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Abstract: This paper deals with the dynamics of a delayed cooperative system without
quasimonotonicity. Using the contracting rectangles, we obtain a sufficient condition on the stability
of the unique positive steady state of the functional differential system. When the spatial domain is
whole R, the existence and nonexistence of traveling wave solutions are investigated, during which
the asymptotic behavior is investigated by the contracting rectangles.
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1. Introduction

In population dynamics, there are many important cooperative systems modeling some natural
phenomena. For example, some well-known mutualistic interactions are found in a wealth of different
environments, such as diatom mats in the ocean, between mangroves and root borers, and between
spiders and parasitic wasps [1,2]. In the literature, cooperative systems often lead to monotone
dynamics [3-5]. One important cooperative system is the following Lotka—Volterra type system
{u’1<t) = riun (D1 = (1) +rua (1)), @

/
2

Uy () = rauz(8)[1 — ua(t) +sup (£))],

in which all the parameters are positive. Because Equation (1) is cooperative 2-D ODE system, its
dynamics has been fully understood. When the spatial variable is concerned, one model is the
following reaction—diffusion system

@

dup(x,t)

{algtw = dyAuq (x, 1) + rrun (x, £)[1 — w1 (x, ) + rua(x, )],
=S = dyAup(x, t) + rup(x, £)[1 —ua(x, t) + suq(x, t)],

inwhichx € R, > 0,d; > 0and d, > 0 are diffusive coefficients. We refer to the work of Li et al. [6]
and Lin et al. [7] for some results on traveling wave solutions. Moreover, Li et al. [6] and Lin [8] studied
the corresponding asymptotic spreading.
However, when it involves time delay, it is possible that it does not generate monotone semiflows,
for example
{u’l(t) = ruy ()1 —ug (t — 1) + rua(t — 1)), )
ubh(t) = rpup (£)[1 — up(t — 13) +sug (t — 1)),

in which 7, 7, 13, T4 are nonnegative constants. It is evident that Equation (3) is not monotone if
71 > 0 or 73 > 0. Huang and Zou [9], Li and Wang [10], Li and Lin [11], and Lin et al. [12] studied the
existence of traveling wave solutions when 7; and 73 are small enough.
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In this paper, we investigate the traveling wave solutions of

dug (x,
{ ma(tx H _ diAuq (x, t) + riuq (x, £)Fy (uq,up) (x, t), @
Buza(tx,t) = dZA”2(x/ t) + Tzuz(x, t)Fz(ul, uz) (x, t),
where x € R,t > 0 and
F (1/[1, Mz) (x, i’) =1—ajuy (x, t) —h fET ul(x, t+ S)dﬂll (S) + e fET Mz(x, t+ S)dﬂu(s), 5)
BEy(uy,up)(x, t) =1 —apup(x,t) — by f_OT up(x,t+s)dnan(s) + e f_OT ur(x,t+s)dn (s),
in whichry > 0,7 > 0,and a;, b;, c;,i = 1,2, are nonnegative constants satisfyin
g ying
ajaz > e1€ 6)

and T > 0 such that
1ij(s) is nondecreasing on [—7,0] and 7;;(0) — ;;(—7) =1, i,j = 1,2.

Clearly, Equation (4) has a positive spatial homogeneous steady state formulated by

eo+a;+Db e1+ar+b
K:(kl,k2):<( 2 +4a1 + 01 1+a+0; )

a1+ by)(az + b)) —erex” (ay +by)(az + by) — eren

if (a1 + b1)(az + by) > ejep which is implied by Equation (6). Moreover, 0 = (0, 0) is a trivial spatial
homogeneous steady state.

It is clear that Equation (4) may not be a quasimonotone system, although its corresponding
undelayed system is a cooperative system (see Li et al. [6]). At the same time, Equation (4) does
not satisfy the local quasimonotonicity in [13,14]. Thus, it is difficult to study it by constructing two
auxiliary quasimonotone systems. Of course, besides those in [13-16], there are also some results
for delayed nonmonotone model with large delay. For example, if e; < 0,eo < 0 in Equation (4),
then Martin and Smith [17] and Smith [5] gave some results on the stability of steady states. Lin and
Ruan [18] further studied the existence and nonexistence of traveling wave solutions. Very recently,
Meng et al. [19] investigated the monotone traveling wave solutions of Equation (4) if the intraspecific
delay is small, which leads to the quasimonotonicity in the sense of exponential ordering [5]. Besides
the traveling wave solutions, there are also some other features of entire solutions formulating by
wave type solutions (see [20-22] for some examples of nonmonotone equations).

