

Definition 3. Let A C X x Y, (xo,0) € clAand m € N\ {0}.
(i) [9] The mth-order adjacent set of A at (x,v1,- - ,vy—1) is defined by

TIZ(M) (X,vll' .. ,Umfl) :{y € A|an — 0+, E'yn — y,s.t.
X0+ ta0r + -+ oy + iy € A},

wherev; € X(i=1,---,m—1).
(ii) [19] The mth-order Studniarski set of A at (xo, o) is defined by

Sh(x0,y0) = {(x,y) € X x Y[3ty = 07,3 (xtn, yu) — (x,y),
s.t.(xo + tuXn, Yo + tyyn) € A}

Definition 4. Let K C X x Y, (x0,y0) € clKand m € N\ {0}. The mth-order adjacent set of K at (xg, o)
is defined by
TR (x0,90) i= {(x,¥) € X X Y|¥ty = 07, 3(xn,yn) = (x,),
s.t.(xo + tuXn, Yo + tyn) € K}

We can obtain the equivalent characterization of Ti(m) (x0,0) in terms of sequences:
(x,y) € Ti(m) (x0,y0) if and only if V{t,} — 01, 3{(x},,y,,)} C K such that
xi/’l — X0 y;1 _yO) _ (x _1/)

lim (2——, L2~
n—eo"  t, tm

Now, we establish a few properties of Tz(m) (x0,Y0)-

Proposition 1. Let K C X X Y, (xo,y0) € Kand (x,y) € T;(m)(xo,yo). Then

(Ax, AMy) € T?((m)(xo,yo),V)x > 0.
Proof. We divide A into two cases to show the proposition.
Case 1: A = 0. Note that (x, o) € K; for any sequence {t,} with t, — 07, we choose (x,, ) =
(0x,0y) such that (xo + t,Xs, Yo + ti'y,) € K. This means that (0x,0y) € Tli(m) (x0,Y0)-
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Case 2:A > 0. Let (x,y) € Tli(m) (x0,Y0)- Then for any sequence {t,} with t, — 07, there exists a

sequence {(xn,yn)} € Kwith (x4, yx) — (x,y) such that
En

K3 (x0 + taxn, Yo + tyn) = (X0 + (5)Axm, yo + (

t
Ay,

Naturally, & — 0% and (Axy, A"y,) — (Ax, A™y) € Ti(m)(xo,yo). It completes the proof. O

Remark 1. Let K C X x Y and (xo,yo) € cIK. The mth-order adjacent set Ti(m)(xo,yo) of K at (xo, yo) may
not be a cone; see Example 1.

Example 1. Let K = {(x,y) € R?|y > x* x € R}, (x0,y0) = (0,0) and m = 4. A simple calculation shows
that
7Y(0,0) = {(xy) € Ry > x*}.
T _ o(4) _ _ o(4) o r(4) ;
ake (x,y) = (1,1) € Ty 7(0,0) and A = 2. Then A(x,y) = (2,2) & Ty ' (0,0), i.e., T, (0,0) is not
a cone here.

Proposition 2. Let F : E — 2¥ be a set-valued map and (xo, o) € grF. Then,

() TArE (xo,y0) = Toii (x0,%0) + {0x} < G5

(i) {y € Y|(x,y) € Tgr(’?? (x0,0)} = {y € Y|(x,y) € T:I%)(xor}/o)} +C,Vx € X.

Proof. Since 0y € C, itis clearly that T:g? (x0,40) €

b
to prove T;I(fi';)(xo,yo) +{0x} xCC Teg})(xo,yo).

Tb(m)

epiF (x0,40) + {0x} x C. Therefore we only need

Let (u,v) € Tgr(,’f?(xo,yo) and ¢ € C. Then for any sequence {t,} with t, — 07, there exists a

sequence { (uy,vy)} C X x Y with (uy,v,) — (u,v) such that
(x0 + tuttn, Yo + th'vy) € epiF,

namely,
Yo + thvn € F(xo + taun) + C.

Sincec € C, t, — 07 and C + C C C, one has
yo+ 1 (vn +¢) € F(xo+ tyun) + C+ {tjic} C F(xo+ tyun) +C.

Thus
(x0 + tutn, yo + £ (vn +¢)) € epiF.
o(m)

This together with (u,, v, +¢) — (u,v+ ¢) implies (u,v+¢) € Tebg?(xo,yo), and so Ty, +
b
{ox} x CC T,
(i) Obviously, (ii) follows from (i). The proof is complete. O

Proposition 3. Let K C X x Y and (xg,yo) € clK. If K is a convex set, then T;(m) (x0,Y0) is a convex set.

