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Abstract: Here we present weighted fractional Iyengar type inequalities with respect to L, norms,
with 1 < p < co. Our employed fractional calculus is of Caputo type defined with respect to another
function. Our results provide quantitative estimates for the approximation of the Lebesgue—Stieljes
integral of a function, based on its values over a finite set of points including at the endpoints of its
interval of definition. Our method relies on the right and left generalized fractional Taylor’s formulae.
The iterated generalized fractional derivatives case is also studied. We give applications at the end.
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1. Introduction

We are motivated by the following famous Iyengar inequality (1938), [1].

Theorem 1. Let f be a differentiable function on [a, b] and |f' (x)| < M. Then

_ )2 _ 2
/ubf(x)dx—;(b—a)(f(a)+f(b)) SM(’Z a) _(f(b)zwf(a))' "

We need

Definition 1 ([2]). Let « > 0, [a| = n, [-] the ceiling of the number. Here g € AC ([a,b]) (absolutely

continuous functions) and strictly increasing. We assume that (f o g~ 1) ™ g € Lo ([a, b]). We define the
left generalized g-fractional derivative of f of order « as follows:

(D) 0= gy [ @0 =5 g0 (Fog) e, @
x> a.
Ifa ¢ N, by [3], pp. 360-361, we have that Dy o f € C ([a,b]).
We see that (In_a ( NG )
25 ((ro57) " 08) ) 0 = (Diigf) (), 520 ®
We set ) NG
D2of ()= ((£og )" o) (0, @
D of (x) = f(x), Vx € [a,b]. ®)
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When g = id, then
+ gf Da+ zdf D uf (6)

the usual left Caputo fractional derivative.
We mention the following g-left fractional generalized Taylor’s formula:

Theorem 2 ([2

1). Let g be a strictly increasing function and g € AC ([a,b]). We assume that (f o g 1) €

AC (g (a),g (B)]), i, (Fog )" € AC([g(a), g (b)]), where N 5 n = [a], & > 0. Also we assume
)
) n

that (fog~ ogGLoo([a,bD. Then
FW=f@+T (Fos D@ (0 ot
7 [ ) =g @) 78 () (Dhf) (D1, Vx € b, )
Calling Ry (a, x) the remainder of (7), we find that
Ralo0) = o7 [0 (g =2 (Dhgf) 08! @z Yxefotl. @

We need

Definition 2 ([2]). Here g € AC ([a,b]) and is strictly increasing. We assume that (f og—l)(n) og €
Lo ([a,b]), where N 2 n = [a], & > 0. We define the right generalized g-fractional derivative of f of order

as follows:

(08-ef) 0= 1 [0 -g g 0 (rog™) " g @

all x € [a,b].
Ifa ¢ N, by [3], p. 378, we find that (Dgﬁg f) € C([a,b]).
We see that
n -1 (m)
I ;((_1) (fog ) og) (x) = (Dg_;gf) (x), a<x<b. (10)
We set ®
D of () = (-1 ((rox) o) (), )

DY f(x)=f(x), Vxelab].
When g = id, then
b—f (X) = Dy_jaf (x) = Dy_f, (12)

the usual right Caputo fractional derivative.
We mention the g-right generalized fractional Taylor’s formula:

Theorem 3 ([2]). Let g be a strictly increasing function and g € AC ([a,b]). We assume that (fog™1) €
AC" ([g(a),g (b)]), whereN 3 n = [a], & > 0. Also we assume that (f og—l)(") 0g € Lo ([a,b]). Then



Mathematics 2019, 7, 1119 3 of 28

n—1 oo 1 (k)
F =y o+ 1 LSO g+
r(lt,() /xb (205 — g ()1 (B (Dgﬁgf) (t)dt, alla < x <b. (13)

Calling Ry, (b, x) the remainder in (13), we find that

1 s a1 . )
Ry (brx)—m/g(x) (z—g(x)) (( b_;gf)og )(z)dz, Vxelab]. (14)
Denote by
Dgf;g = DZ‘_;ng_;g...DZ‘_;g (n-times), n € N. (15)