In this paper, by the ideas in [17,18], we study the dynamics of Equation (4). We first investigate
the stability of the following initial value problem

20— ryup(t) |1 — agua(t) — by [° ua(t +5)dyaa(s) +ea [°_uy (t+5)dnn(s)|, @)
1(0) = 4(0),0 € [—7,0],i = 1,2,

in which all the parameters are the same as those in Equation (4) and ¢;(0),i = 1,2, are continuous
for 0 € [—1,0]. In fact, the stability was obtained by the authors of [23,24], and we present the result
for the sake of verifying the asymptotic behavior of traveling wave solutions. Then, the existence
and nonexistence of invasion traveling wave solutions of Equation (4) are considered in Section 3.
More precisely, we give the existence of traveling wave solutions by constructing upper and lower
solutions, investigate the asymptotic behavior by applying the contracting rectangles, and confirm
the nonexistence of traveling wave solutions by utilizing the theory of asymptotic spreading and
constructing an auxiliary equation.
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2. Stability of Positive Steady States

In this paper, we use the standard partial ordering in R2. That is, for u = (ug,up),v = (v1,02) € R2,
we write u > v provided u; > v; fori = 1,2, u > v provided u > vbut u # v, and u > v provided
Uy > vq and up > 0vs.

To investigate Equation (7), we first introduce the following quasimonotone system

dﬁ;t(t) =rin () [1—min(f) + e fgfﬁz(t + S)dﬂlz(s)
g~ =ra(t) |1 —aia(t) +e fST%(t +s)dn (s)

(0) = §,(0),0 € [-7,0],i = 1,2,

7

, ®)

where ¢,(0),i = 1,2, are continuous for 6 € [—1,0].
If Equation (6) holds, then Equation (8) admits a spatially homogeneous steady state as follows

— - = e +a e1 + ax
K = (ki k2) = ( L, 1 )
aijap —ejey aqdp — e1ep
Evidently, K|y, —j,— = K. Moreover, since
d { er+a;+ b }
dby [ (a1 +by1)(az + b2) —erea

(a1 +by)(az + by) — erep — (e +ay + by)(az + by)
((ay 4 by) (a2 + by) — e1e2)?
_ —ejep —ex(ap + by) _ <0,
((a1 +b1)(a2 + by) — eqer)

and
d e1+ax+by

dby | (a1+b1)(az + b)) —eren

and by > 0,b; > 0, we have proved ki>k,i=1,2.

The existence and uniqueness of mild solution of Equations (7) and (8) can be obtained by the
theory of functional differential equations (see Hale and Verduyn Lunel [25]) and we omit it here. By
the classical theory of classical monotone dynamics systems (see Smith [5]), the following result for
Equation (8) is clear.

Lemma 1. Assume that Equation (6) holds. If ¢;(6) > 0,6 € [—7,0] and ¢;(0) > 0 for i = 1,2, then the
unique mild solution (u1(t), up(t)) to Equation (8) satisfies

w(t) = ki, t — o0, i =1,2.

Using the quasipositivity (see Smith [5], Theorem 5.2.1), we can obtain the following conclusion
on the positivity of mild solution to Equation (7).

Lemma 2. Assume that ¢;(0) > 0 for 6 € [—7,0],i = 1,2. Then,
Ml'(t) >0,i=1,2,te (O,tl),
in which t1 (may be infinite) is the maximal interval of the existence of Equation (7).

From Lemma 2, if ¢;(0) > ¢;(f) > 0,i = 1,2,60 € [—7,0], then (uy(t), ux(t)) becomes a
sub solution of Equation (8) satisfying quasimonotonicity. By the standard comparison principle
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of functional differential equations with quasimonotonicity [17,26], the following conclusion can
be obtained.

Lemma 3. Assume that Equation (6) holds. If ¢;(6) > 0 for 6 € [—7,0],i = 1,2, then Equation (8) admits a
unique bounded mild solution (11 (t),uy(t)) for t > 0. Moreover,

0< li;ninfﬁi(t) <limsupu;(t) <k;, i =1,2.
— 00

t—o0

Let (uq(t), ua(t)) be the unique mild solution of Equation (7) with ¢;(0) > ¢;(6) > 0for6 € [—7,0],i =
1,2, then
Mi(t) S ﬁl’(t>,i = 1,2,t 2 0,

and
0 <liminfu;(t) <limsupu;(t) <k; i=1,2.
f—o0 t—o0
We now present our main result of this section.

