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Abstract: The fractional Laplacian, also known as the Riesz fractional derivative operator, describes
an unusual diffusion process due to random displacements executed by jumpers that are able to
walk to neighbouring or nearby sites, as well as perform excursions to remote sites by way of Lévy
flights. The fractional Laplacian has many applications in the boundary behaviours of solutions
to differential equations. The goal of this paper is to investigate the half-order Laplacian operator
(—A)% in the distributional sense, based on the generalized convolution and Temple’s delta sequence.
Several interesting examples related to the fractional Laplacian operator of order 1/2 are presented
with applications to differential equations, some of which cannot be obtained in the classical sense by
the standard definition of the fractional Laplacian via Fourier transform.
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In recent years, the fractional Laplacian operator has gained considerable attention due to its
applications in many disciplines, such as partial differential equations, long-range interactions,
anomalous diffusions and non-local quantum theories. There is also the physical meaning of
the fractional Laplacian operator in bounded domains through its associated stochastic processes.
However, the half-order Laplacian operator (—A) 3, often appearing in various literature works and
applications, needs to be studied carefully as the first-order Riesz derivative is undefined in the
classical sense. The goal of this work is to use a new distributional approach to defining operator
(—A)% in the generalized sense by Temple’s delta sequence, as well as present fresh techniques in
computing examples of the fractional Laplacian operator of order 1/2 and applications to solving
partial differential equations related to this operator.

1. Introduction

Lets € (0,1) and A = 9%/0x3 + - - - + 9% /9x2. The fractional Laplacian of a function u: R” — Ris
defined as:

(~ayut) = cpum [ Mg, M

where P.V. stands for the Cauchy principal value, and the constant Cy, s is given by:

-1
Co . — / 1 —cosy — /2925 (") s
" R [y|"2edy r(1—s)”

andy = (y1,¥2,- - ,yn) € R™.
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On the other hand, the fractional Laplacian in R” can be written by the Fourier transform:

(~8)u(x) = gy o 0 7 40) 2054 = FHIZEF ()@}
where:
(e ) = [ ulxe Edx, a(g) = Flu}() = (an)n 5 [[, e,

Fla(x) = (2;)/2 [ a@eac.

Hence, the fractional Laplacian is really a pseudo-differential operator with symbol ||%.

Let L? be the Lebesgue space with p € [1,00), By be the space of continuous functions vanishing
at infinity, and By, be the space of bounded uniformly-continuous functions. M.Kwasnicki recently
presented ten equivalent definitions in [1] for defining (—A)® over these three spaces, including the
above Fourier definition.

There have been many studies, including numerical analysis approaches, on the fractional
Laplacian with applications in solving certain differential equations on bounded domains and in
the theory of stochastic processes and anomalous diffusion [2-10]. For example, the work in [11]
used the fractional Laplacian for linear and nonlinear lossy media, as well as studying a linear
integro-differential equation wave model. The work in [12] studied a finite difference method of
solving parabolic partial integro-differential equations, with possibly singular kernels. These arise
in option pricing theory when the random evolution of the underlying asset is driven by a Lévy
process related to the fractional Laplacian or, more generally, a time-inhomogeneous jump-diffusion
process. Using the fractional Laplacian operator, Araci et al. [13] investigated the following g-difference
boundary value problem:

Dy (¢p(DJy())) + f(ty(1) =0, (0<t<1; 3<5<4)

with the boundary conditions:

y(0) = (Dygy)(0) = (D7y)(0),
a1(Dyy)(1) + a2(D2y)(1) =0, and D, y(H)li—o = 0.
They proved the existence and uniqueness of a positive and nondecreasing solution for this
problem by means of a fixed point theorem involving partially-ordered sets.

Let ) C R" denote a bounded, open domain. For u(x): Q — R, D’Elia and Gunzburger [14]
investigated the action of the nonlocal diffusion operator £ on the function u(x) as:

Lu(x) =2 [ (w(y) ~ u(x)y(xy)dy VxeQCR,

where the volume of () is non-zero and the kernel y(x,y): (O x () — R is a non-negative symmetric
mapping, as well as the nonlocal, steady-state diffusion equation:

—Lu=f on(),
u=0 on R"\ Q.

