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Abstract: We present a local convergence of the combined Newton-Kurchatov method for solving
Banach space valued equations. The convergence criteria involve derivatives until the second and
Lipschitz-type conditions are satisfied, as well as a new center-Lipschitz-type condition and the notion
of the restricted convergence region. These modifications of earlier conditions result in a tighter
convergence analysis and more precise information on the location of the solution. These advantages
are obtained under the same computational effort. Using illuminating examples, we further justify
the superiority of our new results over earlier ones.
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1. Introduction

Consider the nonlinear equation
F(x) +Q(x) =0, M

where F is a Fréchet-differentiable nonlinear operator on an open convex subset D of a Banach space
E; with values in a Banach space Ej, and Q : D — E; is a continuous nonlinear operator.

Let x, y be two points of D. A linear operator from E; into E,, denoted Q(x,y), which satisfies
the condition

Qlx,y)(x —y) = Qx) — Qy) 2)

is called a divided difference of Q at points x and y.
Let x,y, z be three points of D. A operator Q(x,y,z) will be called a divided difference of the
second order of the operator Q at the points x, y and z, if it satisfies the condition

Qlx,y,2)(y —2) = Qx,y) — Qlx, 2). ®)

A well-known simple difference method for solving nonlinear equations F(x) = 0 is the
Secant method

Xpn41 = Xn — (F(xn—lrxﬂ))_lF(xn)r n= 0/112/ ey (4)

where F(x,_1,xy) is a divided difference of the first order of F(x) and xo, x_; are given.
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Secant method for solving nonlinear operator equations in a Banach space was explored by the
authors [1-6] under the condition that the divided differences of a nonlinear operator F satisfy the
Lipschitz (Holder) condition with constant L of type

IF(x,y) = F(u, 0)|| < L([]x — ul[ + [ly = o])-

In [7] a one-point iterative Secant-type method with memory was psoposed.

In [8,9] the Kurchatov method under the classical Lipschitz conditions for the divided differences
of the first and second order was explored and its quadratic convergence of it was determined.
The iterative formula of Kurchatov method has the form [1,8-11]

Xpy1 = xn — (F(2xy — Xp—1,%5-1)) " 'F(xy), n =0,1,2,.... (5)

Related articles but with stronger convergence criteria exist; see works of Argyros, Ezquerro,
Hernandez, Rubio, Gutierrez, Wang, Li [1,12-15] and references therein.

In [14] which dealt with the study of the Newton method, it was proposed that there
are generalized Lipschitz conditions for the nonlinear operator, in which instead of constant L,
some positive integrable function is used.

In our work [16], we introduced, for the first time, a similar generalized Lipschitz condition for
the operator of the first order divided difference, and under this condition, the convergence of the
Secant method was studied and it was found that its convergence order is (1 + 1/5) /2.

In [17], we introduced a generalized Lipschitz condition for the divided differences of the second
order, and we have studied the local convergence of the Kurchatov method (5).

Note that in many papers, such as [3,18-21], the authors investigated the Secant and Secant-type
methods under the generalized conditions for the first divided differences of the form

I(F(x,y) = F(u,0)[ < w(llx =yl [u—=2l) Vx,y,uveD, ©

where w : R4 x Ry — Ry is continuous nondecreasing function in their two arguments. Under
these same conditions, in the work of Argyros [10], it was proven that there is a semi-local convergence
of the Kurchatov method and in [22] of Ren and Argyros the semi-local convergence of a combined
Kurchatov method and Secant method was demonstrated. In both cases, only the linear convergence
of the methods is received.

We also refer the reader to the intersting paper by Donchev et al. [23], where several other relaxed
Lipschitz conditions are used in the setting of fixed points for these conditions. Clearly, our results can
be written in this setting too in an analogous way.

In [24], we first proposed and studied the local convergence of the combined
Newton-Kurchatov method

Xpa1 = Xn — (F'(xn) + Q(2xy — X1, X,—1)) " H(F(xn) + Q(x)), n =0,1,2,..., )

where F’(u) is a Fréchet derivative, Q(u, v) is a divided difference of the first order, x(, x_1 are given,
which is built on the basis of the mentioned Newton and Kurchatov methods. Semi-local convergence
of the method (7) under the classical Lipschitz conditions is studied in the mentioned article, but the
convergence only with the order (1 + /5)/2 has been determined.