Theorem 1. Assume that ¢;(6) > 0,¢;(0) > 0 forall 0 € [—7,0],i = 1,2. If bik; < 1and byky < 1 hold,
then the unique mild solution (uy(t), uy(t)) of Equation (7) satisfies

ui(t) => ki, t > 00, i=1,2.
Proof. We prove it using the method by Smith [5]. For s € [0, 1], define E(s) and F(s) as follows
E(s) = (sky,skp), F(s) = (sk1 + (1 —s)(k; +€1),ska + (1 —5) (k2 + €2)),
in which €; >, e, > 0 such that
bi(ki +e€1) <1, by(ka +e2) <1

and
e1€x < ai€1, ex€e < An€y.

By Equation (6), they are admissible.
Assume that (u1(t+0),up(t+6)) € [E(s),F(s)] forall @ € [—7,0],t > 0 and some s € (0,1). If
uy (t) = sky, then [°_dyii(s) = [°_dipa(s) = 1and

ark1 + biky — etk =1

such that

0 0
1-— alul(t) — b / i ul(t + s)d1711(s) + e / . uz(f + s)dmz(s)

> 1—ayu(t) — b <5k1 + (1 =)k + €1)) + e1sky
= 1—aysky — b (sk1 +(1—5)(ky + 61)) + eysky
= 1-s5—b(1-5)(ki+e)

= (I-5) [1—171(E1+61)]
> 0 )
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from the definition of €. Similarly, if (u1(t +0), ux(t +6)) € [E(s), F(s)] and uy(t) = sk, with 6 €
[-7,0],s € (0,1) and t > 0O, then

0 0
1—apuy(t) — bz/ up (£ +s)dnan(s) + e / . uq (£ +s)dna(s) > 0.
T

Moreover, when (u1(t + 6),up(t +0)) € [E(s), F(s)] with 8 € [—7,0],f > 0 and some s € [0,1),
ifug(t) =sk; +(1— S)(E1 +€1), then

1—aqu(t) — by /OT uy(t+s)dimi(s) +eq /OT up(t +s)dia(s)

< 1—amu(t) —bisks +e (Skz +(1—s)(k2+ €2)>
= 1—-n (skl +(1—5)(k +€1)) — bysky +eq (skz +(1—5)(ky —|—€2)>
= (1-5) [1—a1(E1+e1)+e1(E2+ez)]

< 0.

Similarly, we have

0
up(t+s)di(s) <0
T

1-— {Ilzug(t) — by /70T u2(t + S)di]zg(s) + 62/

when (uy(t +0),us(t +0)) € [E(s), F(s)] with 8 € [~7,0], and us(t) = sky + (1 — s)(ky + €2) with
s€[0,1),t>0.
Moreover, from Lemma 3, we also see that

liminfu;(t) > (1 —bik;)/a; >0, i =1,2.

t—o0

Let sy > 0 be small such that

soki < (1—bik;)/a;, soki+ (1 —so) (ki +€;) > k;.
Then, it implies that there exists T > 0 such that
E(sp) < (u1(t),ua(t)) < F(sg), t > T. (10)

Define

u; = limsup u;(t), u; = liminfu;(t),i = 1,2,
t—o00 t—o0

then they are positive constants by Equation (10). If #; = u; = k;, then the conclusion is true. Otherwise,
there exists s’ € (sp, 1) such that

s' =sup {s: E(s) < (uy(t),ux(t)) < F(s)},
which implies that at least one of the following is true
u; = s'k;, U = s'ki+ (1 — ') (ki +¢;),i = 1,2.
If u; = s'ky, then there exists {t,} with t, — oo, n — oo such that

u(ty) — s'ky,u'(ty) — 0,n — o0
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and

0 0

lim inf {1 —aun(f) — by / w(E+ $)di (s) + 1 / s (t -+ 8)diia(s)
[ —T T

> 1- als’kl — b (Slkl +(1- S/)(El + 61)) + €1S/k2

= 1-5—b(1-5) (k1 +€1)

= (1—5’) [1 —bl(El +€1)}

> 0

by Equation (9). A contradiction occurs. In a similar way, we can confirm that s’ < 1 is impossible.
The proof is complete. O

Remark 1. By the method of Smith [5], [E(s), F(s)] is a contracting rectangle of Equation (7).

