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1. Introduction

Let H denote the class of functions that are analytic in U = {z : |z| < 1}, and A denote the class of
functions f that are analytic in U having the Taylor series form

f (z) = z +
∞

∑
n=2

anzn, z ∈ U . (1)

The class S of univalent functions f is the class of those functions in A that are one-to-one in U .
Let S∗ denote the class of all functions f such that f (U ) is star-shaped domain with respect to origin
while C denotes the class of functions f such that f maps U onto a domain which is convex. A function f
in A belongs to the class S∗ (α) of starlike functions of order α if and only if Re (z f ′ (z) / f (z)) > α, α ∈
[0, 1) . For α ∈ [0, 1), a function f ∈ A is convex of order α if and only if Re (1 + z f ′′ (z) / f ′ (z)) > α

in U̇ . This class of functions is dented by C (α) . It is clear that S∗ (0) = S∗ and C (0) = C are the usual
classes of starlike and convex functions respectively. A function f in A is said to be close-to-convex
function in U̇ , if f (U ) is close-to-convex. That is, the complement of f (U ) can be expressed as the union of
non-intersecting half-lines. In other words a function f in A is said to be close-to-convex if and only if
Re (z f ′ (z) /g (z)) > 0 for some starlike function g. In particular if g (z) = z, then Re ( f ′ (z)) > 0. The class
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of close-to-convex functions is denoted by K. The functions in class K are univalent in U . For some details
about these classes of functions one can refer to [1]. Consider the class Pδ (α) of functions p such that
p (0) = 1 and

Re
{

eiδ p (z)
}
> α, z ∈ U , α ∈ [0, 1) , δ ∈ R.

Also consider the classRδ (α) of functions f ∈ A such that

Re
{

eiδ f ′ (z)
}
> α, z ∈ U , α ∈ [0, 1) , δ ∈ R.

These classes were introduced and investigated by Baricz [2]. For δ = 0, we have the classes P0 (α)

andR0 (α). Also for δ = 0 and α = 0, we have the classes P andR.
Special functions have great importance in pure and applied mathematics. The wide use of these

functions have attracted many researchers to work on the different directions. Geometric properties of
special functions such as Hypergeometric functions, Bessel functions, Struve functions, Mittag-Lefller
functions, Wright functions and some other related functions is an ongoing part of research in geometric
function theory. We refer for some geometric properties of these functions [2–6] and references therein.

We consider the hyper-Bessel function in the form of the hypergeometric functions defined as

Jγc(z) =

( z
c+1
)γ1+γ2+...+γc

c
∏
i=1

Γ (γi + 1)
0Fc

(
−

(γc + 1);−
(

z
c + 1

)c+1
)

, (2)

where the notation

mFn

((
(η)m
(δ)n

)
; x
)
=

∞

∑
k=0

(η1)k (η2)k ... (ηm)k
(δ1)k (δ2)k ... (δn)k

xk

k!
, (3)

represents the generalized Hypergeometric functions and γc represents the array of c parameters
γ1, γ2, ..., γc. By combining Equations (2) and (3), we get the following infinite representation of the
hyper-Bessel functions

Jγc(z) =
∞

∑
n=0

(−1)n

n!
c

∏
i=1

Γ (γi + n + 1)

(
z

c + 1

)n(c+1)+γ1+γ2+...+γc

, (4)

since Jγc is not in class A. Therefore, consider the hyper-Bessel function Jγc which is defined by

Jγc(z) = 1 +
∞

∑
n=2

(−1)n−1

(n− 1)!(c + 1)(n−1)(c+1)
c

∏
i=1

(αi + 1)n−1

z(n−1)(c+1). (5)

It is observed that the function Jγc defined in (5) is not in the classA. Here, we consider the following
normalized form of the hyper-Bessel function for our own convenience.

