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1. Introduction

Let H denote the class of functions that are analyticin &/ = {z : |z| < 1}, and A denote the class of
functions f that are analytic in I/ having the Taylor series form

f(z)zz—l—ianz”,zeu. 1)
n=2

The class S of univalent functions f is the class of those functions in A that are one-to-one in U.
Let S* denote the class of all functions f such that f (i) is star-shaped domain with respect to origin
while C denotes the class of functions f such that f maps i/ onto a domain which is convex. A function f
in A belongs to the class S* («) of starlike functions of order « if and only if Re (zf' (z) /f (z)) > a, & €
[0,1). For a € [0,1), a function f € A is convex of order « if and only if Re (1 +zf" (z) /f'(z)) > «
in /. This class of functions is dented by C (). It is clear that S* (0) = S* and C (0) = C are the usual
classes of starlike and convex functions respectively. A function f in A is said to be close-to-convex
function in i/, if f(U) is close-to-convex. That is, the complement of f(I/) can be expressed as the union of
non-intersecting half-lines. In other words a function f in A is said to be close-to-convex if and only if
Re (zf' (z) /g (z)) > O for some starlike function g. In particular if ¢ (z) = z, then Re (f' (z)) > 0. The class
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of close-to-convex functions is denoted by C. The functions in class K are univalent in /. For some details
about these classes of functions one can refer to [1]. Consider the class Pj («) of functions p such that
p(0) =1and

Re{ei‘sp(z)} >a, zeU,ae0,1),0eR

Also consider the class R (a) of functions f € A such that
Re{ei‘sf’ (z)} >a, zeU,a€[0,1),5 R

These classes were introduced and investigated by Baricz [2]. For § = 0, we have the classes Py («)
and Ro (a). Also for 6 = 0 and a = 0, we have the classes P and R.

Special functions have great importance in pure and applied mathematics. The wide use of these
functions have attracted many researchers to work on the different directions. Geometric properties of
special functions such as Hypergeometric functions, Bessel functions, Struve functions, Mittag-Lefller
functions, Wright functions and some other related functions is an ongoing part of research in geometric
function theory. We refer for some geometric properties of these functions [2-6] and references therein.

We consider the hyper-Bessel function in the form of the hypergeometric functions defined as

(L)’h-i"rz-&-...-&-% _ 2 c+1
Je(2) = Hcl oFc ((’Yc +1); - (H_ 1) ) p 2
,_le (vi+1)

where the notation

00 k
£ (((00)2) = 5 e o
L)) = 5 G @ @ #
represents the generalized Hypergeometric functions and <. represents the array of ¢ parameters

Y1, 72, - Ye- By combining Equations (2) and (3), we get the following infinite representation of the
hyper-Bessel functions

) n(c+1)+y1+y2+.+7c

B =y —— | (e : @

since ], is not in class A. Therefore, consider the hyper-Bessel function 7, which is defined by

= SR
Ty (z) =1+ Z c
n=2 (Tl — 1) ( + 1) J(etD) I:—[ (‘Xi + 1);171

Z(nfl)(chl). (5)

It is observed that the function 7, defined in (5) is not in the class .A. Here, we consider the following
normalized form of the hyper-Bessel function for our own convenience.

0 -1 n—1
Mo (2) = 2T,.(2) = Z ( ) _ Z(n=1)(c+1)+1 ©)
1=2 (n = 11(c+ ODED T (5 +1), 4
i=1
For some details about the hyper-Bessel functions one can refer to [7-9]. Recently Aktas et al. [8]
studied some geometric properties of hyper-Bessel function. In particular, they studied radii of starlikeness,
convexity, and uniform convexity of hyper-Bessel functions. Motivated by the above works, we study
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the geometric properties of hyper-Bessel function H,,. given by the power series (6). We determine
the conditions on parameters that ensure the hyper-Bessel function to be starlike of order &, convex of
order «, close-to-convex of order (1%) We also study the convexity and starlikeness in the domain
Uyp = {z Hz] < %} . Sufficient conditions on univalency of an integral operator defined by hyper-Bessel
function is also studied. We find the conditions on normalized hyper-Bessel function to belong to the
Hardy space H?.

To prove our results, we require the following.

Lemma 1. If f € Asatisfy |f'(z) — 1| < 1 foreachz € U, then f is convex in Uy j, = {z Hz] < %} [10].
Lemma 2. If f € A satisfy ‘@ - 1‘ < 1foreachz € U, then f is starlike in Uy /, = {z z| < %} [11].