3. Traveling Wave Solutions

In this section, we consider the traveling wave solutions of Equation (4), throughout which
Equation (6) holds. We first give the following definition.

Definition 1. A traveling wave solution of Equation (4) is a special solution with the form
ui(x,t) = @i(x+ct), i=1,2,
in which ¢ > 0 is the wave speed while (p1(¢), 2(&)) € C?(R,R?) is the wave profile.

By the definition, (¢1(&), ¢2(&)) must satisfy the following functional differential system

{dlfp’{(é) — e (&) + Hi(g1, 92)(€) =0, )

/ 0
1
dr95 (&) — ¢y (8) + Ha(1,92) (&) =0

with

0 0
Hi(91,92)(8) = r191(8) [1 —m191(8) = b1 [Z 91§+ es)diu(s) +er [ a(E+ CS)dmz(S)} /
0 0
Ha(g1, 92)(&) = r2g2(8) [1 = a202(8) = b2 [ @2(& + es)dna(s) +e2 [ g1 (& + es)tp (5)|
In particular, we also consider the positive traveling wave solutions of Equation (4) formulating
the invasion of two cooperative species, which can be characterized by the following asymptotic
boundary conditions
lim ¢;(&) =0, lim ¢;(&) =k;, i=1,2. (12)
{——co {—o0
When the wave speed is small, we have the following result on the nonexistence of traveling
wave solutions.

Theorem 2. If ¢ < max{2+/dyr1,2+/dyrp}, then Equation (11) has no bounded positive solution satisfying

ég@w(%(é),@z(é)) = (0,0), lign;ioglf ¢i(¢) >0,i=12¢ R (13)

Proof. It suffices to study the case of diry > dpry. Were the statement false, then there exists
¢’ < 2y/dyry such that Equation (11) with ¢ = ¢’ has a positive solution (¢1(&), 2(¢)) satisfying

Equation (13). Let
24/dir1(1—4e) =/,
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7 of 15
then there exists M > 0 large (but finite) such that
d197 (&) — ' 91(8) +r191()[1 — e — Mg1(8)] <0.
If fact, by Equation (13), there exists ¢y < 0 such that
0
by /7T ¢1(8 + cs)dn(s) <e,¢ < Qo
Define & = infz> ¢, ¢1(¢), then Equation (13) indicates ¢ > 0. Let
(M — a1)e = by sup ¢1(3),
¢eR
and we have proved what we wanted.
By the definition u;(x,t) = ¢1(x + ¢'t), then it satisfies
ou(x,t)
oF > diAu(x, t) + riuq(x, t) [1 — e — Muq(x, t)],
u1(x,0) = ¢1(x) > 0.
Using the theory of asymptotic spreading [27], we see that
lim inf wq(x,t) > 1-e (14)
t%00|x‘gclt 1 ! M ’

in which ¢; = 2y/dir(1—2¢) > . Let —2x = (c¢; + )¢, then a contradiction occurs between
Equations (13) and (14) when t — oo. The proof is complete. [

When ¢ > max{2/dyr1,2+/dyr;}, we define

Yi =

c— \/C2—4d,‘7‘1' c+ \/C2—4d,’7‘i ;

2d; Mok = 24, =12

Further define

T = (71,73) (72, 74)-

Then, there exists ¢g > max{2+/dyr1,2+/dary} such that ¢ > ¢y implies that I is nonempty.
Assume that ¢ > ¢, then we can choose v € I'. Define continuous functions

9,(¢) = min{e" + k", k;}, i = 1,2,
in which g > 1is a positive constant clarified later. Moreover, select 75, ¢ such that

Y5 € (v, min{271, 73,71 +72}), Ve € (v2,min{272, 74,71 + 712})

Construct continuous functions as follows

f(g) = max{e%‘@ _ pe’Y4+i§,0}, i=1,2,

1

where p > 1 is a positive constant formulated later.