Hγc(z) = zJγc(z) = z +
∞

∑
n=2

(−1)n−1

(n− 1)!(c + 1)(n−1)(c+1)
c

∏
i=1

(γi + 1)n−1

z(n−1)(c+1)+1. (6)

For some details about the hyper-Bessel functions one can refer to [7–9]. Recently Aktas et al. [8]
studied some geometric properties of hyper-Bessel function. In particular, they studied radii of starlikeness,
convexity, and uniform convexity of hyper-Bessel functions. Motivated by the above works, we study
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the geometric properties of hyper-Bessel function Hγc given by the power series (6). We determine
the conditions on parameters that ensure the hyper-Bessel function to be starlike of order α, convex of
order α, close-to-convex of order ( 1+α

2 ). We also study the convexity and starlikeness in the domain

U1/2 =
{

z : |z| < 1
2

}
. Sufficient conditions on univalency of an integral operator defined by hyper-Bessel

function is also studied. We find the conditions on normalized hyper-Bessel function to belong to the
Hardy spaceHp.

To prove our results, we require the following.

Lemma 1. If f ∈ A satisfy | f ′(z)− 1| < 1 for each z ∈ U , then f is convex in U1/2 =
{

z : |z| < 1
2

}
[10].

Lemma 2. If f ∈ A satisfy
∣∣∣ f (z)

z − 1
∣∣∣ < 1 for each z ∈ U , then f is starlike in U1/2 =

{
z : |z| < 1

2

}
[11].

Lemma 3. Let β ∈ C with Re(β) > 0, c ∈ C with |c| ≤ 1, c 6= −1 [12]. If h ∈ A satisfies∣∣∣∣c |z|2β +

(
1− |z|2β zh′′(z)

βh′(z)

)∣∣∣∣ ≤ 1, z ∈ U ,

then the integral operator

Cβ(z) =

β

z∫
0

tβ−1h′(t)dt


1/β

, z ∈ U ,

is analytic and univalent in U .

Lemma 4. If f ∈ A [13] satisfies the inequality

∣∣z f ′′(z)
∣∣ < 1− α

4
, (z ∈ U , 0 ≤ α < 1),

then
Re f ′(z) >

1 + α

4
, (z ∈ U , 0 ≤ α < 1).

Lemma 5. If f ∈ A satisfies
∣∣∣ z f ′′(z)

f ′(z)

∣∣∣ < 1
2 [14], then f ∈ UCV .

2. Geometric Properties of Normalized Hyper-Bessel Function

Theorem 1. Let i ∈ {1, 2, 3, ..., c}, γi > −1 with α ∈ [0, 1) and z ∈ U . Then the following results are true:

(i) If
c

∏
i=1

(γi + 1) > (2c+7−5α)+
√

(2c+7−5α)2−8(1−α)(c+4−3α)
4ς(1−α)

, thenHγc ∈ S∗(α).

(ii) If
c

∏
i=1

(γi + 1) > {(2c+7)(1−α)−(2c2+5c+3)}+Ψ
2ς{2(1−α)−(4c2+10c+6)} , where

Ψ =

√
{(2c + 7) (1− α)− (2c2 + 5c + 3)}2 − 4 {2 (1− α)− (4c2 + 10c + 6)} (c + 4) (1− α),

thenHγc ∈ C(α).
(iii) If

c
∏
i=1

(γi + 1) > 1−α
ς(1−α)−4(c+1)(2c+3) , thenHγc ∈ K( 1+α

2 ).

(iv) If
c

∏
i=1

(γi + 1) > 3−α
2ς(1−α)

, then Hγc
z ∈ P(α).
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Proof. (i) By using the inequalities

n! ≥ n, (γi + 1)n ≥ (γi + 1)n , ∀ n ∈ N,

we obtain ∣∣∣∣H′γc (z)−
Hγc (z)

z

∣∣∣∣ ≤ (c + 1)
ζη ∑

n≥1

(
1

ζη

)n−1
,

where

ζ = (c + 1)c+1 and η =
c

∏
i=1

(γi + 1) .