An example of y(x,y) is given by:

o(x,y)
v(x,y) = m
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with o(x,y) bounded from above and below by positive constants. This nonlocal diffusion operator
has, as special cases, the fractional Laplacian and fractional differential operators that arise in several
applications. The corresponding evolution model was further studied in [15]. Recently, Hu et al. [16]
studied the following high-dimensional Caputo-type parabolic equation with the fractional Laplacian
by using the finite difference method:

cDyu=—(=APu+f, x€Q, t>0,

u(x,0) = ug(x),
u(x,t) =0 on xe€R"\Q,

where a € (0,1),s € (0,1) and Q) C R". In particular, this involves the half-order Laplacian operator
(—A)% when s = 1/2. The convergence and error estimate of the established finite difference scheme
are shown with several examples.

On the other hand, the Riesz fractional derivative is generally given as:

(RLD% o, x + RLD%, ) u(x)

I —
rzDyu(x) = 2 cos(arr/2) @
where 0 < « < 2and & # 1, and:
1 anr x
o - - _ \n—a—1
RD o st(3) = p oy | (¥~ 0" w0,

o
RUD, (3) = o g o (= 0" (@)

forn—1<a<neZ".

Note that in space fractional quantum mechanics, the & = 2 case corresponds to the Schrodinger
equation for a massive non-relativistic particle, while the « = 1 case needs to be examined carefully,
both on physical and mathematical grounds, since Equation (2) is undefined for & = 1.

It follows from [10,17-22] that:

a2,
RLD% o uu(x) = @[Izojfxu(x)], l<a<?2
and:
1 d> x u(t)
[14 _ o —
RLD% o cut(x) = 175 u(x) = T(2—a)dx? /oo (x — t)a 7dt

1
T T2-a) dxz/ ¢ hu(x = 0)dg
by making the variable change { = x —¢.
Applying two identities:

o
—D(+1: a—1 77],
¢ ( >/C i

Pu(x—g) _ Pu(x—7)
ox? N a2
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we get:

rRLDZ o cu(x) = Féxz__la) /O“’ 32“(8322_ . {/Coo b’;z] %

= ek U

B 1 ou(x —=¢) [edy|” 1 ©du(x—0) 1

R TrEr il A g0+r<1—a>/o o
1 ® 1]

Tk Y

1 u(x—0)1% _ 2 *u(x—g)

T T ‘go ok e

_ & ® u(x) a *u(x—7)
T T(1—a) /0 gt d¢ — I(1—a) /0 7ot dg
_ o ©u(x—¢) —u(x)
- | az,

_F(l—a) Zatl l<a<?2

by removing the term:
I
o v’
due to the meaning of the finite part integral as the integral is divergent and the finite part:

—a+1
Ui

=0.
—a—+1

f=co

With the same argument, we come to:

1<a<?2

w © u(x+ ) —u(x)
I d,

o — —
RLDoo,xu(x) - r(l —Dé) glx+1

Hence, we have another representation of the Riesz fractional derivative from Equation (2):

I'(1+a)sinarnr/2 /°° u(x+¢) —2u(x) +u(x—7q)
0

rzD5u(x) = p [ite

g, l<a<2.

Similarly, we can claim that this representation still holds for the entire range 0 < a < 2 [23].
In particular,

S WER LSS L TURSTCLS P PV R

based on the formula:

(V. () = [ P20V L0
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Clearly, Equation (1) becomes:

(~8)"u(x) = CiazPV. [ wdé

L Ay [ )= u(@)
S e

_ 1 rou(x+7) —2u(x) +u(x — )
= = ag 3)
= —rzDu(x) @

fors=1/2andn =1.

Therefore, investigations of the half-order Laplacian operator (fA)% on R are equivalent to
studies of the first-order Riesz derivative. We can define —(—A) 21 as the Riesz derivative rzD%u(x)
in the case of & = 1, which is undefined in Equation (2) in the classical sense. The aim of this work
is to study the operator (fA)% on R in distribution explicitly and implicitly, using a particular delta
sequence and the generalized convolution. We also present several interesting examples, such as
(—A)%é (x) and (—A)%B (x), which are undefined in the classical sense. At the end of this work,
we describe applications of such studies to solving the differential equations involving the half-order
Laplacian operator.

2. The Explicit Approach to (—A)Y2u

In order to extend the fractional Laplacian (—A)'/2 distributionally, we briefly introduce
the following basic concepts of distributions. Let D(R) be the Schwartz space (testing function
space) [24,25] of infinitely-differentiable functions with compact support in R and D’(R) the (dual)
space of distributions defined on D(R). A sequence ¢1, ¢, - - -, $n, - - - goes to zero in D(R) if and only
if these functions vanish outside a certain fixed bounded set and converge to zero uniformly together
with their derivatives of any order.