In [25], we studied the method (7) under relatively weak, generalized Lipschitz conditions for the
derivatives and divided differences of nonlinear operators. Setting Q(x) = 0, we receive the results for
the Newton method [14], and when F(x) = 0 we got the known results for Kurchatov method [9,17].
We proved the quadratic order of convergence of the method (7), which is higher than the convergence
order (l + \@) /2 for the Newton-Secant method [1,26-28]

X1 = Xn — (F'(xn) + Q(xn—1,%u)) " (F(xn) + Q(xn)), n =012,..., . ®)
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The results of the numerical study of the method (7) and other combined methods on the test
problems are provided in our works [24,28].

In this work, we continue to study a combined method (7) for solving nonlinear Equation (1),
but with optimization considerations resulting in a tighter analysis than in [25].

The rest of the article is structured as follows: In Section 2, we present the local convergence
analysis of the method (7) and the uniquness ball for solution of the equation. Section 3 contains the
Corollaries of Theorems from Section 2. In Section 4, we provide the numerical example. The article
ends with some conclusions.

2. Local Convergence of Newton-Kurchatov Method (7)

Let us denote B(xg,7) = {x : |[x — xo|| < r} an open ball of radius r > 0 with center at point
xo € D, B(xp,r) C D.
Condition on the divided difference operator Q(x,y)

1Q(x,y) — Q(w, o) < L(llx —ul +[ly —ol) Vxy,u,veD ©)

is called Lipschitz condition in domain D with constant L > 0. If the condition is being fulfilled

1Q(x,y) = Q'(x0)ll < L(llx = xoll + lly = xoll)  Vx,y € B(xo,7), (10)

then we call it the center Lipschitz condition in the ball B(x, r) with constant L.

However, L in Lipschitz conditions can be not a constant, and can be a positive integrable function.
In this case, if for x, € D inverse operator [F/(x,)] ! exists, then the conditions (9) and (10) for xo = x.
can be replaced respectively for

1Nl lx=yl[+l[u—o|
1Q°(x:) 7 (Qx,y) — Qw,0))) || < /0 L(t)dt Vx,y,u,0 €D (1)
and
fon1 , [l =2 |+ [ly—x |
1Q° ()™ (Qlx ) — Q(x))Il < /O L(t)dt Vx,y € B(xs, 7). (12)
Simultaneously

Lipschitz conditions (11) and (12) are called generalized Lipschitz conditions or Lipschitz
conditions with the L average.

Similarly, we introduce the generalized Lipschitz condition for the divided difference of the
second order

[[u—=ol|
1Q' ()7 Q%) = Qe xy)l < [ NtV y, 1,0 € B, ), (13)
where N is a positive integrable function.
Remark 1. Note than the operator F is Fréchet differentiable on D when the Lipschitz conditions (9) or (11) are
fulfilled Vx,y, u,v € D (the divided differences F(x,y) are Lipschitz continuous on D) and F(x,x) = F'(x)
Vx € D [29].

Suppose that equation

r 2r 2r
/0 L?(u)du—i—/o Lg(u)du—f—Zr/O No(u)du = 1.

has at least one positive solution. Denote by rj the smallest such solution. Set Dy = D N B(xy, 1p)
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The radius of the convergence ball and the convergence order of the combined Newton-Kurchatov
method (7) are determined in next theorem.