This implies that ∣∣∣∣H′γc (z)−
Hγc (z)

z

∣∣∣∣ ≤ c + 1
ζη − 1

. (7)

Furthermore, if we use the inequality

n! ≥ 2n−1, (γi + 1)n ≥ (γi + 1)n , ∀ n ∈ N,

then

∣∣∣∣Hγc (z)
z

∣∣∣∣ =

∣∣∣∣∣∣∣∣1 + ∑
n≥1

(−1)n−1

(n− 1)!(c + 1)(n−1)(c+1)
c

∏
i=1

(γi + 1)n−1

z(n−1)(c+1)

∣∣∣∣∣∣∣∣
≥ 1− 1

ζη ∑
n≥1

(
1

2ζη

)n−1

=
2ζη − 3
2ζη − 1

. (8)

By combining Equations (7) and (8), we obtain∣∣∣∣∣ zH
′
γc (z)

Hγc (z)
− 1

∣∣∣∣∣ ≤ (c + 1) (2ζη − 1)
(ζη − 1) (2ζη − 3)

. (9)

ForHγc ∈ S∗ (α) , we must have

(c + 1) (2ζη − 1)
(ζη − 1) (2ζη − 3)

< 1− α.

So,Hγc ∈ S∗ (α) , where 0 ≤ α < 1− (c+1)(2ζη−1)
(ζη−1)(2ζη−3) .
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(ii) To prove that the functionHγc ∈ C (α) , we have to show that
∣∣∣∣ zH′′γc (z)

H′γc (z)

∣∣∣∣ < 1− α. Consider

Hγc(z) = ∑
n≥0

(−1)n

n!(c + 1)n(c+1)
c

∏
i=1

(γi + 1)n

zn(c+1)+1,

zH′′γc(z) = ∑
n≥0

{
n2(c + 1)2 + n(c + 1)

}
(−1)n

n!(c + 1)n(c+1)
c

∏
i=1

(γi + 1)n

zn(c+1),

= ∑
n≥1

(n− 1)2 (c + 1)2

(n− 1)!(c + 1)(n−1)(c+1)
c

∏
i=1

(γi + 1)n−1

zn(c+1)

+ ∑
n≥1

(n− 1) (c + 1)

(n− 1)!(c + 1)(n−1)(c+1)
c

∏
i=1

(γi + 1)n−1

zn(c+1).

By using the inequalities

(n− 1)! ≥ (n− 1)2

2
, (n− 1)! ≥ n− 1, (αi + 1)n ≥ (αi + 1)n , ∀ n ∈ N,

we have

∣∣zH′′αc(z)
∣∣ =

∣∣∣∣∣∣∣∣∣
∑

n≥1

(n−1)2(c+1)2

(n−1)!(c+1)(n−1)(c+1)
c

∏
i=1

(αi+1)n−1

zn(c+1)

+ ∑
n≥1

(n−1)(c+1)

(n−1)!(c+1)(n−1)(c+1)
c

∏
i=1

(αi+1)n−1

zn(c+1)

∣∣∣∣∣∣∣∣∣
≤ 2(c + 1)2 ∑

n≥1

(
1

ζη

)n−1
+ (c + 1) ∑

n≥1

(
1

ζη

)n−1
,

where

ζ = (c + 1)c+1 and η =
c

∏
i=1

(γi + 1) .

This implies that ∣∣∣zH′′γc(z)
∣∣∣ ≤ ζη (c + 1) (2c + 3)

(ζη − 1)
(10)

Furthermore, if we use the inequalities

n! ≥ n, n! ≥ 2n−1, (γi + 1)n ≥ (γi + 1)n , ∀ n ∈ N,
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then we get ∣∣∣H′γc (z)
∣∣∣ ≥ 1− ∑

n≥1

n(c + 1) + 1
n!ζnηn

≥ 1− c + 1
ζη ∑

n≥1

(
1

ζη

)n−1
+

1
ζη ∑

n≥1

(
1

2ζη

)n−1

=
(ζη − 1) (2ζη − 3)− (2ζη − 1) (c + 1)

(ζη − 1) (2ζη − 1)
. (11)

By combining Equations (10) and (11) , we get∣∣∣∣∣ zH
′′
γc (z)

H′γc (z)

∣∣∣∣∣ ≤ ζη (2ζη − 1) (c + 1) (2c + 3)
(ζη − 1) (2ζη − 3)− (2ζη − 1) (c + 1)

< 1− α.