The functional 6(") (x — xp) is defined as:

(6" (x = x0), ¢(x)) = (~1)"¢") (x0)

where ¢ € D(R). Clearly, 5 (x — x¢) is a linear and continuous functional on D(R), and hence,
60 (x — x9) € D'(R).
Define the unit step function 6(x) as:

1 ifx>0,
g(x){ 0 ifx<0.

Then, .
(0(x), () = [ ¢(x)dx for ¢ € D(R),

which implies 6(x) € D'(R).
Let f € D'(R). The distributional derivative of f, denoted by f’ or df /dx, is defined as:

(f', ) ==(f, ¢)

for ¢ € D(R).



Mathematics 2019, 7, 320 60of 17

Clearly, f’ € D'(R) and every distribution has a derivative. As an example, we are going to show
that 0’ (x) = 6(x) distributionally, although 6(x) is not defined at x = 0 in the classical sense. Indeed,

(0'(x), p(x)) = —(6(x), ¢'(x)) = — /:o ¢’ (x)dx = ¢(0) = (8(x), ¢(x)),
which claims:
0’ (x) = 6(x).

It can be shown that the ordinary rules of differentiation also apply to distributions. For instance,
the derivative of a sum is the sum of the derivatives, and a constant can be commuted with the
derivative operator.

Definition 1. Let f and g be distributions in D' (R) satisfying either of the following conditions:

(a) either f or g has bounded support (set of all essential points).
(b)  the supports of f and g are bounded on the same side (either on the left or right).

Then, the convolution f * g is defined by the equation:

(f*&)(x), ¢(x)) = (g(x), (f(¥), ¢(x +¥)))

for ¢ € D. Clearly, we have:
frg=8*f
from Definition 1.
It follows from the definition above that:

61 (x = xo) * f(x) = f1") (x — x0)

for any distribution f € D'(R).
Let 6,(x) = np(nx) be Temple’s d-sequence for n = 1,2,---, where p(x) is a fixed,
infinitely-differentiable function on R, having the following properties [26,27]:

@) p(x) =0,

(ii) p(x) =0for|x| >1,
(iii) p(x) =p(—x),

(iv) [=. p(x)dx =1.

An example of such a p(x) function is given as:

1
ce 12 if x| <1,
x g
o) { 0 otherwise

1 1 1
c” :/ e 1-2dx.
-1

This delta-sequence plays an important role in defining products of distributions [28,29]. Let f be
a continuous function on R. Then,

where:

(Fron) = [ fle—ns(at= [ f)a(x—
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uniformly converges to f on any compact subset of R. Indeed, we assume that f is continuous on R,
and L is any compact subset of R. Then, f is uniformly continuous on L, and for all € > 0, there exists
01 > 0 such that:

[flx—t)—f(x)| <e

forall x € L and |t| < ¢;. This implies that:

()0 = Fl < [ IfGx=1) = fx)lan(t)at < e

forall x € L and 1/n < §1 by noting that:

/ Sa(t)dt = 1.
Furthermore, if f € D'(R), then (f * 6,)(x) converges to f in D’'(R). Indeed,

lim ((f *6n)(x), ¢(x)) = lim (f(x), (6a(y), p(x +y))) = (f(x),¢(x))

n—oo n—oo

by noting that:
lim (u(y), ¢(x +y)) = ¢(x)

n—oo
in D(R).
In order to study the half-order Laplacian operator in the distribution, we introduce an
infinitely-differentiable function 7(x) satisfying the following conditions:

0 (x) =1(=x),

(i 0<t(x)<1,

(i) t(x)=1 if |x| <1/2,

(iv) T(x)=0 if |x|>1.

Define:
1 if |x| < m,
Pm(x) = ¢ T(m"x —m"Fl) ifx > m,

T(m"x +m" ) ifx < —m,

form =1,2,---. Then, ¢ (x) € D(R) with the support [—m —m™", m +m~"].
From Equation (3), we have:

1 1 1

(=8)"2u(x) = ——(PV.g, u(x +1)) = —;(P.v.%, w(x+ 1))

ifu € D(R) as:

PV~ (P(t)):/ooo <P(t)—2<p(t(2))+q>(—t)dt’

3
d 1 1
—PV.- = —PV.—.
dt t t2

This suggests the following explicit definition for defining (—A) : u(x). This explicit definition
directly evaluates the half-order fractional Laplacian of #(x) as a function of x, without relating to any
testing function in the Schwartz space.
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Definition 2. Let u € D'(R) and u), = u' x 6, = (u'(t), éu(x —t)) forn = 1,2,

half-order Laplacian operator (—A)% on D'(R) as:

(—A)%u(x) = _%n%g%onlg{}o (P.V.l, qu(t)u;(x—l—t))
_ e+t —u(x—t)
o — lim hm/ Pm (1 . dt

7T M—00 N—00

if it exists.