Proof. Let (xi,yi) € T;((m)(xolyo) (i = 1,2) and A € [0,1]. Then for any t, — 0%, there exist
(xi, i) — (x,y') (i = 1,2) such that

(x0 + txh, yo + t7y) € K (i = 1,2).
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From the convexity of K, we have
(x0 + ta[(1 = M)y + Axgl yo + £ [(1 = My + Ayz)) € K.
It is obvious that

((1- )»)x,l7 + /\xfl, (1- }\)y,l1 + Ayfl) = ((1- )\)x1 + Ax?, (1- )\)y1 + /\yz).

It follows from the definition of le((m) (x0,Yo) that

(1= )y + A2 ) = (1—A)a + 422, (1= Dyt +12) € T (x0,y0)-
Thus, le(m) (x0,Y0) is a convex set and the proof is complete. g

3. Higher-Order Weak Adjacent Epiderivatives

In this section, we introduce the notion of higher-order weak adjacent epiderivative of a set-valued
map without lower-order approximating directions, and obtain some properties of the epiderivative.

Firstly, we recall the notions of mth-order weak adjacent epiderivative with lower-order
approximating directions and generalized Studniarski epiderivative without lower-order
approximating directions.

Definition 5. [2] Let F : X — 2Y, (xo,v0) € grF and (u;,v;) € X x Y(i =1,--- ,m — 1). The mth-order
weak adjacent epiderivative Dzj(m)l-"(xo,yo, Uy, 01, Uy—1,9m—1) of F at (xq,yo) for vectors (uy,v1), -,
(Up—1,Um—1) is the set-valued map from X to 'Y defined by

b
Dw(m)F(xo,]/O,uLUl,' " Um1,Om-1) (%)

. b
=WMinc{y € Y | (x,y) € Teé?(xo,yo,ul,vl, cer U1, 0m1) }
Definition 6. [20] Let F : X — 2¥ and (xo,yo) € grF. The mth-order generalized Studniarski epiderivative
G-EDZ'F(xo,Y0) of F at (xo,Yo) is the set-valued map from X to'Y defined by

G-EDg'F(x0,¥0)(x) :=Minc{y € Y | (x,y) € Sepir(x0,¥0)}-

Motivated by Definitions 5 and 6, we introduce the higher-order epiderivative without lower-order
approximating directions.

Definition 7. Let F : E — 2¥ and (xo,yo) € grF. The mth-order weak adjacent epiderivative of F at (xo, o)
is a set-valued map EDZ,(mF(xO,yO) . E — 2Y defined by
b . b
EDL™ F(xo, o) (x) == WMinc{y € Y | (x,y) € T2 (x0,%0)}-
Remark 2. There are many examples show that EDZ,(m>F (x0,Yo) possibly exists even if Dzb,,(m)F (x0, Y0, 1,01,
o+ Up—1,0m—1) and G-EDZ'F(xo, yo) do not; see Examples 2 and 3. Therefore it is interesting to study this
derivative and employ it to investigate the Mond-Weir duality for set-valued optimization problems.

Example 2. et E=X=Y =R,C =R, and F: E — 2Y be defined by F(x) := {y € Y | y > x?}. Take
(x0,y0) = (0,0) € grF and (u,v) = (1, —1). Then, simple calculations show that

e

epiF((O/O)/ (1,-1) =0
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and
h(2
Telgi;(o,O) ={(x,y) eRxR|x Ry >x*}.

v(2)

So, for any x € E, EDJ®'F((0,0), (1,—1)) (x) = @, but ED;,

SVE0,0)(x) = {7},
Example 3. Let E=X =R, Y =R?,C =R2 and F : E — 2¥ be defined by F(x) := {(y1,y2) €Y | y1 €
R,y, > x?}. Take (x0,y0) = (Ox,0y) € grF. Then

b
S2r(0x, 0y) = T2 (0x, 0y) = {(x, (y1,42)) ER x R? | x € R,y € R,y > ).

Therefore, for any x € E, ED;U(Z)F(OX,OY)(x) = {(y1,2) € R? | 1y € Ry = x2}, but
G-ED3F(0x,0y)(x) = @.

Theorem 1. Let F : E — 2¥ and (x,y0) € grF. Let C be a pointed closed convex cone and Daniell.

IfP(x):={yeY|(xy) € Tz}(;'?(xo,yo)} is minorized for all x € domP, then EDEU(m)F(xO,yO) exists.

Proof. The proof is similar to that of Theorem 3.1 in [2]. O

Definition 8. [23] Let M C R" be a nonempty set and xy € M. M is called star-shaped at xy, if for any
point x € M with x # x, the segment

X, %] ={yeM|y=(1-A)xpg+Ax,0<A <1} C M.