Lemma 4. Assume that c > cq. Then, there exist p,q such that

dig} () — cp} (&) + Hi(g) < 0,e7¢ 4 gk;e"® # k;,
dig! () — cgi(¢) + Hi($) 2 0, eVi¢ — pelati® £ 0,
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in which

i o .
Hi(§) = nrei(8) 1—111@1(‘:)—101/_ @, (G + cs)dn (s +€1/ @,(5 +cs)dia(s) |,

- . -
Hy(§) = ng,(8) 1—0252(5)—172[ @, (8 +cs)din(s +€2/ @1(C +cs)dm(s)|

: ; _
Hi(©) = ng,() 1—11191(6)—191/7 Qi@+l (s) +er [ g, @+ es)na(s) |,

T

Hy(8) = rg,(E) _1*ﬂzfz(§) *bz/i @5(C + cs)dina(s) + e 1T31(§+Cs)dﬂz1(5)_ :

Proof. We first verify the inequality on @, (¢). If ¢; (&) = ki, then the result is clear. Otherwise, we have

< ngi(8) [1 —m (6“5 + qﬁe”’g) + e (672‘3 + qﬁzevé‘)}

< ney(6) 11— aend 4 616725}

B < noi@ [1-ag@ +er [ galE+e)ina)]

< r19y(S) 1 + 316726} ,
which also implies that
di9y (&) — 91 (&) + Hi(8)
< (dyd —com+ry)ené
+qE187€(d172 —cy+r+ 61372‘3 + ele(’th’Yz*’Y)é‘)_

Let g > 1 be large enough such that 72¢ + gk;e? > 1 implies —& > 0 is large and
d17? — oy 471 4 e1€78 4 ereM T8 <, (15)

Then,
d197(§) — c91 (%) + H1(&) <0.

Similarly, if g4 > 1 such that
dyy? — oy + 15 + 2618 + epe(M 127 <, (16)

then
da gy (8) — c@5(8) + Ha(g) <0.

To continue our discussion, we fix g > 1 such that Equations (15) and (16) hold.
We now prove the following inequality

d19(2) —cg! (&) + H1(3) >0,

and the result is clear if ¢ (§) = 0. Otherwise, we first choose p1 > 1 such that p > p; indicates that

P,(¢) < 2371é/¢2(§) < 2726
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if €118 > pes¢ or 726 > peeS. Then

r 0 0
Hy() = ne(G) [1-amgp,(5)—h /_T¢1(§+Cs)d’711(5)+61 /_T£2(§+C5)d’712(5)
r 0
> ne,(@ [1-me,@ - b [ 7i(e+ el (o)
> r19,(@) [1-mg,(€) - 26|
> g, (@) [1- (a1 +2by)en]
> r19,(8) = (a1 + 20,

Furthermore, we have

d19!/(8) — g (&) + Hy ()
> (d17E — cys + 1) pe”® — (ag + 2bp)e2NS.

Choosing p > p; and

we have obtained

Similarly, if
ay + 2by ap + 2by

d1v¢ —cys+1 - dyy2 —cye +12

p>p1— >1,

then
9! (8) — e, (§) + Hy(Z) > 0.

The proof is complete. [J
Remark 2. For any fixed c, we can first choose g, then p.
Lemma 5. Assume that c > co. Then, Equation (11) has a strictly positive solution.

Proof. We now prove the result by Schauder’s fixed point theorem. Throughout the proof, we assume
that c is a fixed constant. Let § > 0 such that

Bu + riu[l — aju — bikq], Bo + rov[1 — a0 — byky]
are monotone increasing in u € [0,k;], v € [0, ka], respectively. Further, define

Y _c— /2 +4pBd; PV %+ 4Bd;
1=— 5 2=,

2d1 2dl
A c—/c2+4pd, 1, =t /2 +4Bd»
3 = 7 4 = .
2d2 2d2

Let X be the following functional space

X = {u: uis a bounded and uniformly continuous function from R to R?}.
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Ifa,b € R? with a < b, then X[a,p) is defined by
Xap ={ueX:a<u(g) <bgeR}

Let 4y = min {—Ay, —A3} . Define

By (RR?) = {u € X+ sup [u(@) el < oo}

¢eR
and
[ul, = sup | [u(@)[e el f,
: CER { }
then B, (R, IR?) is a Banach space with the decay norm |-| u where || - [| denotes the standard supremum
norm in R2.
We define

Y ={(p1,¢2) € X: (fl’fz) (91, 92) < (91, 9,) -

Then, X is nonempty, convex. It is also bounded and closed in the sense of the decay norm ||y
Moreover, if (¢1, ¢2) € X, we define P = (P}, P,) : £ — X as follows