Lemma 3. Let f € C with Re(B) > 0,c € Cwith |c| <1,c # —1[12]. Ifh € A satisfies

h//
clz|? + (1 — |z|* T%/EQ)‘ <1, zel,

then the integral operator
. 1/p
Cpl2) = {ﬁ/ tﬁ—lh'(t)dt} , zel,
0

is analytic and univalent in Y.

Lemma 4. If f € A [13] satisfies the inequality

|2f"(2)] < 1;a, (zeU,0<a<1),

then

1
Ref'(z) > Z“, (zeld,0<a<l).

< %[14), then f € UCV.

Lemma 5. If f € A satisfies ‘Z}(,”((ZZ))

2. Geometric Properties of Normalized Hyper-Bessel Function

Theorem 1. Leti € {1,2,3,...,c},v;i > —1witha € [0,1) and z € U. Then the following results are true:

c 2
() FII(ri+1) > (26+7—50¢)+\/(2czz(—15i102)—8(1—a)(c+4—3:x), then ., € S*(a).
i=1

. < {(2c47)(1—a)— (2c2+5c+3) } +¥
@ I (i +1) > 5 i aere ) where

¥ =/ {(2c+7) (1—a) — (22 +5c+3)} — 4{2(1—a) — (42 +10c +6)} (c +4) (1 — ),

then H,, € C(a).
(iif) Ile:—ll (ri+1) > g(lfa)féll(;il)(2c+3)’ then Hy, € K(155).

(i) Iff[l (1) > 525, then " € P(a).
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Proof. (i) By using the inequalities

nt'>n, (vi+1),>(ri+1)", VneN,

we obtain :
/ Hoy, (2) (c+1) (1)"‘
H z Ye < i ,
o= B <R R
where .
{=(c+ D) andy =[] (ri+1).
i=1
This implies that
- <
‘H'Yc <Z> > = §77 —1 (7)
Furthermore, if we use the inequality
n!>2"1 (y,41), > (1, +1)", VneN,
then
n—1
‘H’YC (Z) 1+ 2 (_1) Z(1=1)(c+1)
: w21 (0= 1) e+ ) DED T (754 1), 4
i=1
1 1 n—1
> 1-— —
- on n; (2617)
_ 2%n-=3
o2 -1 ®)
By combining Equations (7) and (8), we obtain
THy () | e+ (25— 1)
-1 = : ©)
My (2) (& —1) (267 —3)

For H,. € S* («), we must have

(c+1)(20n—1)
(¢n—1) (2gn —3)

<1-—a.

% (c+1) (257 —-1)
So, Hy, € 8" (a), where 0 < o < 1_W'
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(ii) To prove that the function H,. € C (¢), we have to show that

"
H, (2) ’
!

7c\Z

_ (71);1 n(c+1)+1
Ho(2) ) z

n>0 pl(c 4+ 1)”(C+1) IEI (vi+1),
i=1

() — Z{n (c+1) +n<C+1)}(_1)nzn(c+1),
20 pl(c+1)netD) H (vi+1),
i=1
2
_ 2 (n_l) (C+1)2 Zn(c+1)
n21 (n—1)!(c+ 1) DEU T (9 + 1), 4
=1
Ly (n—1) (C+1C) n(c+1).

n21 (n = 1) (c+ 1)=DED T (9 + 1),
i=1

By using the inequalities

(n—1)!z("_21)2,(n—1)!2n—1 (;+1), > (;+1)", ¥Vn €N,

we have
(n=1) (C+1)C ZM(c+1)
n>1 (n=1)!(c+1) =D TT (a4+1),, 4
1 _ 1=
2He. (2)] = iy (n=1)(c41) nlet)
n>1 (n—1)!(c+1)(n-D(et1) IEI(“‘Jrl)n—l
i=1
) 1 n—1 1 n—1
< 2(c+1) () +(c+1) () ’
n; an n; &
where c
{=(c+1)andy =TT (ri+1).
i=1
This implies that

n(c+1)(2c+3)
(Cn—1)

"
1) (2)] <
Furthermore, if we use the inequalities

n! >n, n! >2"1 (ri+1), > (vi+1)", VneN,

< 1 — «. Consider

50f11

(10)
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then we get

p n(c+1)+1
\Hc(z)\y_glw

c+1 1\ 1 1\""!
=Ty ,;(@) +C'7,§1<ZC’7>
(Gn—=1)(20n =3)— 2y —1) (c+1) 1)
(Cn—1) (20 —1)

By combining Equations (10) and (11), we get

¢n (20 —1) (e +1) (2¢ +3)