This implies thatHγc ∈ C (α) , where 0 ≤ α < 1− ζη(2ζη−1)(c+1)(2c+3)
(ζη−1)(2ζη−3)−(2ζη−1)(c+1) .

(iii) Using the inequality (10) and Lemma 4, we have∣∣∣zH′′γc(z)
∣∣∣ ≤ ζη (c + 1) (2c + 3)

(ζη − 1)
<

1− α

4
,

where 0 ≤ α < 1− 4 ζη(c+1)(2c+3)
(ζη−1) . This shows thatHγc ∈ K( 1+α

2 ). Therefore Re
(
H′γc(z)

)
> 1+α

2 .

(iv) To prove that Hγc
z ∈ P(α) , we have to show that |h(z)− 1| < 1 , where h(z) =

Hγc (z)/z−α
1−α .

By using the inequality
2n−1 ≤ n!, n ∈ N,

we have

|h(z)− 1| =

∣∣∣∣∣∣∣∣
1

1− α

∞

∑
n=1

(−1)n

n! (c + 1)n(c+1) c
∏
i=1

(γi + 1)n

zn(c+1)+1

∣∣∣∣∣∣∣∣
≤ 1

(1− α)

1
ςη

∞

∑
n=1

(
1

2ςη

)n−1

=
1

(1− α)

2
2ςη − 1

.

Therefore, Hγc
z ∈ P(α) for 0 < α < 1− 2

2(c+1)n(c+1) c
∏

i=1
(γi+1)n−1

.

Putting α = 0 in Theorem 1, we have the following results.

Corollary 1. Let i ∈ {1, 2, 3, ..., c}, γi > −1 and z ∈ U . Then the followings are true:

(i) If
c

∏
i=1

(γi + 1) >, (2c+7)+
√

(2c+7)2−8(c+4)
4ς , thenHγc ∈ S∗.

(ii) If
c

∏
i=1

(γi + 1) >
{(2c+7)−(2c2+5c+3)}+

√
{(2c+7)−(2c2+5c+3)}2−4(c+4){2−(4c2+10c+6)}

2ς{2−(4c2+10c+6)} ,

thenHγc ∈ C.
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(iii) If
c

∏
i=1

(γi + 1) > 1
ς{1−4(c+1)(2c+3)} , thenHγc ∈ K( 1

2 ).

(iv) If
c

∏
i=1

(γi + 1) > 3
2ς , then Hγc

z ∈ P .

3. Starlikeness and Convexity in U1/2

Theorem 2. Let i ∈ {1, 2, 3, ..., c}, γi > −1 and z ∈ U . Then the following assertions are true:

(i) If
c

∏
i=1

(γi + 1) > 3
2ς , thenHγc is starlike in U1/2.

(ii) If
c

∏
i=1

(γi + 1) > (c+3)+
√

c2+4c+2
2ς , thenHγc is convex in U1/2.

Proof. (i) By using the inequality 2n−1 ≤ n!, n ∈ N, we obtain

∣∣∣∣Hγc(z)
z
− 1
∣∣∣∣ ≤

∣∣∣∣∣∣∣∣
∞

∑
n=1

(−1)n

n! (c + 1)n(c+1) c
∏
i=1

(γi + 1)n

zn(c+1)

∣∣∣∣∣∣∣∣
≤

∞

∑
n=1

 1

n!
{
(c + 1)(c+1)

}n
{

c
∏
i=1

(γi + 1)
}n


≤ 1

ςη

∞

∑
n=1

(
1

2ςη

)n−1
=

2
2ςη − 1

.

In view of Lemma 2,Hγc is starlike in U1/2, if 2
2ςη−1 < 1, which is true under the given hypothesis.