Definition 9. [10] Let E be a nonempty convex set. The map F is said to be C-convex on E, if for any x1,xp € E
and A € [0,1],
AF(x1)+ (1 —A)F(xp) C F(Ax1 + (1 —A)xp) +C.

Motivated by Definition 9, we introduce the following concept.

Definition 10. Let E be a star-shaped set at xo € E. The map F is said to be generalized C-convex at xo on E,
if forany x € Eand A € [0,1],

(1 —=A)F(x0) + AF(x) C F((1 —A)xo+ Ax) + C.

Remark 3. Let E be a convex set and xo € E. If F is C-convex on E, then F is generalized C-convex at xy on E.
However, the converse implication is not true.

To understand Remark 3, we give the following example.

Examp1e4. Let El = (700,71] - R,Ez = (71,1] - R,E =X = E1UE2 - R,Y = R,C = RJr and
F: E — 2Y be defined by

F( {yeY|y>1},x€Ey,
X) =
{yeY|y>x*},x€Es.

Take xp = —1 € E. Then E is a convex set, and F is generalized C-convex at xy on E.
Take x1 = —4 € E; QE,xzzerngand/\:%,then

}

N =

SF(a) + 5F(x) = {yly >

and

1 1
F(§x1 + Exz) ={yly > 1}.
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Thus

SF(r1) + (1 - 3)F(2) € F(Gx+ (1- 5)) +C.

Therefore F is not C-convex on E.

Definition 11. [24] Let U C X be a star-shaped set at xo € U. A set-valued map F : U — 2¥ is said to be
decreasing-along-rays at xg if for any x € Uand 0 < t; < ty with t;x + (1 —t;)xog € U(i = 1,2), one has

F(tix+ (1 —t1)x9) C F(tax + (1 — t2)x0) + C.
Next, we give an important property of the mth-order weak adjacent epiderivative.

Proposition 4. Let E be a star-shaped set at xo € E. Let F : E — 2Y be a set-valued map and (xo,yo) € grF.
Suppose that the following conditions are satisfied:

(i) F is decreasing-along-rays at x ;

(ii) F is generalized C-convex at x on E;

(iii) the set P(x) == {y € Y | (x,y) € TZ}()?;)(xg,yo)}fulﬁlls the weak domination property for all
x € domP.
Then for all x € E, one has x — xg € Q := domEDE,,(m)F(xo,yo) and

F(x) = {yo} € EDL" F(x0,0) (x — x0) + C.

Proof. Letx € Eand y € F(x). Forany A, € (0,1) with A,, — 0T, ()‘2—")’” < % Since E is a star-shaped

set at xg,
An An An
=X+ S (x—x) = (1— SixeE
Xp xo+2(x x0) = ( 2)xo+2xe
and

X0 + (%)m(x —x0)=(1— (%)m)xo + (%)mx € E.

Together this with conditions (i) and (ii) implies

gt =yo+ (" —yo0) = (1= (C™wo + Gy
An An An An
€ (1= (Z)")EGxo) + (2)"F(x) € F(1— (2o + (Gyme) + €
C F(xy) +C+C C F(x,) +C.

Hence, (xy,yn) € epiF. It follows from the definition of Tli(m)(xo,yo) that (x — xo,y — yo) €
Tebg}) (x0,Y0)- Replacing x — xg € domP with x of condition (iii), from the definition of E DZ,(m)F (x0,Y0),
we have

P(x — x9) € ED2™ F(xq, o) (x — xo) -+ intC U {0y }

c ED™F(xo, o) (x — xo) + C.
Thus x — xg € Q and

F(x) — {yo} € EDa" F(x0,y0)(x — x0) + C.

This completes the proof. O
We now give an example to explain Proposition 4.
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Example 5. Let E = [0,+00) CR,Y =R,C =R, and F : E — 2Y be defined as F(x) = {y € Y | y > 0}.

Take (x9,y0) = (0,0) € grF. Then, simple calculations show that T:}(;;(0,0) =RR? and

EDPF(0,0)(x — x) = {0}, ¥x > 0.

We can easily see that all conditions of Proposition 4 are satisfied. For any x € E, onehas x — 0 € Q) :=
domEDZ,(Z)F(O,O) ={x|x>0}and

F(x) — {yo} € EDp?F(0,0)(x — xo) + C.

Therefore Proposition 4 is applicable here.
The following examples show that every condition of Proposition 4 is necessary.