Theorem 1. Let F and Q be continuous nonlinear operators defined in open convex domain D of a Banach
space Eq with values in the Banach space E,. Let us suppose, that: (1) H(x) = F(x) 4+ Q(x) = 0 has a solution
X« € D, for which there exists a Fréchet derivative H' (x..) and it is invertible; (2) F has the Fréchet derivative of
the first order, and Q has divided differences of the first and second order on B(x.,3r) C D, so that for each
x,y,u,v €D

(x)
1) F )~ Pl < [ 1w a9
(o=l [y =
1) Q) — Qe < [ )
[lu—o]|
/) (@) — Q< [ Noto, 6
and for each x,y,u,v € Dy
/() ) - P < [0 s 0 <7 <1 @)
bp(x)
[lx—ull+[ly—oll
1) Qe —eeonl < [ Lo, )
[lu—oll
1) (@) — Qe < [ N, 19

where x¥ = x, +0(x — x.), 0(x) = ||x — x|, LY, LY, No L1, L, and N are positive nondecreasing integrable
functions and r > 0 satisfies the equation

Iy La(u udu+fOL2 )du +2r [ N(u)du
1= (Jy 1G)du+ [§ LY(u)du +2r 5 No(u du)

(20)

Then for all xg,x_1 € B(x.,r) the iterative method (7) is well defined and the generated by it sequence
{xn }n>0, which belongs to B(x.,r), converges to x, and satisfies the inequality

T
S JEO Ly (wyudu 4 [ Ly (u)du + o N () du | — x| 21)

o(xn) 70 20(xn) 70 [[xn—2,_1]] ||xn_x*||-
1*( S L (w)du + [P LY (u)du + [y No(u)duHxn—xn_lH)

t
Proof. First we show that f(t) = tl/ 1(u)udu, g(t) = %/ 2(u)du, h(t =5 / u)du, fo(t)

tlz / Q(u)udu, go(t) = i / LY(u)du, ho(t) = / Np(u)du monotonically nondecreasing with

respect to t. Indeed, under the monotony of Ly, Lo, N we have

(:%/: —tl%/otl)Ll(u)udu: (12/:4-(:%—:%) /Otl)Ll(u)uduz

t5

zL(tl)(é/t:2+(é—tl%)/otl)udu—Ll(tl)(:%/Otz—tl%/otl)udu—o,
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L o (G f o
> Lz(t1)<t12 /tz +(é ~ %) /Ot1 Jau = Lz(tl)(t2;t1 +t1(é - %)) =0

for 0 < t; < tp.So, f(t), g(t) are nondecreasing with respect to t. Similarly we get for h(t),fo(t), go(t)
and hy(f).

We denote by A, linear operator A, = F'(x,,) + Q(2x, — x,-1, X,—1). Easy to see thatif x,,, x,_1 €
B(x,t), then 2x, — x,_1,x,_1 € B(x,3r). Then A, is invertible and the inequality holds

1A H (x| = (1[I = (I = H (x:) M Au)] 7| <

<(1- (/O'p(x") L(l)(u)dqu/Ozp(xn)L%(u)du+/0|x”xnl No(w)dulxy — x,1]1))

Indeed from the formulas (14)-(16) we get

(22)

11— H () M Aull = [ H (x) 7 (F () = F'(xn) + Q (4, %) — Q(xn, %) +

p(xn) ’
QU %) — Q2 —x 1% D)) < [ L+ H (2) Qe w2~
—Q(xn, xn) + Q(xn, xn) — Q(xn/ Xp—1) + Q(xn, Xp—1) — Q(2xn — X1, xnfl))H <
o(xn) 0
< / L9 (u)du + / ) du+
+|‘H,(x*)7l(Q(xn/xn71/ xn) - Q(an — Xpn—1,Xn-1, xn))(xn - xnfl)” <
o(xn) 2p(xn) |30 =2 -1
g/o Lff(u)du+/o Lg(u)du+/0 " No ()| — xp_1].
From the definition rg (20), we get
) 27’0 27’0
/ Lq(u)du + Ly(u)du +2r/ N(u)du <1, (23)
0 0

0

since r < rg.
Using the Banach theorem on inverse operator [30], we get formula (22). Then we can write

1 = xell = [l2en — 22 = AT (F(an) = F(x2) + Q(xa) — Q(x)) || =

== *1(/1(F’( n) = F'(an))dT + Q(xn/x*) — Q(2xn — xn-1,Xp—1)) (xn — %) <

< |AH () || (1H (x2) / / L w)dudt + | H (x.) " (+Q(xn, x.)— (24)