ST-D@y -3 -@n -1t S

M, (2)
’H'% (2)

o 2722 —1)(c+1)(2c+3
This implies that H,, € C (x), where 0 <a <1 — (gq_ai)((zgq—a))(c—(zg;g—cl)(>c+1)'

(iii) Using the inequality (10) and Lemma 4, we have

) n(c+1)(2c+3) 11—«
275, ()] < CED R

where 0 < a < 1 — 481EEDCAH3) Thig shows that H,. € K(132). Therefore Re (Hfh (z)) > L

(¢y=1)
(iv) To prove that % € P(«) , we have to show that |h(z) — 1| < 1, where h(z) = %)m/zfa

By using the inequality
21 <nl,neN,

we have

5 (-1)" (e 1)1

=l e+ 1)" D T (14+1),
i=1

1 1 [e'e] 1 1’1—1
G — -
-~ (1-a)gy ,1;1 <2g77)
1 2
(1-a)2¢y -1

1
he) -1 = |

H%
z

N

Therefore, €Pa)for0<a<1-— O

[

2(C+1)n(c+1) (%4_1)”_1'

i=1

Putting & = 0 in Theorem 1, we have the following results.

Corollary 1. Leti € {1,2,3,...,c},v; > —1and z € U. Then the followings are true:

() IFIT (7 +1) >, CDVEATTSC) oy gy, € §*)

i=1

i) I T (ri+1) >
i=1

then H,. € C.

{(2c47)— (22+5c+3) }+/{ (2c4+7) (202 +5c+3) }* —4(c+4) {2 (42+10c+6) }
2¢{2—(4c>+10c+6) } ’
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C
(iii) Ifﬂ (i +1) > sy then My € K(3).

e ¢ p.

Cc
() If I (7i+1) > 5, then
i=1
3. Starlikeness and Convexity in U/ /»
Theorem 2. Leti € {1,2,3,...,.c},v; > —1and z € U. Then the following assertions are true:
C
i) IfII(vi+1)> %, then M., is starlike in Uy /5.
=1

C /
@) IFITl(7vi+1) > (C+3)+ CZ+4C+ , then H.,_ is convex in U 5.
] Ve /

Proof. (i) By using the inequality 2"~! < n!, n € N, we obtain

‘HMZ)_

In view of Lemma 2, H,, is starlike in U4 /», if # < 1, which is true under the given hypothesis.
(ii) Consider,
n(c+1)+1

= e+ 1) T (7341),
i=1

ad c+1 ad 1
S g

)1 < &

Since, n! > n, foralln € Nand n! > 2"~ forall n € N. Therefore

oo n—1 00 n—1
a1 < () ails)

(c+1)(20n—1)+2(fn—1)
(Cn—1)(2¢n —1) ’

In view of Lemma 1, H,, is convex in U /,, if (C+1()C(5€}71)(12)§;2(1€;7 U < 1, but this is true under the
hypothesis. [
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Consider the integral operator Fg : i/ — C, where p € C, B # 0,

z B
Fp(z) = {ﬁ/tﬁ‘z”f[% (t)d(t)} , zel.

0

Here F, g€ A. In the next theorem, we obtain the conditions so that F, B is univalent in /.

C
Theorem 3. Leti € {1,2,3,..,c},v; > —landz € U. Let T (; +1) > (2e47)+ (7;;26)278(2”3) and suppose
i=1

that M € R such that |H., (z)| < M in the open unit disc. If

(c+1)(20n —1)
(¢n —1) (2¢n —3)

M

‘AB_1|+ |,B|

+ <1

7

then ]-'5 is univalent in U.

Proof. A calculations gives us

zFg (z) _ M, (2) N ZB-1
7@ " Hoe) P

/H%(Z)-F,B—Z,ZEU.

Since H,. € A, then by the Schwarz Lemma, triangle inequality and Equation (9), we obtain

27y (2) 2Hy (2) 2% | Hye (2)
(1-1F) [Ty | < (- RR) =1+ 1+ B |

IN

(c—l—l)(zé _1) M
(1— \ZI2) {|ﬁ—1|Jr @y —1) (zgn—3) +ﬁ|}

<

This shows that the given integral operator satisfying the Becker’s criterion for univalence [12], hence
Jgisunivalentini. O

4. Uniformly Convexity of Hyper-Bessel Functions

Theorem 4.1If i € {1,2,3,..¢c}, v+ > -1 and z € U. If TI(vi+1) >

C

i=1

(4c2+85—1)+\/(462+8c—1)2—4(c+4)(8c2+206+10)
2(8¢2+20c+10)g

, then H,. € UCV.