Clearly, the integral:

/ ot x—l—t‘)tL (x—t)dt

is well defined as ¢, (t) has a bounded support and:

lim up(x +1) —up(x—t) W (x).
t—0t t

Theorem 1.

8 of 17

-. We define the

®)

Proof. Assuming x > 0, we choose a large n such that 1/n < x. This infers that ,,(x + t) = 0, and:

(—A)%(S(x) = lim lim ——/ P (t 5’(x+t) t&’( )dt

m—00 N—00

! —
= lim lim — / ¢m 5 x t)

Mm—00 n—o0 7T

from Definition 2. Making the substitution w = x — t, we get:

(=A)}6(x) = lim lim l/x 5, (w) P =) g

m—oon—oo 77 J_ X —wW

= lim lim l/oo (5,’1(w)wdw

m—oon—oo 77 J_ X —w

- L2 o)

X —w

w=0

L i P07 = gn(x)

m—y00 Tx2

by noting that 6, (w) is a delta sequence, and:

Pm(x —w)

X —w

is a testing function of w if w < x, and:

g (w) 2= )

X —w

is identical to zero if w > x as J;,(w) = 0. Choosing m such that x < m, we derive that:

P(x) =0 and gn(x) =1
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as ¢m(x) = 1if |x| < m. Hence,

1 1 1
(=A)26(x) = _EPV'?
If x <0, wesety = —x and:
1 [ Sp(x+1t)—6,(x—t) B 1 [ S(—y+t)=3d,(—y—t)
= AR0 : dt = —— [oult) t at

_ 7%/0°°¢m(t)5,’1(y+f) —aly =1,

which implies that:

1

t

1

——PV.—.
%2

7T

Finally, we have for x = 0 by making the variable change u = nt:

[ on 2O =008 — 5 [ gy 5
_ > p'(nt)
- 2n2/0 P (t)——dt
_ ! p'(u)
= 2n2/0 ¢Pm(u/n) ” du

= o)

by noting that the term ¢, (u/n) = 1, and:

/01 &uu)du _ /01 p'(u) ;p’(o

)du

is well defined as p(u) is an even function. This completes the proof of Theorem 1.

O

t,

9o0f17

From [24], we have the distributions PV.x 2" form = 1,2,--- and PV.x~2" "l form = 0,1, - - -

] Ydx,

given as:
(PV.x™2", ¢) = /00o X2 Lp(x) + p(—x)
) 0 X2 x2m—2 (2m—-2) 0
-~ [¢()+2!+-~-+<2m_2)!¢ (0)
(PNx~27, ) = [T () — p(—x)
) o 3 x2m—1 en1) gy v
- [x¢()+?>!+”'+(2ml)!¢ ()}}x
Theorem 2. (—1) +l( 1)1 1
1 m —1)m m + !
(~8)25) (x) = e
form = —1,0,1,.... In particular, we have for m = —1 that:

(—A)30(x) = %pv%
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Proof. We start with the case m = —1. Then, by Definition 2,

—on(x—1)
t

(—A)%()(x) = lim lim ——/ P (t +4)

mM—>00 N—»00

= lim lim —/(; Pm (1 )Mdt

M—00 N—300 7T t

for x > 0 and a large n such that 1/n < x. Following the proof of Theorem 1, we come to:

1 fx i
(—A)20(x) = lim lim 7/ () 22 =) 4,
m—00n—0 7T J —co X —w
— im dim £ [T su(w) 2= g
m—oon—oo 77 J _ o X —w
m—o0 TTX
- lpvl
T X

The case x < 0 follows similarly. To compute (—A) 35(m) (x), we note that for a large n:

(_A)%5(m)(x) = lim lim —/ (Smﬂ ¢m(x* )dw

m—o0 n—oo 7T X — W

from the proof of Theorem 1 and:

e

m—soo T owm+1 X —w

w=0

_1\m m (m 17k)
— jim TV f (m,jl)(—l)%(f)(x—w)( ! ) '

m—»00 7T =0 X —w

b (~1m+t <m+1)¢m< ) < 1 )(m+1)

m—yoo 7T X — W

w=0

w=0

(=)™ (m 4 1)! 1
- T P’V’xm+2

since nllggo ¢m(x) =1and:

lim ﬂ"ﬁl (mZ1)<_l>k¢$)(x_w>( 1 >(m+1k)

m—»00 7T =1 X —w

w=0

from the definition of ¢, (x). This completes the proof of Theorem 2. [

10 of 17

We should note that Theorem 2 cannot be derived by the standard definition of the fractional

Laplacian via Fourier transform, and:

holds in the distributional sense and:

although 6(x) is discontinuous at x = 0 in the classical sense.
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Theorem 3.

0]
&£
=}
=

I
]
2
=}
=

7

0S X = COS X,

(ax +b) =0.

—~
\
>
~—
Ni= N N
(o]

where a and b are arbitrary constants.

Proof. Clearly, sin x is an infinitely-differentiable function on R. This claims that:
(sinx)' * 8, = cosx * &y

uniformly converges to cos x on any compact subset of R. Therefore,

cos X+ t) —cos(x —t)

1,
(=A)2sinx = mhggo——/ Om( ; dt
—251nxsmt
- n%gréo_i/ Pt fdt
_ 251nx/ Smtdt—smx
7T 0 t
by using:
/ sint ,, _ /2
t
Similarly,
1 L 1 [ —sin(x +t) + sin(x — t)
(=A)2cosx = n%lggof—/ Om(t) ; dt
—Zcosxsmt
2cos x °°smt
= / ——dt = cos x.
7T 0 t
Finally,
1 B b*&n)(x—i—t) (b*dy)(x—1)
(&) ax+b) = Jim lim = [ g :
k[t

This completes the proof of Theorem 3. [J

11 0f 17

(6)
@)
®)

We would like to mention that Theorem 3 extends several classical results obtained in [30] to

distributions by Definition 2 with a new approach.

Theorem 4.

(—A)% arctanx = .
1+x2

Proof. Clearly, (arctanx)’ = is continuous on R, and

+ x2

1
(arctanx)’ * 6, = (th, O (x — t))
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uniformly converges to 1/(1 + x?) on any compact subset of R. Therefore,

1 1
o) 2 _£\2
(—=A)Zarctanx = nygéo—%/o ¢m(t)1+(x+t) t1+(x D 4
= 2 [ mtt at
mtomseo Jo TN (14 (x — £)2) (14 (x +t)2)
4x [ dt

mJo (14 (x—1)2)(1+ (x+1)?)

by noting that the integral:
dt

/0 1+ (x—1)2)(1+ (x+1)?)

is well defined for every point x € R. It remains to show that:

o0 dt T
/o 1+ (x—t)2)(1+ (x+1)2) 4+ 4x2

for all x € R. First, we note that:

1
(14 (x—2)2)(1+ (x+2)?)

R(z) =

is even with respect to z and has two singular points z; = x +i and zp = i — x in the upper half-plane.
Clearly, we have for x # 0 that:

. . z—Xx—1i 1
Res{R(z) x+i} = bm G e AT 2D~ 2+ 2+
zZ4+x—1i 1

Res{R(z).i=x} = Im A oA r2?) - AT @)

By Cauchy’s residue theorem, we get:

b dt . ) .
[m Ar G- DA E T = 2mi[Res{R(z),x + i} + Res{R(z),i — x}]
_ 27 27ti
2+ 2+ ) 2+ 2x =)
8x2
T ATt 1+ 2x—i)2)
s
T 24222
using:
(1 +(x+ i)2> (1 +(2x— i)z) = 16x% + 162,
This implies that:

o0 dt o
/0 1+ (x—t)2)(1+ (x +1)2) 4+ 4x2

for all nonzero x. Furthermore, we derive for x = 0 that:

/°° dt _n
0o (1+1)2 4
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by using the identity [31]:

= 7t.

e dt (2n—-3)(2n—5)---1
/700 1+82) (2n—-2)2n—4)---2

This completes the proof of Theorem 4. [J

3. The Implicit Approach to (—A) 2y

It seems infeasible to calculate directly the fractional Laplacian operator of some functions or
distributions by Definition 2. For example,

UNT 7. SRR B up(x +1) —uy(x — t)
(ke = Jim fim —2 [ gn(t)
. 1 o pXHt _ px—t
= Jim g e
ex ) 00 et_e—t