Example 6. Let E = [0,+0) C R, Y = R, C = Ry and F : E — 2" be a set-valued map satisfing
F(x) ={y €Y |y > x}. Take (xo,y0) = (0,0) € grF. By a simple calculation, we obtain

)

epiF(O/O) = {(0,]/) € R X R|y Z 0}

and
0},x =0,
EDX?F(0,0)(x) = {{ b
@ ,x #0.

Thusx —0 ¢ Q) := domEDsz(z)F(0,0) = {0}, for any x € (0, +o0).

Obviously, the conditions (ii) and (iii) of Proposition 4 are satisfied except condition (i), and

b
F(x) = {yo} € EDG”F(xo,y0) (x = %0) +C,x € (0, +e0).
Thus Proposition 4 does not hold here and the condition (i) of Proposition 4 is essential.

Example 7. Let E1 = [0,1] - R,Ez = (1,+00) - R,E =X = E1UE2 - R, Y = R, C = R+ and
F: E — 2Y be given by
{yeR|y>—x*}Lx ek,
F(x) = 3
{yeR|y>—x"},x € Ep.

Take (x0,y0) = (0,0) € grF = epiF. Then,

ae)

opit(0,0) = {(x,y) € R xRy > =% x > 0}

and
ED)PF(0,0)(x — x0) = {y € R | y = —x},Vx > 0.

Clearly, the conditions (i) and (iii) of Proposition 4 are satisfied except condition (ii), and for any x € E,,
b
F(x) — {yo} Z EDa” F(xq, o) (x — x0) +C.
Therefore Proposition 4 does not hold here and the condition (ii) of Proposition 4 is essential.

Example 8. Let E=X =R, Y =R?,C =R2 and F : E — 2¥ be defined by F(x) := {(y1,y2) €Y | y1 €
R,y2 > 0}. Take (xo,y0) = (0,(0,1)) € grF. Then a simple calculation shows that

e

22)(0,(0,1)) = B x B,
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This means that: (i) domP = R and P(x) = R?,Vx € domP; (ii) EDZ,(Z)P(O, (0,1)) = @ for each
x € R. Obviously, P(x) := {y € Y | (x,y) € R x R2} does not fulfill the weak domination property for each
x € Rand Q) = @. Thus Proposition 4 does not hold here and the condition (iii) of Proposition 4 is essential.

4. Higher-Order Mond-Weir Type Duality

In this section, by virtue of the higher-order weak adjacent epiderivative of a set-valued map,
we establish Mond-Weir duality theorems for a constrained optimization problem under Benson
proper efficiency.

letEC X,F:E — 2Y and G : E — 2Z be two set-valued maps. We consider the following
constrained set-valued optimization problem:

Min, F(x),
(SOP) { st YCEG)N(-D) %0,

Let M := {x € E | G(x) N (—=D) # @} and F(M) := UyemF(x). We denote F(x) x G(x) by
(F,G)(x). The point (xp,y0) € E x Y is said to be a feasible solution of (SOP) if xyo € M and yo € F(x).

Definition 12. [25] The feasible solution (xo,yo) is called a Benson proper efficient solution of (SOP) if

clcone(F(M) +C —{yo}) N (—C) = {0y }.
Let (%,7,2) € gr(F,G),veY*,we Z*and x € © := domEDz,(m)(F,G)(JE,y,Z). Inspired by [2],
We establish a new higher-order Mond-Weir type dual problem (DSOP) of (SOP) as follows:

max  §
st v(y)+w(z) >0,Y(y,z) € EDZ,(m)(F, G)(%,7,2)(x),x €0, 1)
w(z) 20, 2
vect 3)

w e DT, 4

The point (%, 7, Z, v, w) is called a feasible solution of (DSOP) if (%, 7, Z, v, w) satisfies conditions (1),
(2), (3) and (4) of (DSOP). A feasible solution (xo, Yo, 2o, Vo, wo) is called a maximal solution of (DSOP)
if forall 7 € Mp, ({7} —{yo}) N (C\ {Oy}) = @, where Mp := {j € F(%) | (%,7,2) € gt(F,G),v €
C*,w € D, and (%,7,2,v,w) is the feasible solution of (DSOP)}.

Definition 13. [26] Let K C X, the interior tangent cone of K at x is defined by
ITk(xp) :=={p € X |3IA >0,Vt € (0,A),Vy' € Bx(u,A), xo + ty' € K},
where Bx (y, A) stands for the closed ball centered at y € X and of radius A.