(ii) Consider, ∣∣∣H′γc(z)− 1
∣∣∣ ≤ ∞

∑
n=1

n(c + 1) + 1

n! (c + 1)n(c+1) c
∏
i=1

(γi + 1)n

≤
∞

∑
n=1

n(c + 1)
n!ζnηn +

∞

∑
n=1

1
n!ζnηn .

Since, n! ≥ n, for all n ∈ N and n! ≥ 2n−1, for all n ∈ N. Therefore

∣∣∣H′γc(z)− 1
∣∣∣ ≤ c + 1

ζη

∞

∑
n=1

(
1

ζη

)n−1
+

1
ζη

∞

∑
n=1

(
1

2ζη

)n−1

=
(c + 1)(2ζη − 1) + 2 (ζη − 1)

(ζη − 1) (2ζη − 1)
.

In view of Lemma 1, Hγc is convex in U1/2, if (c+1)(2ζη−1)+2(ζη−1)
(ζη−1)(2ζη−1) < 1, but this is true under the

hypothesis.
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Consider the integral operator Fβ : U → C, where β ∈ C, β 6= 0,

Fβ(z) =

β

z∫
0

tβ−2Hγc (t) d (t)


1
β

, z ∈ U .

Here Fβ ∈ A. In the next theorem, we obtain the conditions so that Fβ is univalent in U .

Theorem 3. Let i ∈ {1, 2, 3, ..., c}, γi > −1 and z ∈ U . Let
c

∏
i=1

(γi + 1) > (2c+7)+
√

(7+2c)2−8(2c+3)
4ς and suppose

that M ∈ R+ such that |Hγc (z)| ≤ M in the open unit disc. If

|β− 1|+ (c + 1) (2ζη − 1)
(ζη − 1) (2ζη − 3)

+
M
|β| ≤ 1,

then Fβ is univalent in U .

Proof. A calculations gives us

zF ′′β (z)
F ′β(z)

=
zH′γc (z)
Hγc (z)

+
zβ−1

β
Hγc (z) + β− 2, z ∈ U .

SinceHγc ∈ A, then by the Schwarz Lemma, triangle inequality and Equation (9) , we obtain

(
1− |z|2

) ∣∣∣∣∣ zF
′′
β (z)

F ′β(z)

∣∣∣∣∣ ≤ (
1− |z|2

){
|β− 1|+

∣∣∣∣∣ zH
′
γc (z)

Hγc (z)
− 1

∣∣∣∣∣+ |z|R(β)

|β|

∣∣∣∣Hγc (z)
z

∣∣∣∣
}

≤
(

1− |z|2
){
|β− 1|+ (c + 1) (2ζη − 1)

(ζη − 1) (2ζη − 3)
+

M
|β|

}
≤ 1.

This shows that the given integral operator satisfying the Becker’s criterion for univalence [12], hence
Fβ is univalent in U .

4. Uniformly Convexity of Hyper-Bessel Functions

Theorem 4. If i ∈ {1, 2, 3, ..., c}, γi > −1 and z ∈ U . If
c

∏
i=1

(γi + 1) >

(4c2+8c−1)+
√
(4c2+8c−1)2−4(c+4)(8c2+20c+10)

2(8c2+20c+10)ς , thenHγc ∈ UCV .

Proof. Since ∣∣∣∣∣ zH
′′
γc (z)

H′γc (z)

∣∣∣∣∣ ≤ ζη (2ζη − 1) (c + 1) (2c + 3)
(ζη − 1) (2ζη − 3)− (2ζη − 1) (c + 1)

.

By using Lemma 5, we have ∣∣∣∣∣ zH
′′
γc (z)

H′γc (z)

∣∣∣∣∣ < 1
2

,

if
ζη (2ζη − 1) (c + 1) (2c + 3)

(ζη − 1) (2ζη − 3)− (2ζη − 1) (c + 1)
<

1
2

.
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This implies that

c

∏
i=1

(γi + 1) >

(
4c2 + 8c− 1

)
+
√
(4c2 + 8c− 1)2 − 4(c + 4)(8c2 + 20c + 10)

2(8c2 + 20c + 10)ς
.