We mention the following g-right generalized modified Taylor’s formula:

Theorem 4 ([2]). Suppose that F := D’g"i;gf,for k=0,1,..,n+1, fulfill: Frog™' € AC([c,d]), wherec =
g(a),d =g (b),and (F; og*l)/ 0g € Lo ([a,b]), where 0 < o < 1. Then

1 b n a—=1 1 n w
NCEST /x (8(t) =g ()" Vg’ (1) (DY) () at = (16)
. (n+1)

" (g (6) ~ g ()™ (o (D475 f) ) i1

Ly (Oief) O+ i s €@ =g @), (17)
where Py € [x,b], any x € [a, b]
Denote by

Dyte = Dgy¢Dayg--Day;e (n-times), n € N. (18)

We mention the following g-left generalized modified Taylor’s formula:

Theorem 5 ([2]). Suppose that F := Di% . f, for k = 0,1,..,n+1, fulfill: Fog™ € AC([c,d]),
where c = g (a),d = g (b), and (Fy og—l)/ 0g € Lo ([a,b]), where 0 < « < 1. Then

0 = - CEEO (o of) )+ 09
r<<nl+1)a> (g0 =g () (1) (D) (1)t =
- D)) DT f) ()
ZZZO wc—l-(l))) (Dtllﬁ-;gf> (a) + E((;j_ 1) 2 1) (§(x)—¢g (“))(H—H)“, (20)

where Py € [a,x], any x € [a,b].
Next we present generalized fractional Iyengar type inequalities.

2. Main Results

We present the following Caputo type generalized g-fractional Iyengar type inequality:



Mathematics 2019, 7, 1119 4 of 28

Theorem 6. Let g be a strictly increasing function and ¢ € AC ([a,b]). We assume that (fog™!) €

AC" ([g (a),g (b)]), whereN > n = [a], & > 0. We also assume that (f og’l)(I1> 0g € Lo ([a, b]) (clearly
hereitis f € C([a,b])). Then

(i)
INCECE k: i | (Fes ™) @ g0 - g0
+ 0 (Fog) (s 00 (s 0) - g ()| <
max{' DZJrngLoo ([a,b]) fHLw ([a,b]) }
I'(a+2)
(g =g @) +(g(0) —g ()], @1
Vteab],

(i) at g () = M, the right hand side of (21) is minimized, and we have:

(g (b) — g ()"

x)dg (x k+1 ok+1
[(fog‘l)(k) @)+ (-1 (rog ) g 6] <
max a f f 14
{‘ g HL; ([112‘) HLW (b)) } (g(b) —zg;(a)) “/ 2)

(i) if (Fog )" (g(a)) = (Fog )™ (g (b)) = 0, for k= 0,1,..,n — 1, we obtain

x)dg (x)| <

(g (b) — g (a))*"
ngLoo ([a,]) } T(x+2)2¢ ' (23)

max {

which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds

) dg (x i k+1 (g(b)l—vgw))k“

+ng

Loo([a,b]) ‘

I (fog‘l)(k) (3(@) + (~DF (N = (Fog)"
Leo([a,b])

max {| O )
I'(a+2)

(g(b)—g(ﬂ)>“+1 [jaJrl (N - ].)a+1} ) (24)

D of |

N
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(v)if(fog‘l)(k) (g(a) = (fog™)"

g () - (L8 DY o)+ (v -y ]| <
max{ U S
I'(a+2)

(g(b) I—qg(a))““ [ (v ],

b

i=0,1,2,..,N,
(vi) when N =2, j =1, (25) turns to

g - (S (@) s o) <

max {

b

Leo([a,0]) fHLoo ab])} (g(b) _g(a))zx-H
I'(a+2) o .

(vii) when 0 < a < 1, inequality (26) is again valid without any boundary conditions.