Theorem 2. (Weak Duality) Let E be a star-shaped set at ¥ € E and (%,7,2) € gr(F,G). Let (xo,y0) and
(%,7,Z,v,w) be the feasible solution of (SOP) and (DSOP), respectively. Then the weak duality: v(yo) > v(if)
holds if the following conditions are satisfied:

(i) (F, G) is decreasing-along-rays at X;

(ii) (F, G) is generalized C x D-convex at % on E;

(iii) the set Ppg)(xo — %) = {y € Y|(xo — %y,z) € Tebg&c)(f' 7,2)} fulfills the weak
domination property.
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Proof. Since (xg, 1) is a feasible solution of (SOP), G(xp) N (—D) # @. Take zg € G(xp) N (—D).
It follows from (2) and (4) that
w(zo—2) <0. 5)

From Proposition 4 it follows that xg — ¥ € S := domEDZ,(m) (F,G)(%,7,2) and
(yo,20) — (7,2) € EDA™ (F,G)(%,7,2) (xo — %) + C x D. (©)

Noting that v € C* and w € D¥, we have by (1) and (6) that v(yo — #) + w(z0 — 2) > 0.
Combining this with (5), one has
v(yo —7) = 0.
Thus v(yo) > v(7) and the proof is complete. O

Theorem 2 is an extension of [2], Theorem 4.1 from cone convexity to generalized cone convexity.
Now, we give an example to illustrate that Theorem 2 can apply but [2], Theorem 4.1 dose not.

Example 9. et X =Y =Z =R, C=D =R, F:E — 2  begivenas F(x) = {y € Y | y > 0} and
G : E — 27 be defined by
ze€Z|z>0}x<0,
o (71220
R, x>0.
0,j=0,2>0,ve

Then sets of the feasible solutions for (DSOP) and (SOP) are {(X,7,Z,v,w) | ¥ =
(0) and Theorem 2 holds

C*,w =0} and {(x,v0) | xo € R,yo > 0}, respectively. Thus v(yo) > v(§j) =
here. However, [2], Theorem 4.1 is not applicable here because G is not C-convex on E.

Lemma 1. [27] Let xg € K C X and intK # @. If K is convex, then
ITintk (x0) = intcone(K — {xp}).

The inclusion relation between the generalized second-order adjacent epiderivative and convex
cone C and D is established by Wang and Yu in [28], Theorem 5.2. Inspired by [28] , Theorem 5.2,
we next introduce the equality of the higher-order weak adjacent epiderivative and convex cone C and
D to the proof of the strong duality theory.

Lemma 2. Let (x9,Y0,20) € gt(F,G) and zy € —D. If (xo,Yyo) is a Benson proper efficient solution of (SOP),
then forall x € © := domED;,(m)(F, G)(x0,Y0,20),

[ED" (F,G) (x0, y0,20)(x) + C x D+ {0y, 20)}] N (~((C\ {Ou}) x intD) =@. ()
Proof. We can easily see that (7) is equivalent to

[EDy™ (F, G) (x0,y0,20) (x) + C x D] N (—((C\ {0y}) x (intD + {z0}))) = @. ®)

Thus we only need to prove that (8) holds. Suppose on the contrary that there exist x € O,
(v,z) € ED)™(F, G) (x0,0,20)(x) and (co,dg) € C x D such that

z+do € —(intD + {zo}) ©)

and
y+co € —(C\{Oy}). (10)
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It follows from (y,z) € EDZ,(m)(F,G)(xO,yO,zo)(x) that (x,y,z) € T;}(:E; G)(xo,yo,zo). Then for

any sequence {t,} with t, — 07, there exists {(xy, yn,zn)} C epi(F, G) such that

(xn —x0 (Yn,zn) — (yo,ZO)) — (x,y,2). (11

tn tm

From (9) and (11), there exists a sufficiently large natural number N; such that

_ m
— Z”Z?;_tndo € —(intD + {zp}) C —intcone(D + {zo}) (12)

C —ITintD(—z0),Vn > Ny,

N
2

where the last inclusion follows from Lemma 1. According to Definition 13, there exists A > 0 such that
—zo+ typ' € intD,Vt, € (0,A), 4’ € By(—2,,A),n > Nj. (13)

Since t, — 07, there exists a sulfficiently large natural number N, with N, > Nj such that
" € (0,A). Combining this with (13), one has

—zg+ 1ty (—2,) € intD,Vn > Np. (14)
From (12) and (14), we have
—20 — (zn — zo + ty/dy) = —zn — t)'dg € IntD,Vn > Nj.
It follows from dy € D, ™ — 0" and intD + D C intD that
zy € —intD,Vn > Nb. (15)

Noting that { (x4, yn,z4)} C epi(F,G), there exist x, € E, 2, € G(x), Jn € F(x,) and (¢, dy) €