Hence, we obtain the required result.

5. Hardy Spaces Of Hyper-Bessel Functions

LetH∞ denote the space of all bounded functions onH. Let f ∈ H, set

Mp (r, f ) =


(

1
2π

2π∫
0

∣∣ f (reiθ)∣∣p dθ

)1/p

, 0 < p < ∞,

sup {| f (z)| : |z| ≤ r} , p = ∞.

Then the function f ∈ Hp if Mp (r, f ) is bounded for all r ∈ [0, 1) . It is clear that

H∞ ⊂ Hq ⊂ Hp, 0 < q < p < ∞.

For some details, see [15] (page 2) . It is also known [16] (page 64, Section 4.5) (see also [15]) that for
Re ( f ′ (z)) > 0 in U , then {

f ′ ∈ Hq, q < 1,
f ∈ Hq/(1−q), 0 < q < 1.

We require the following results to prove our results.

Lemma 6. P0(α) ∗ P0(β) ⊂ P0(γ), where γ = 1− 2(1− α)(1− β) with α, β < 1 and the value of γ is best
possible [17].

Lemma 7. For α, β < 1 and γ = 1 − 2(1 − α)(1 − β), we have R0(α) ∗ R0(β) ⊂ R0(γ) or equivalently
P0(α) ∗ P0(β) ⊂ P0(γ) [18].

Lemma 8. If the function f ∈ C (α)[19] , where α ∈ [0, 1) is not of the form

f (z) =

{
θ + η(1− zeiγ)2α−1 , α 6= 1

2 ,
θ + η log(1− zeiγ) , α 6= 1

2 ,

for ζ, η ∈ C and γ ∈ R, then the following statements hold:

(i) There exists δ = δ( f ) > 0, such that f ′ ∈ Hδ+ 1
2(1−α) .

(ii) If α ∈ [1, 1/2), then there exists τ = τ ( f ) > 0, such that f ∈ Hτ+1/(1−2α).
(iii) If α ≥ 1/2, then f ∈ H∞.

Theorem 5. Let i ∈ {1, 2, 3, ..., c}, γi > −1 with α ∈ [0, 1) and z ∈ U . Let

c

∏
i=1

(γi + 1) >

{
(2c + 7) (1− α)−

(
2c2 + 5c + 3

)}
+ Φ

2ς {2 (1− α)− (4c2 + 10c + 6)} ,
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where

Φ =

√
{(2c + 7) (1− α)− (2c2 + 5c + 3)}2 − 4 {2 (1− α)− (4c2 + 10c + 6)} (c + 4) (1− α).

Then

(i) Hγc ∈ H1/1−2α for α ∈ [0, 1/2) .
(ii) Hγc ∈ H∞ for α ≥ 1/2.

Proof. By using the definition of Hypergeometric function

2F1(a, b, c; z) =
∞

∑
n=0

(a)n(b)n

(c)n

zn

n!
,

we have

θ +
ϑz

(1− zeiψ)1−α
= θ + ϑz 2F1(1, 1− 2α, 1; zeiψ)

= θ + ϑ
∞

∑
n=0

(1− 2α)n
n!

eiψnzn+1,

for θ, ϑ ∈ C, α 6= 1/2 and for ψ ∈ R. On the other hand

θ + ϑ log(1− zeiψ) = θ − ϑz 2F1(1, 1, 2; zeiψ)

= θ − ϑ
∞

∑
n=0

1
n + 1

eiψnzn+1.

This implies thatHγc is not of the form θ + ϑz(1− zeiψ)2α−1 for α 6= 1/2 and θ + ϑ log(1− zeiψ) for
α = 1/2 respectively. Also from part (ii) of Theorem 1,Hγc is convex of order α. Hence by using Lemma 8,
we have required result.