= Mo ()t

where:

uniformly converges to e* as it is continuous on R. Clearly, the right-hand side of the above integral is
divergent as:

lim
t—o0 t

In this section, we are going to provide another definition for dealing with (—A) 2 u(x) efficiently,
based on a testing function with compact support. This definition is implicit and only used to define
the meaning of:

1
((=8)2u(x), ¢(x)),

rather than finding an explicit function of x. It clearly makes sense in the distribution as we regard

(=) 2 u(x) as a functional (not a function) on the Schwartz testing space D(R). We must point out that

this implicit-definition, using a different generalization, is independent of the explicit one provided in
Section 2.

Definition 3. Letu € D'(R)and u), = u’ 6, = (u'(t), 6p(x —t)) forn = 1,2, - - -. We define the half-order
1
Laplacian operator (—A)? on D'(R) (adding the index i to distinguish from (—A)% ) for ¢ € D(R) as:

(-)fute), ge)) =~ lim (PV, (0 x-+1))
L1 e D) — u(x— Hp(—t)
=~ hm /0 ' at ©)

if it exists.

Clearly, the integral:

[l 00) = 00D
0 t

is well defined, as ¢(t) has a bounded support and:

i uly (x4 £)p(t) —tu;(x —He(=t) _ 2ull (%) (0) + 21, (x)¢’ (0).
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It follows from Definition 3 that:

Nl—=

(~)2e%, o)) = ~S (V.2 ()

by noting that:

(P.V%, P(x)) = /Ooo e*p(x) —i_xtl)(—x) i

is well defined and is a number for each ¢, since e*¢(x) is also a testing function in the Schwartz space.
Furthermore,
X —X

((~8)} coshx, 9(x)) = —+— (.1, p(x) + 5 (PV.L, e 9(x)).

Theorem 5. Let u(x) be an infinitely-differentiable function satisfying:

(k)
ORI O
Then,
(-0kuta), o0 = - evy, p) - L (T g). a0
Proof. Clearly,

_ o w0 () g

u(x+t) k;() = ,

u/(x+t)— ) (k+1)( )tk

and:
Uy (x) = (u' % 6,) (x) = (' (1), Ou(x — 1))

uniformly converges to #(x) on any compact subset of R. By Definition 3,

(-8)7u(x), ¢(x)) = lim 71/“’ ’(X+f>¢<t>—u;(x—t)¢(—t)dt
: ’ n—oo t
_ L e et
3 Wik - 1 O
B 1 o= K = K y
= :
L) —e(ou')
T Jo
i u(k+1)(x)tk4>(t) B i uk+1) (x) ot
1 [*®i3 k! = k! y
— t
u’(x) 1 1 ul(x+t)—u’(x)
- v e -+ ( 90)
since N (k+1)()
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We should note that the term:

<u’(x+t1—u’(x)’ <P(t))

is well defined for every point x € R, and it is indeed not Cauchy’s principal value as:

’ o
lim (x+1t) —u'(x)
t—0 t

=u"(x).

This completes the proof of Theorem 5. []

It follows from Theorem 5 that:

1 _a 1
(=)} (ax +b), $(x)) = —=(PV.., ¢(x))

which implies that:

N=

a 1 1
(=A)} (ax +b) = —EP.V.; #(=A)2(ax+b) =0.

Furthermore,

(-89} sin, 9(x)) = = =% (VL 9(0)) + 525 (S, p10) ).

7T 7T

Remark 1. To end this section, we must point out that if we replace ¢p(t) by ¢ (t) used in Section 2 and add

1
the limit, then the two operators (—A)? and (—A)% are identical for some functions. For instance,

lim ((—A)? sinx, ¢u(x)) = ——dt =sinx

m—oo 7T —o0 t

(Pvcots't <pm(t)> = 0.

1 sin x /°° sin t

as:

4. Conclusions

This paper introduced two independent definitions for defining the fractional Laplacian of
the half-order (—A)% in the distribution, both explicitly and implicitly. We demonstrate several
examples, such as (—A) 25(m) (x) and (—A)% arctan x, some of which are undefined in the classical
sense. The results obtained have potential applications in solving the differential equations involving
the half-order Laplacian operator. For example, the differential equation:

has a solution:
u(x) = arctanx +ax+b

on any non-empty subset of R, and the differential equation:
(—A)du(x) = P.V%

has a solution:

where a and b are arbitrary constants.
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