C x D such thaty, = §, + ¢4 and z,, = £, + d,,. By (15), 2, € —intD — {d,,} C —intD C —D,Vn > Nj.
Therefore

X, € M,Vn > Ns. (16)

Clearly, we have

Yn—Yo . Ynthico—yo o F(xn) +C— {yo}
i £ £
F(M) +C—{yo}
i

C clcone(F(M) + C —{yo})-

c

It follows from (11) and (16) that y + co € clcone(F(M) + C — {yo}). Combining this with (10),
one has
y+co € clcone(F(M) +C —{yo}) N (—(C\{0y})),

which contradicts that (xo, yo) is a Benson proper efficient solution of (SOP). Thus (7) holds and the
proof is complete. U

According to Theorem 2.3 of [29], we have the following lemma.

Lemma 3. [29] Let W be a locally convex space, H and Q be cones in W. If H is closed, Q have a compact base
and HN Q = {Ow}, then there is a pointed convex cone A such that Q \ {Ow} C intA and AN H = {Ow}.
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Theorem 3. (Strong Duality) Let E be a convex subset of X, (xo,Yo,20) € gr(F,G) and zy € —D. Suppose
that the following conditions are satisfied:

(i) (F,G) is C x D-convex on E;

(i) P(x) :={(y,z) € Y X Z | (x,y,2) € Tilg'ﬂ,c) (x0,Y0,20) } fulfills the weak domination property for
all x € domP;

(iii) C has a compact base;

(iv) (x0, o) be a Benson proper efficient solution of (SOP);

(v) forany x € E,G(x) N (—=D) # @.

Then there exist v € CT and w € D such that (x0, Yo, 20, v, w) is a maximal solution of (DSOP).

Proof. Define .
¥ := EDy" (F, G)(x0,¥0,20)(®) + C x D + {(0y,20)},

where © := domEDsz(m) (F, G)(x0,Y0,20)-

Step 1. We firstly prove that ¥ is a convex set. Indeed, it is sufficient to show the convexity of
Yo:=¥—{(0y,20)}.

Let (y;,z) € ¥ (i = 1,2). Then there exist x; € ©, (v/,z)) € EDi\"™ (F,G)(x0,v0,20)(x;) and
(¢c;,d;) € C x D (i =1,2) such that

irzi) = (Vi zi) + (ci,d;) (i=1,2). (17)

According to the definition of EDZ,(m)(F,G)(xO,yO,ZO), one has (x;,y,z) €

b .
Teg@,c)(xo,yo,zo) (i=1,2).
Since (F, G) is C x D-convex on E, epi(F, G) is a convex set. From Proposition 3, T:g’g o) (X0, Y0,20)

is a convex set. So for any t € [0,1],

b ()

tx1 y1,21) + (1= 1) (32,42, 23) € Tor ) (%o, Yo, 20)-
By (ii), we have
Hyl,2)) + (1= £)(vh, 25) € EDI™(F, G)(x0, vo, 20) (tx1 + (1 — £)xp) + int(C x D) U {(0y,02)}
C ED%m)(FrG)(xo/yO,Zo)(fxl + (1 —t)x2) + C x D.
Combining this with (17), one has

t(yl,Zl) + (1 — t)(yz,ZZ) eEYy+CxD=Y,.

Therefore ¥ is a convex set and so ¥ = ¥y + {(0y, z0) } is a convex set.
Step 2. We prove that there exist v € Ct'and w € D' such that (x0,Y0,20,V,w) is a feasible
solution of (DSOP).
Define
@ := clconeV.

Since Y is a convex set, P is a convex cone. According to Lemma 2, we have
DN (—((C\{0y}) xintD)) = @. (18)

Hence, we can conclude
@ N (—(Cx{0z})) = {(0y,02)}. (19)
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In fact, assume that (19) does not hold. Since ® is a cone, there exists b € —C \ {0y} such that
(b,0z) € N (=((C\{0y}) x {0z})).

Then there exist x" € O, (y",z") € EDZU(m)(F,G)(xo,yo,zo)(x”), (cn,dy) € Cx Dand A, >0
such that
b= lim A, (y" +cn). (20)
. s b(m) + : nogn N
According to the definition of EDy, " (F, G)(x0, Yo, z0), for any t, — 07, there exists (x}/, v}, z}) €
epi(F, G) such that

xP—xo Y —yg+tlc, z" —zo+t"d
lim (£ O,yk yom k7 k Om k7
k—s00 t £ £

)= (", y" +cp, 2" 4 dy). (21)

This together with condition (v) implies

Y — Yo+ t'cn e F(x}) +C—A{yo} +tf'cu
Hr " i

An

C clcone[F(E) +C —{yo}] (22)