Theorem 6. Let i ∈ {1, 2, 3, ..., c}, γi > −1 with α ∈ [0, 1) and z ∈ U . If
c

∏
i=1

(γi + 1) > 3−α
2ς(1−α)

, then Hγc
z ∈

P(α). If f ∈ R($), with $ < 1, thenHγc ∗ f ∈ R(τ), where τ = 1− 2(1− α)(1− $).

Proof. Let h(z) = Hγc(z) ∗ f (z), then h′(z) =
Hγc (z)

z ∗ f ′(z). Now from Theorem 1 of part (iv), we

have Hγc
z ∈ P(α). By using Lemma 6 and the fact that f ′ ∈ P($), we have h′(z) ∈ P (τ), where

τ = 1− 2(1− α)(1− $). Consequently, we have h ∈ R(τ).

Corollary 2. Let i ∈ {1, 2, 3, ..., c}, γi > −1 with α ∈ [0, 1) and z ∈ U . If
c

∏
i=1

(γi + 1) > 3−α
2ς(1−α)

, then

Hγc
z ∈ P(α). If f ∈ R($), $ = (1− 2α)(2− 2α), thenHγc ∗ f ∈ R(0).
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8. Aktaş, I.; Baricz, Á.; Singh, S. Geometric and monotonic properties of hyper-Bessel functions. arXiv 2018,

arXiv:1802.05226.
9. Chaggara, H.; Romdhane, N.B. On the zeros of the hyper-Bessel function. Integr. Trans. Spec. Funct. 2015, 26,

96–101. [CrossRef]
10. Mocanu, P.T. Some starlike conditions for analytic functions. Rev. Roum. Math. Pures Appl. 1988, 33, 117–124.
11. MacGregor, T.H. The radius of univalence of certain analytic functions II. Proc. Am. Math. Soc. 1963, 14, 521–524.

[CrossRef]
12. Pescar, V. A new generalization of Ahlfors’s and Becker’s criterion of univalence. Bull. Malaysian Math. Soc.

(Second Ser.) 1996, 19, 53–54.
13. Owa, S.; Nunokawa, M.; Saitoh, H.; Srivastava, H.M. Close-to-convexity, starlikeness, and convexity of certain

analytic functions. Appl. Math. Lett. 2002, 15, 63–69. [CrossRef]
14. Ravichandran, V. On uniformly convex functions. Ganita 2002, 53, 117–124.
15. Duren, P.L. Theory of Hp Spaces; A series of Monographs and Textbooks in Pure and Applied Mathematics

Volume 38; Academic Press: New York, NY, USA; London, UK, 1970.
16. Priwalow, I.I. Randeigenschaften Analytischer Functionen; Deutscher Verlag Der Wissenschaften: Berlin, Germany,

1956.
17. Stankiewicz, J.; Stankiewicz, Z. Some applications of Hadamard convolutions in the theory of functions.

Ann. Univ. Mariae Curie-Sklodowska 1986, 40, 251–265.
18. Ponnusamy, S. The Hardy space of hypergeometric functions. Complex Var. Theor. Appl. 1996, 29, 83–96.

[CrossRef]
19. Eenigenburg, P.J.; Keogh, F.R. The Hardy class of some univalent functions and their derivatives. Mich. Math J.

1970, 17, 335–346. [CrossRef]

c© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution (CC
BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1007/s10474-016-0599-9
http://dx.doi.org/10.1007/s10476-015-0202-6
http://dx.doi.org/10.1155/2016/1896154
http://dx.doi.org/10.1080/17476933.2013.799148
http://dx.doi.org/10.1080/10652469.2014.973191
http://dx.doi.org/10.1090/S0002-9939-1963-0148892-5
http://dx.doi.org/10.1016/S0893-9659(01)00094-5
http://dx.doi.org/10.1080/17476939608814876
http://dx.doi.org/10.1307/mmj/1029000519
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Geometric Properties of Normalized Hyper-Bessel Function
	Starlikeness and Convexity in U1/2
	Uniformly Convexity of Hyper-Bessel Functions
	Hardy Spaces Of Hyper-Bessel Functions
	References