{wl,qoz)(é)—m S @) 4 [ M2 [Boy (s) + Hi(g1, 92) (s)]ds

i (17)
Pa(g1,92)(&) = gy [ o @265 + [ M) | [Boa(s) + Halgr, 92) (5)]ds

where (@1, ¢2) € Z

Similar to Ma [28] and Lin and Ruan [18], we can prove that P : 3 — X is completely continuous
in the sense of the decay norm | - [, (please see the Appendix A). Therefore, P has a fixed point in X.
Denote the fixed point by (@7, ¢3), it is clear that (¢, ¢3) satisfies Equation (11) and is strictly positive.
The proof is complete. [

Theorem 3. Assume that ¢ > co, biky < 1and byky < 1 hold. Then, Equations (11) and (12) have a strictly
positive solution, which is a desired traveling wave solution of Equation (4).

Proof. By what we have done, it suffices to verify the asymptotic behavior of Equation (12). We now
prove it by the idea in Lin and Ruan ([18], Section 3). We first prove that

liminf ¢1 (&) > 0,liminf ¢(&) > 0.
{—o0 {—co

In fact, ¢1(¢) satisfies

A1y (&) — cgi (&) +rgr(E)[1 — biky — a11(8)] < 0.

Let w(x,t) = ¢1(x + ct), then

ot
w(x,0) = @1(x).

By the theory of asymptotic spreading (see Aronson and Weinberger [27]) and the basic theory of
reaction-diffusion equations (see Ye et al. [29]), if ¢1(0) > 0, then

{aw(x't) > dydw(x, 1) + r(x,£) |1 bik —aw(x 1) (18)

liminfw(0,t) > (1 — biky)/ay.

t—c0
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By the invariant form of traveling wave solutions, we obtain

ligninfrpl(é) > (1 —biky)/a; > 0. (19)
— 00
Similarly, we have
liéninf @2(&) > (1 = byky)/ap > 0. (20)
—» 00

Define
liéninf 9i(¢) = @7 limsup ¢;(¢) = ¢ ,i =1,2.
—00

{—o0

Then, there exists sg € (0,1) such that

E(so) < (¢1,97) < (97, 97) < F(s0).

Because E, F are continuous functions on bounded interval, if Equation (12) does not hold, then
there exists 59 € (0,1) such that at least one of the following is true

¢; = soki, ¢; = soki + (1 —so) (ki +€;),i = 1,2.
If ¢ = soky, then there exists {Gy }men With limy, e §n = o0 such that

lim inf P1 (é) = SOkl

g—o0

and
lim inf(d1 ¢y (&m) — c91(Em)) = 0.

At the same time, the verification of contracting rectangle implies that
liminf Hy (¢1, 2)(Gm) > 0

and a contradiction occurs because (@1, ¢2) is a solution for all { € R. In a similar way, we can
verify that
E(s) < (¢1,97) < (91, ¢f) < E(s) foralls € (0,1),

and Equation (12) is true. The proof is complete. [

Remark 3. It is possible that ¢y = max{2+/dir1,2v/dar2}. If o = max{2+/dir,2\/dory} (e.g., d1 > dy
and r; > rp), then it is the threshold such that Equations (11) and (12) have a positive solution.
Very likely, ¢j is the spreading speed of some unknown functions (see [30,31] for a conclusion in
predator—-prey system).
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Appendix A

Lemma Al. P: X — X is completely continuous in the sense of the decay norm | - |,,.
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Proof. The proof is similar to that in [32-35]. We first verify that P : £ — X.. Let {; be a constant such
that
67151 + que,)/Cl — El’

then
P1(&) > e (&) = 0.
If € (—o0,&1) and (@1, ¢2) € L, then

Al e)© = g [+ [ e + e p ol

;o N ! B

< M /_oo g)\1(§—5)—|—/§ eM2(8—s) 189, (s) + Hy(s)]ds
1 [ ¢ (e & (s T B

_ m / M@ >+/§ P )_ (6, (s) + T (s)]ds
(/\2 — A1) / 29 [Bg (s) + Hy (s)]ds

< Az_ ) [ / M=) 4 / - ew—s)] 1B, (s) + @) (s) — di g (5)]ds
+m LR () + 7 <) - g (o)
eM2(8-81)
= @)+ 3 @@ - 91E)]
< 9(6).