C clcone[F(M) 4+ C — {yo}]
It follows from (20), (21), (22) and b € —(C \ {0y }) that
b € clcone(F(M) + C — {yo}) N (—=(C\ {0y})),

which contradicts that (xg, o) is a Benson proper efficient solution of (SOP). Thus (19) holds.
Since C has a compact base, —(C x {0z}) also has a compact base. Combining this with (19) and
Lemma 3, replacing H and Q with ® and —(C x {0}), there exists a pointed convex cone A such that

— (€ x {02})\(0y,0z) C intA (23)
and
®NA={(0y,02)}. (24)

Let B:= AU{(0y,07)}, where A := —((C\ {0y}) x (intDU {07})) + A. Thus B is a convex cone.
Next, we further prove that Bisa pointed cone. According to Proposition 1, we get (0x,0y,0z) €
7" (x0, Y0, 20). Combining this with the weak domination property of P, we get

()
u

(Oy,0z) € EDy " (F, G)(x0,40,20) (0x) + C x D. (25)

For zy € G(xp) N (—D) and (c,d) € C x D, we have

(c,d) = (0y,0z) + (c,d — z9) + (Oy, zo)
e ED)"™)(F, G)(x0, Y0, 20)(0x) + C x D + {(0y, o)}
co,

and so
CxDC®. (26)

It follows from (24) and (26) that (C x D) N A = {(0y,07)}. Hence,

((C\{oy}) x (intDU{02})) NA = 2.
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Combining with the definition of A, one has
(0y,0z) ¢ A. 27)

Thus
AN(-A)=2. (28)

To obtain this result, we suppose on the contrary that there exists (c,d) € AN (—A). Then there
exist (c;,d;) € (C\ {0y}) x (intDU {0z}) (i =1,2) and (c},d}) € A (i = 1,2) such that
(c,d) = —(c1,d1) + (¢}, d1)
and
(c,d) = (c2,d2) = (ca,d3).
So
(—(er,d) + (e, d1)) = ((e2,d2) — (c3,d3))

=—(c1+co,dy +do) + () + ¢y, dy + dy)
=(0y,0z) € 4,

which contradicts (27). Therefore (28) holds. Then B is a pointed convex cone and (0y,0z7) € intB.
Now, we can conclude
dNB= {(Oy,OZ)}. (29)

To see the conclusion, we suppose on the contrary that there exists (y,z) # (0y,0z) such that
(y,z) € ®NB, (30)

because B is a pointed convex cone and ® is a convex cone. From the definition of B, there exist
(y1,z1) € —((C\ {0y}) x (intDU {0z})) and (y2,22) € A such that

(v, z) = (y1,21) + (2, 22)-

According to the definition of ®, there exist xj, € O, (v, z,,) € ED;™ (F, G)(x0,v0, z0)(x},),

(c),,d)) € C x Dand A}, > 0 such that
(y,2) = lim A, (v + ¢, 2 + dy + 20)-

Since (y,z) # (0y,0z), without loss of generality, we may assume that Aj, > 0. It follows from the
definition of ® that

(v,2) — (y1,21) = ,}E}(}OAZ(% + CpZy +dy + 20) — (y1,21)

— m ALy, 4o — I —Z—1+zo
N—00 'rl(y'rl n /\;1 n n Aéz )
€ P,
and so
(y2,22) = (,2) — (y1,21) € PN A = {(0y,02)}.
Thus

(y,z) = (y1,21) € —=((C\ {0y}) x intD). (31)
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By (30) and (31), we have

(y,2) € N (=((C\ {0y}) xintD)),

which contradicts (18).
We claim that
—((C\ {0y}) x (intDU {02})) C intB. (32)

To obtain this conclusion, we replace B and C in [30], Theorem 2.2 with —((C \ {0y }) x (intD U
{02})) and intA, respectively, which together with the fact: (Oy,07) € intB yields that

intB = —(C\ {0y}) x (intD U {0z}) + intA. (33)

Letc € C\ {0y} and d € intD U {0z}. Then by (23) and (33), one has

(e d) = ~(5,4) = (3,

3 0z) € —((C\ {0y}) x (intD U {0z})) +intA = intB,

and so (32) holds.
According to the separation theorem for convex set and (29), there exist v € Y* and w € Z*
such that

v(7) +w(z) <0,Y(7,2) € intB (34)
and
v(y) +w(Z) >0,Y(y,2) € D. (35)
By (32) and (34), we have
v(y) +w(z) > 0,¥(7,2) € (C\ {0y}) x (intD U{0z}). (36)