—Q(2xn — xp—1,%n—1)) ) |0 — x|
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According to the condition (17)-(19) of the theorem we get

HH x* / / dudT+ Q(xn, x*) An)” =
To(xn)

(xn)
= p(in) /Op Ll(u)udu + ||H/(x*)7l(Q(xn,x*) _ Q(xn,xn)—|—

+Q(xn/ xn) - Q(xn/ xn—l) + Q(xn/ xn—l) - Q(an — Xn—1, xn—l))” <

()
< /Op Ly (uyudu + || H' () 7H(Q(xn, x4) — Qn, )|+

+||H/(x*)71(Q(xn/ Xn—1, xn) - Q(zxn — Xp—1,Xn—-1, xn))(xn - xn—l)H <

< 1 /P(xn) L ( ) d n /P(xrl) L ( )d n /Hxn—anlH N( )d || ||
— u)udu u)du w)du||x, — x,_1||-
= oG Jo 1 0 2 0 n— Xn—1
From (22) and (24) shows that fulfills (21). Then from (21) and (20) we get

201 = 2l < oo = 2| <o < max{[fco — 2], flx g — 2|} <7

Therefore, the iterative process (5) is correctly defined and the sequence that it generates belongs
to B(x«, ). From the last inequality and estimates (21) we get lgn ||xn — x4]| = 0. Since the sequence
n—oo

{xn }n>0 converges to x., then

1200 = Xna || < flxn =l + [0 = x| < 2[00 = x|
and nlgr;lo Xy —x,—1]| =0. O
Corollary 1. The order of convergence of the iterative procedure (7) is quadratic.

Proof. Let us denote pmax = max{p(xp),p(x_1)}. Since g(t) and h(t) are monotonically
nondecreasing, then with taking into account the expressions

1 p(xn) IS p(xn) w)udup(xy)) [ Ly (u)udup(xy,)
— Ly(u)udu = 22 < 40 =: A1p(xy),
D B S el
P(xn) f u)dup(xy,) fpmax Lo (u)dup(xp)
du = 20 = A n),
/O La(u ) " P(xn) Pmax 2,0(X )

llxn =21l Fen =21l N () a2 — 6,
/ N(u)du: fo ( ) ” n n 1”
0 ||xn - xn71||

f“xo x_q| N( )du”xn xnle

Hx07x 1” = A3||x1’l_x'rlfl||

and

p(xn) p(xn) llxn =21l -1
(1= ([ Beau+2 [T Bewau+ | No(w)dullxn = x,1]))) <

Pmax 0 Pmax 0 HxO_x—1H _ -1 .
<(1- (/0 Ll(u)du—i-Z/O Lz(u)du—i—/o No(w)dullxo—x1])) = As,
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from the inequality (21) follows
a1 = x| < As(Arp(n) + Azp(xn) + Asln — xna|) ]l 2tn — ..
or
1 = xell < Callan = x| + Callotn — a2 — 24 . (25)

Here Ay, k =1, ...,4, C3, C4 are some positive constants.
Assume that the order of convergence of the iterative process (7) is not lower 2, therefore there
exist C5 > 0 and N > 0, that for all # > N the inequality holds

120 — xu|| = Cslxp—1 — x: 1%
Since
26n = X1 ]1* < (lxn = x|l + 1201 — %) < 421 — x4 1%,

then from (44) we get

011 = x| < Calln — xl|* 4+ 4Cq |1 — ][]0 — x|
(26)
< (C3+4C4/Cs)|lxn — x4 ]1* = Collxn — x.|[%

inequality (26) means that the order of convergence is not lower than 2. Thus, the convergence
rate of sequence {x, },>0 to x, is quadratic. [J

3. Uniqueness Ball of the Solution
The next theorem determines the ball of uniqueness of the solution x, of (1) in B(x,, 7).
Theorem 2. Let us assume that: (1) H(x) = F(x) + Q(x) = 0 has a solution x. € D, in which there exists a

Fréchet derivative H' (x..) and it is invertible; (2) F has a continuous Frechet derivative in B(x., 1), ' satisfies
the generalized Lipschitz condition

o(x)

TH ) U@ Pl < 7 thwdu vx e Blx,r),

the divided difference Q(x,y) satisfies the generalized Lipschitz condition

(x)
I ()71 (QUx, %)~ ') < [ L(wdu Vi € Bx,n),

where Ly and Ly are positive integrable functions. Let r > 0 satisfy

> [ wieodu+ [ 130 < 1.

r

Then the equation H(x) = 0 has a unique solution x, in B(x.,r).