Proof. We have by (7) that

Vxelab.
Also by (13) we obtain
n—1 oo 1 (k)
p =g SO (g -
b
a7 L @0 =) g 0 (D) )
Vxelab].

By (27) we derive (by [4], p. 107)

Dof
;f %””] (3(1) g (@)",

and by (28) we obtain

(g(b))=0,fork=1,..,n—1, from (24) we obtain

5o0f 28

(25)

(26)

(27)

(28)

(29)
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L
W [“;)””] (g(b) g (x))",
Vxelabl.
Call
. a+ng ([a,b])
T T T )
and
_ }L‘HL00 ([a,b])
2= r(a+1)
Set
¢ :=max{¢g1, ¢2}.
That is
= (fog )Y (2(a)) ¢ )
£ =1 S ) s )| < o5 0 s @)
and "
n—1 ool
p =L LS E O (o g0 < o s ) g )
Vxé€lab].
Equivalently, we have
n—1 ° (k)
T et ) () - g0 - g ()~ )" <
n—1 oo 1 (k) a
p < T S B (o) g ) + p g ) - o)
and ©
n—1 oo 1
§ et B0 g ) - o s ) - )" <
n=1(fq -1\
po < T LS O () =g )+ p g0 -5 )"
Vx€ab].

Let any ¢ € [a, ], then by integration against g over [a, {| and [t, b], respectively, we obtain

= (fog )Y (5(a) 0 )

k; (k+1)! (g(t)_g(”»kﬂ—m(g(f)—g(ﬂ)) o
< [ <

= (feg )M ()

& (k)

6 of 28

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)
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and

< ['Fwag o <

n=1(fqo-1)%
- k:ZO (f g(k?i—l)(!g ) (g(t)—¢g (b)>k+1 + ( ¢ ) (g (b) _g(t)>0t+l ' (38)

Adding (37) and (38), we obtain

n—1
{kgo(kil)' [(f"g_l)(k) (8 (@) (g (1) = (@) —

(g =g @) +(g0) —g ()], (39)

Vtelab].
Consequently we derive:

n—1
[ Fdet0-F gy [(7o5) " @) -0 o)

+ <

N 600 5 6) -5 ()]

(- (fog™) " (2
oy [0 =g @) g 0) g ()]

Vtelab].
Let us consider

6(2) = (z—g(a))""" +(g(b) =2, Vz € [g(a), g (1)].

That is

We have that
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giving (z— g (a))" = (g(b) —2)" and z — g (a) = g(b) — z that is z = £7&0)
number of 6. We have that 6 (g (a)) = 6 (g (b)) = (g (b) — g (2))""", and 0 (£258E)) — (30) —g(a)*""

which is the minimum of 6 over [g (a),g (b)].

the only critical

Consequently the right hand side of (40) is minimized when g (t) = M, with value

¢ (g(b)—g(a))""!
(a+1) 2% :

Assuming (fogfl)(k) (¢(a)) = (fogfl)(k) (¢(b)) =0,fork =0,1,..,n— 1, then we obtain that
b _ a+1
‘/ﬂ f (x) dg (x> < (“ —Ti 1) (g (b) 2% (ﬂ>) , (41)
which is a sharp inequality.
When g (t) = M, then (40) becomes
b n—1 1 b) — k+1
‘./a f(x) dg (x) — kgo (k+1)! (g( ) zkil(a))
(ros)" @+ 1 (rog )Y @) | <

9 (s(b)-g(@)*" @)

(a+1) 2

Nextlet N € N,j=0,1,2,..,Nand g (t;) = g (a) +j (g(b)gjg(ﬂ)), thatis g (t) = g (a), g(t) =

g(a)+ B o (ty) =g (D).
Hence it holds

g() -5 = (EELED) o) -g ) = v (EELED),

j=0,1,2,..,N.
We notice

(102 )"‘“ e v -], (@)

j=0,1,2,..,N,
and (fork =0,1,...,.n — 1)

{(f0g1)(k) (g (a)) (g (tj) —g(a))k+1 n
(§(0) (g(b) ~ g (tj))"“} _

(0 (g )" g en (v -], )

j=0,1,2,..,N.