Proof. Since

2Hy, (2) (2 —1) (c+1) (2 +3)
Moy (2) | 7 (Gn—=1) (267 =3) = 20y =1) (e +1)’
By using Lemma 5, we have
z’ch (z) 1
Hey (2) 2’

if
oy (2 —1)(c+1)(2c+3) 1
(Cn—1)(2¢n —3)—(2in —1) (c+1) ~ 2
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This implies that

C

. (4c> +8c—1) + \/(4c2 +8c—1)% — 4(c+4)(8¢2 +20c + 10)
L{(W )> 2(8c2 1+ 20c 1 10)¢ '

Hence, we obtain the required result. [

5. Hardy Spaces Of Hyper-Bessel Functions

Let H* denote the space of all bounded functions on H. Let f € H, set

27 ) 1/p
M, (r,f) = (2171{ ‘f(rele)|pd9> , 0<p<oo,
sup {[f ()| : |2| <1, p— oo

Then the function f € H? if M, (r, f) is bounded for all » € [0,1) . It is clear that
H® CHICHF,0<g <p <oco.
For some details, see [15] (page 2) . It is also known [16] (page 64, Section 4.5) (see also [15]) that for
Re(f'(z)) > 0inU, then

fl eI, g<1,
feHVO-0, 0<g<l.

We require the following results to prove our results.

Lemma 6. Py(a) * Py(B) C Po(y), where vy =1 —2(1 —a)(1 — B) with «, B < 1 and the value of -y is best
possible [17].

Lemma 7. For o, < 1and v = 1—2(1 —a)(1 — B), we have Ry(«) x Ro(B) C Ro(7y) or equivalently
Po(a) * Po(B) C Po(y) [18].

Lemma 8. If the function f € C («)[19] , where « € [0,1) is not of the form

7

e+ —zeir) L, a#
f(z)—{ 0+ nlog(1 —ze'), o #

7

NI

for ¢,y € Cand v € R, then the following statements hold:

1
(i) There exists 6 = 6(f) > 0, such that " € (Al

(i) Ifa € [1,1/2), then there exists T = T (f) > 0, such that f € HT+1/(1-24),
(iii) Ifa >1/2,then f € H*.

Theorem 5. Leti € {1,2,3,...,c},vi > —1witha € [0,1) and z € U. Let
c

{(2c+7)(1-a) = (2 +5c+3)} + @
E(WH) T x2(1-a) - (4211001 6)]
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where

@ = \/{(2c+7) (1—a)— (22 +5c+3)}* —4{2(1—a) — (42 +10c+6)} (c +4) (1 — a).

Then
(i) Hy € HY1 "2 fora €[0,1/2).
(i) Moy € H® fora >1/2.

Proof. By using the definition of Hypergeometric function

zFlabcz:Z Jn(b)n 2"
n=0 C

we have

19 .
b+ W = 0+40z,F(1,1—2x,1;ze'¥)

9+l92 nll/)n "Vl-‘rl

for0, 9 € C,a # 1/2 and for ¢ € R. On the other hand
0+ 0log(1 —ze'¥) = 60— 0z,F(1,1,2;z¢'%)
= 6-90 i %Hei‘p"z"*l.
This implies that H.,, is not of the form 0 + 9z(1 — ze'¥)>*~1 for a # 1/2 and 6 + ¢ log(1 — ze'?) for

a = 1/2 respectively. Also from part (ii) of Theorem 1, H,,. is convex of order a. Hence by using Lemma 8,
we have required result. [

H’Yc

then S

C
Theorem 6. Leti € {1,2,3,..,c},v; > —1witha € [0,1) and z € U. If H (vi+1) > ﬁ’
-1

P(a). If f € R(0), with ¢ < 1, then H., * f € R(T), wheret =1 —2(1 — oc)(l —0).

Proof. Let h(z) = M,.(z) * f(z), then W' (z) = H%(z) * f'(z). Now from Theorem 1 of part (iv), we
have H”f € P(a). By using Lemma 6 and the fact that f' € P(¢), we have I'(z) € P (1), where
T=1- 2(1 —a)(1— o). Consequently, we have h € R(7). O

then

C
Corollary 2. Let i € {1,2,3,..,c},vi > —1lwitha € [0,1)and z € U. If TT (1i+1) > 2g(1 tx)
i=1

e e P(a). If f € R(0), 0 = (1 —2a)(2 — 2a), then H.,, % f € R(0).
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