Proof analogous to [27,31].

4. Corollaries

In the study of iterative methods, the traditional assumption is that the derivatives and/or the
divided differences satisfy the classical Lipschitz conditions. Assuming that L1, L, and N are constants,
we get from Theorems 1 and 2 important corollaries, which are of interest.
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Corollary 2. Let us assume that: (1) H(x) = F(x) + Q(x) = 0 has a solution x,. € D, in which there exists
Fréchet derivative H'(x.) and it is invertible; (2) F has a continuous Fréchet derivative and Q has divided
differences of the first and second order Q(x,y) and Q(x,y,z) in B(xx,3r) C D, which satisfy the Lipschitz
conditions for each x,y,u,v € D

IH (x.) 7 F (x) = F ()| < Ll = 2,

1H () 71 (Q(x,y) — Q(u, 0)) || < Ly(llx — ull + [ly = ]]).

forx,y,u,v € Dy
IH (x.) "1 (Q(w, x,y) — Q(v,x,y)) || < Nollu— o],

IH () H(F'(x) = F' (20 + T(x = %)) || < (1= T)Lalx — xi],
IH (x.)"HQ(x,y) = Qu,0))|| < Lo(flx — |l + [ly — o)),
IH (x.) 1 (Q(,x,y) — Q(v,x,y))|| < N|u—o|,
where LY, LY, Ny, Ly, L and N are positive numbers,

2
ro = ’
L9+ 219+ /(L9 +2L9)2 + 16N

and r is the positive root of the equation

Lir/2 4 Lor + 4Nv?
1— L9 — 2LYr — 4Nyr?

=1

Then Newton-Kurchatov method (5) converges for all x_1,xy € B(x,r) and there fulfills

(L1/2 + Lo)||xn — x| + NJ|20 — x|
1-— (L(l] +2L8Hxn — X« || + Nol|xn — xn71||2>

111 = 2| <

Moreover, r is the best of all possible.

2 2
Note that value of r = 3L improves 7 = 3T for Newton method for solving equation F(x) =
1

0 [14,32,33], and with r = 2/(3Ly + 1/9L3 + 32N) improves 7 = 2/(3L} + {/9(L})2 + 32N;) for

Kurchatov method for solving the equation Q(x) = 0, as derived in [8].

Corollary 3. Suppose that: (1) H(x) = F(x) + Q(x) = 0 has a solution x, € D, in which there exists the
Fréchet derivative H' (x,) and it is invertible; (2) F has continuous derivative and Q has divided difference
Q(x,xy) in B(x,r) C D, which satisfy the Lipschitz conditions

1H () 7H(F' (x) = F' ()| < LYlx = ]l
1H () 7HQ(x, ) = G/ (x:)) | < LRl — x|

for all x € B(x,r), where LY and LY are positive numbers and r = Then x, is the only solution in

L9 +2LY
B(xx,r) of H(x) = 0, r does not depend on F and Q and is the best choice.
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2 for

Note that the resulting radius of the uniqueness ball of the solution r = — improves 7 = T
1

Ly
1

Newton method for solving the equation F(x) = 0 [14] and r = i
2

method for solving the equation Q(x) = 0 [8]. (See also the numerical examples).