Here, we use the fact

% [67)\"5 ((c—diA)¢(s) — d14’/(5))}

= e M [ Ni(c — diA)g(s) +diAig (s)]
e M ((c— diA) g/ (s) — dig”'(s))
= e M [—dig"(s) + gl (s) + g(s)] i = 1,2,

if ¢(s) is twice differentiable.
By a similar recipe, we have

if £ > & and (@1, ¢2) € X. Due to the continuity of P;(¢1, ¢2)(&), ¢1(£), we have

Pi(p1,92)(8) <9,(¢), ¢ €R.

Similarly, we have

9,(6) < Pi(p1, 92)(6) < 91(6), 9,(8) < Pa(91,92)(8) < 9,(¢)

if € Rand (¢1,¢92) € X,andsoP: ¥ — X.
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Assume that (@1, ¢2), (93, p4) € X, then

<

IN

IN

<

e ¥ 1Bg1(s) + Hi(gr, 92)(s) — [Bea(s) + Hi(gs, 9a) ()]
(B+ 11+ 2rarki)e ¥l [g1(s) — g3(s))|

te Ml by @1 (s) /0 @1(5+ ct)dia (t) — @3(s) /i <P3(S+Cf)d'711(t)'

+€_ms‘1’1€1

0 0
01 [ oals i () - ga(s) [ puls-+enitm(0)
(B+r1+2matki) |(91, 92) — (93, 94)],
_ 0 0
sntifie " {1166 = a) +| [ grls-+ et = [ pals-+enam(o)| |
+rietkie Ml gy (s) — p3(s)]
—|—71€1E267’4‘5‘ ‘/;OT q)z(s + Cl’)dﬂll(f) — /0

Pa(s +Cf)d7711(f)‘

(,B +r1+ 27’1”1E1) |((Plr (PZ) - (?3/ (P4) ‘y
+ribiki [ (@1, 92) — (93, 94)|,

0

/ e M [y (s + ct) — pa(s + ct)] dﬂll(t)‘
-7

+T1€1E1 ‘(§91/ (PZ) - ((P3f ¢4)|y
0

/ e Mt (o) (s 4 ct) — @y(s + ct)] dﬂll(t)‘
-7

L (@1, 92) = (93, 94)l,.,

+r b1E1 et

+ryeqkpelcT

where L > 0 is defined by

L=B+r+ 271611%1 + VlblEl + rlblile”” + 1’1€1E1 + T]ElEzewT.

By the above estimation, we have

IN

IN

and so

sup { P92, 92) &) — Palga ) @)1 71} < 5

IPy(@1,92)(8) — Pr(g3, 9a) (§)| e ¥l
—ul] z o
dl&zy—mu/ M) / ‘fAZ(‘:_S)] et sle=#81 [y () + Hy (1, @2) (s)]ds

. [ [ ey I [T } ele 5 [Bos(s) + Hi (g3, 94) (s)]ds
Lewiél ';%21 ;1()¢3, 94)l,, U +/ } sl s
L |(€”16;19’;2/\)2_(j\”f)’ ¢4l {/C (M+u) (& +/ e(h2—m)( ] eMlsl dg
Li(p1, 92) = (@3, 94)],, [ 1 1

d (A2 — A1) {)\z—ﬂ_ftl‘f'ﬂ]/

L!(QDL(PZ)—(<P3/(P4)|M[ 11
Ap—p Mty

By a similar argument on P>, we see that P : ¥ — ¥ is continuous in the sense of ||M .
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We now prove that P : £ — X is compact in the sense of HV . For any given € > 0, there exists

a constant N > 0 such that

and

e_VN(E1 +E2) < €. (A1)

Since B;(s) + Hi(¢1, ¢2)(s),i = 1,2, are bounded and continuous in s € R, we see that

‘;2131(901/(1’2)(5)‘

‘dl(/\z_/\l {/ AetE +/ Age2(E- ] [Bo1(s) + Hi(@1, 92)(s)]ds

Pl ) @)

dZ(Ml—/\IS {/ A (e / Agela(6=s ] [Bp2(s) + Ha (@1, 92)(s)]ds

are uniformly bounded. By Ascoli-Arzela lemma, when we restrict P(X) on [N, N], we have a
finite e—net. By Equation (A1), the net is also a finite e—net of P(X) in the sense of |-| i - The proof is

complete. [
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