Mathematics 2019, 7, 1119 9 of 28

By (40) we have

(rog )" @+ () (ros ) g en (v - <
(,xfl) <g(b);]g(a)>““ [ (v ], )

(wil) (g(b);[g(a)>““ s (v ], w

j=0,1,2,.,N.
When N = 2 and j = 1, then (47) becomes

x+1 20+1 a+1 24

Let0 < a <1,thenn = [a] =1.
In that case, without any boundary conditions, we derive from (48) again that

g ()~ (S50 (7 0) £ )] <

9\ (g(b) =g
<¢x+ 1> o ’ (49)

We have proved theorem in all possible cases. [J

(- >2<g<b>—g<a>>““_< 0 )(g(b)—g(a))”? (18)

Next we give modified g-fractional Iyengar type inequalities:

Theorem 7. Let g be a strictly increasing function and § € AC ([a,b]), and f € C([a,b]). Let 0 <
a < 1,and Fy := Dkﬁgf fork =0,1,..,n+1;n € N. We assume that Fog ! € AC([g(a),g(b)])

and (Fog™! ) 0g € Le ([a,b]). Also letfk = Dlgoi;gf,fork =0,1,..,n+1, they fulfill Fiog™! €
AC([g(a),g (b)) and (Feog™) og € Lo ([a,b]) . Then
(1)

x)dg (x {i (e +2) [(Dtl;ﬁ-;gf> (a) (g (t) —g(a))i””'l

+ (Ditf) (0) () =g ()] }| <

o] i)

+1
plrs|.

ab] H n+1 f
F((n+1)zx+2)
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(85— ) "+ (g 6) — g () 1],

Vtelab],
(i) at g () = M, the right hand side of (50) is minimized, and we have:

1 (g(0)—g(a))™"
’/ flx)dg (x {Z I (in+2) 2ia+1

[(Ditf ) (@) + (Dit o f ) 0] }| <

(n4+1)a (n+1)a
max {’ D,ﬁ—g f 0,[a,b] ’ b—;g oo,[a,b]} ( ) (a)> (n+1)a+1
[((n+1)a+2) 2(n+1)a

(iii) assuming (D};ﬁ;gf) (a) = (DZ"‘_;gf) (b) =0, fori=0,1,...,n, we obtain

[ rwage| <

(n+1)a (n+1)a
max< ||D LDy
{’”gwa] %gfww}@w—uwwmﬁl
T((n+1)at2) 2+ )a

which is a sharp inequality,
(iv) more generally, for j =0,1,2,..,N € N, it holds

o a in+1
’/ F(x)dg (x {Zr(m1+2) <g(b)Ng( ))
[(Ditof) (@) /41 + (DIt f) () (N = )]} <

| i)

b) — o (a (n+1)a+1 ’ .
(8( )NS( )) [](n+1)uc+1 + (N—])( +1) +1}

+1
Dl

(n+1)a
oo,[ab] Dy f

T((n+1)a+2)

7

(0)if (Dt f ) (@) = (Do ) (8) = O, for i = 1,...,1n, from (53) we obtain:

[ g - (2D e+ v - s )| <

(n+1)a (n+1)a
max { ‘ D’H_"g oo,a,b)” th;g f 00,[a,b] }
T(n+1)at2)

7

b) — o (a (n+1)a+1 ' N
(g( )Ng< )) {](n+1)a+1 + (N—])( +1) +1}

forj=20,1,2,..,N,
(vi) when N = 2, j =1, (54) becomes

'/ﬂbf(x)dg(x)— (g(b);g(“)> (f(a)+f(b))’ -

10 of 28

(50)

(51)

(52)

(53)

(54)
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max{’

D(nJrl)zx Yo

a-+;8

oo fab] "I 08

oo,[a,h]} (g (b) = g ()" ™+

I'((n+1)a+2) 2(nt+1)a

Proof. We have by (19) that

- 2 (i +(1a)))m (D’iﬁ;gf) (a)+

i=0

r<<nl+1>a> [ 00 —s @) g 0 (D)
Vx € [ab].
Also by (16) we find
; g())™ (i
- ;%) SRS (of of) )+
W/xb (g (¥) —g(x))(n+1)zx—1g/ (t) (Dl(]ri—i—gl)af) (1) dt,
Vxelab].