1
improves 7 = I for Kurchatov
2

Remark 2. We compare the results in [25] with the new results in this article. In order to do this, let us consider
the conditions given in [25] corresponding to our conditions (15)—(17):
For each x,y,u,v € D

p(x)

IH' ()71 (F'(x) = F'(x))]| < » )L%(u)duf 0<60<1, (27)
p(x
lx—u|+ly—ol
IH' (x)"H(Q(x,y) — Q(u,0))| S/O Ly(t)dt, (28)
[lu—]]
IH (x.) "1 (Q(u, x,y) — Q(v, x,y)) | S/ N'(t)dt, (29)
Ly Li(u udu+f0 LY (u)du + 27 0 N'(u)du . (30)
1—(f0L1 Jdu+ [37 Ly (w)du +27 [ N (u)ydu)
2041 — x| < é&n. (31)
It follows from (14)—(16), (17)—(19), (27)—~(29), that
L3(t) < Li(b), (32)
Ly(t) < Li(t), (33)
L3(t) < Ly(b), (34)
Lyo(t) < Li(b), (35)
No(t) < N*(t), (36)
N(t) < Ni(b), 37)
leading to
7F<r, (38)
en < &y, (39)
A <A, 1=1,23,4, (40)
C;<C,1=1,23,4,6 41)
and
Cs > Cs, (42)
e, =
e fé"(xn) Ll (u) udu—l—fop(x”) Ll u)du—i—fon”_x”"lH Nl(u)duHxn S 3)

p(xn) 71 20(xn) 11 1 —x, 1] 1 ”xn B x*”,
1= (S8 LhGodu + f375) Lyu)du + [, N () — x4 )

s = el < Aa(Arp(xn) + Azp(xn) + Asllxn — xu-1[1?) atn — x4,
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or
l[xn41 = Xl < Calln — xl|* 4 Callxn — 2011|200 — x4]],
or
1211 — x| < Colln — x|
with
Co = (C3+4C4/Cs)
for some

[l — x| = Csllr—1 — x>
Hence, we obtain the impovements:

(1) At least as many initial choices x_1, xg as before.

(2) At least as few iterations than before to obtain a predetermined error accuracy.

(3) At least as precice information on the location of the solution as before.

10 of 12

(44)

Moreover, if any of (32)—(37) holds as a strict inequality, then so do (38)—(42). Furthermore,
we notice that these improvements are found using the same information, since the functions L9, Lg, Ny,
Ly, Ly, N are special cases of functions Ly L%, N? used in [25]. Finally, if G = 0 or F = 0, we obtain the
results for Newton’s method or the Kurchatov method as special cases. Clearly, the results for these

methods are also improved. Our technique can also be used to improve the results of other iterative
methods in an analogous way.

5. Numerical Examples

Example 1. Let E; = E; = R® and Q = S(x,,1). Define functions F and Q for v = (vq,0v2,0v3)T on Q by

F(v) = (2 — 1, 5103 + 1, U3)T,T
Q(v) = (lv1l, [02l, 02|, [ sin(wvs)])
F'(v) = diag(e”l, (e—1)v, + 1,1),
5) — diae (12=lo1l [T2]=lva| |sin(33)|—|sin(vs)|
Q(v,0) = diag (1=, Follal, Lein(®) s )

7 Tp—1p 03—03

Choose:

H(x) = F(x) + Q(x),

1
I (v) N =108 = e~ 1,18 =1, No = 5,

1 1
Ll :ee_1/L2:1/N: E/

1
Ll =e L =1,N!= 5

Then compute:

r using (20), r = 0.1599;

7 using (30), 7 = 0.1315.

Also, 7 < r.

Notice that LY < Ly < L3, so the improve ments stated in Remark 1 hold.

(45)

(46)
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6. Conclusions

In [1,8,34], we studied the local convergence of Secant and Kurchatov methods in the case of
fulfilment of Lipschitz conditions for the divided differences, which hold for some Lipschitz constants.
In [14], the convergence of the Newton method is shown for the generalized Lipschitz conditions for
the Fréchet derivative of the first order. We explored the local convergence of the Newton-Kurchatov
method under the generalized Lipschitz conditions for Fréchet derivative of a differentiable part of the
operator and the divided differences of the nondifferentiable part. Our results contain known parts as
partial cases.

By using our idea of restricted convergence regions, we find tighter Lipschitz constants leading to
a finer local convergence analysis of method (7) and its special cases compared to in [25].
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