Taking z = 0z in (36), one has v(7) > 0,¥§ € C\ {0y}, thus v € C*. For any ¢ > 0, take
7 € (C\ {0y}) N B(0y,é) in (36). Then we can observe that w(z) > 0,Vz € intD, which implies
w e DT,

It follows from (35) that

v(y) + w(z) > 0,Y(y,z) € EDA™ (F, G)(x0,40,20)(®) + C x D + {(0y, z0) }- (37)
Together with (25), we get w(zg) > 0. It follows from zy € —D and w € D™ that w(zg) < 0. Thus,
w(zp) = 0.
Combining this with (37), one has
v(y) +w(Z) > 0,¥(y,2') € EDy™ (F,G)(x0, %0, 20)(®) +C x D,

and so
v(y) +w(z) > 0,%(y,z) € EDL™ (F, G)(x0,y0,%0) (©).

Thus (xo, Yo, 2o, v, w) is a feasible solution of (DSOP).
Step 3. We prove that (xo, Yo, 2o, v, w) is a maximal solution of (DSOP).
Suppose on the contrary that there exists a feasible solution (£, 7,2,v/,w’) such that § — yg €
C\ {0y}. By v/ € C*, we have
v'(9) > v (o) (38)

Since (xg, yo) is a feasible solution of (SOP), it follows from Theorem 2 that v/ (o) > v/(77), which
contradicts (38). The proof is complete. g
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Theorem 4. (Converse Duality) Let E be a star-shaped set at xog € E. Let yo € F(xg),z0 € G(x9) N (—D),
v € Ctand w € DY such that (xo, yo, zo, v, w) is a feasible solution of (DSOP). Then (xo, Vo) is a Benson
proper efficient solution of (SOP) if the following conditions are satisfied:

(i) (F, G) is decreasing-along-rays at xo;

(ii) (F, G) is a generalized C x D-convex at xy on E;

(iii) the set Prg)(x —x0) = {y € Y | (x —xo,y,2) € T:}(;ZE)F,G)(xO,yO,ZO)} fulfills the weak
domination property for all x € domP(f c).

Proof. It follows from (1), (3) and (4) that
v(y) + w(z) > 0,¥(y,z) € ED™ (F,G)(x0, Yo, 20)(x) + C x D,

Vx € ®:= domEDE,,(m)(F,G)(xo,yo,zo).

(39)

According to Proposition 4, we get
(y — Yo,z — ZO) € EDEU(m)(F/ G)(xO/yOIZO)(x — XO) + C x D,

(40)
Vx € M,y € F(x),z € G(x) N (=D).

By (2), we have w(zp) > 0. It follows from zy € G(xp) N (—D) and w € D that w(zp) < 0, thus
w(zg) = 0. Then

w(z—2zp) = w(z) —w(z0) = w(z) <0,Vz € G(x)N(—D),x € M. (41)
It follows from (39), (40) and (41) that
v(y —yo) > 0,Vy € F(x),x € M.
Further more, we can get
viy+c—yo) >0,Vy € F(x),x € M,

and so
v(y) > 0,Vy € clcone(F(M) + C — {yo}). (42)

Assume that the feasible solution (xg,1o) is not a Benson proper efficient solution of (SOP).
Then there exists y’ € —(C \ {0y }) such thaty’ € clcone(F(M) + C — {yo}). This together with (42)
implies that

v(y') > 0. (43)

It follows from v € C*'and v € —(C\ {0y}) that v(y’) < 0, which contradicts (43). Thus (xo, ¥o)

is a Benson proper efficient of (SOP) and the proof is complete. O

Remark 4. Example 9 also illustrates that Theorem 4 extends [2], Theorem 4.3 from the cone convexity to
generalized cone convexity. Indeed, take (xo,yo,z0) = (0,0,0). Then simple calculations show that

7@

epi(F,G)(O’O’()) ={(x,y,z) EXXYXxZ|x<0,y>0,z>0}U

{(x,y,2) eXxYxZ|x>0,y>0,z€eR}
and

{(y,z2) eYxZ|y=0,z>0tU{(y,z) eY*xZ]|y>0,z=0},x<0,

ED)? (F,G)(0,0,0)(x) =
{(y,z) €eYxZ|y=0,z€R},x>0.
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Then we can choose v =1 and w = 0 such that (xg,yo,zo,v,w) = (0,0,0,1,0) is a feasible solution of
(DSOP). 1t is easy to show that the all conditions of Theorem 4 are fulfilled and (0,0) is a Benson proper efficient
solution of (SOP). Thus Theorem 4 holds here. However, [2], Theorem 4.3 is not applicable here because G is not
C-convex on E.
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