. 1a Da
Clearly here it is Dﬂ'fg “f,D n+g “feC([ab).
By (56) we derive (by [4], p. 107)

‘f(x)i(g(lf)(i;i%))( i of ) @) <

[pgre (8 (x) —g (@)
a+ig wfap) T((n+1)a+1) '
and by (57) we obtain
S8 —g())™ (i
|f(x) zgo T(ix+1) (Ditef) )] <
[t (8 (b) — g (x))"*1"
0,[a,b] F((n+1)a+1) !
Vx€ab].
Call (m+1)
n+1)a
M= | o [0
Fr((n+1)a+1)’
and (541)
n o
L HDh—;g f 00,[a,b]
2 T+ Dat1)
Set
v := max {71, 72}
That is

ﬁ)m (Diﬁ;gf) (‘1)

< (g (x) —g(a) ",

11 0f 28

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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and
. g™ (e .
‘ ;)TH) (D of) B)| <7 (g (B) =g (x)" ", (64)
Vx€lab].
Equivalently, we have
zio z¢x—|-(1a)>) (Dfﬁ;gf) (a) — v (g (x) — g ()" < £(x) <
i;) m—i-(la))) (Ditef ) (@) +7 (g () — g ()", (65)
and '
- 8§())™ (i i
L S (D) 0 (a0 -5 () < ) <
- g™ (i .
ZO—H) (DIt o) (B) +7 (8 (b) — g (x) "1, (66)
Vx € [ab].

Let any t € [a, ], then by integration against g over [a, t] and [¢, b], respectively, we obtain

i=0 Pevis! ) () ™ T 12) (n+1)a+1) (g(t) —g(a

i ( ioiL gf) ( ) (g (t) — g(”))iwrl v ))(nJrl)szrl

"~ (it (g(t) —g ()™ v wi1)n

L (Pef) ) 5 — + s SO @ @)
and ( )) o

n g t w i ,)/ ) )

,_;) (i +2) <Dh7;gf> (b) — (CEDE)) (g (b) — g (1)) HDatt

b
< [ Fmdgx) <
n _ in+1
zg) . (?(iag—ith))) (Dm f) (b) + m (g (b) — g (1)) "L, (68)

Adding (67) and (68), we obtain
{ér(w‘lm [( L‘H-gf) ( )( ( )_g(a))m—i—l (DUX f) ( )( ( )_g(t))itx-‘rl}}

_m {(8 () —g (a))(n+1)4x+1 +(g(b)—g (t))(n+1),x+1]

{gr(mlﬂ) [(Ditof) (@) (21(1) =g (@)™ + (Djtf ) (1) (g(b)_g(t))m+1]}

e L8O g @) g (o) =g (), (69)
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Vteab].
Consequently, we derive:

‘/ f (x)dg (x {; e L) (@) (5 () =g @)™

+ (Ditef) () (g (1) —g ()] }] <
DD [0 =g @)™ (g (0) — g (1), (70)
Vteab].

Let us consider
§(2) 1= (2 (a)) " 4 (g (b) — 2) T,
Vze[g(a),gb)].
That is

Vteab].
We have that

¢ (z)=((n+1)a+1) [(Z —g (a))(n-s—l)tx — (g (b) — Z)(n-s—l)a] —0,

giving (z — g (a)) "V = (g (b) —2)" ™V and z — g (a) = g (b) — 2, that is z = £ fhe only
critical number of ¢. We have that

¢ (g (@) =9 (g() = (g(b) — g (a)) ",

and

g@)+g®)\  (g(b) —g(a)thett
¢ ( 2 ) - 2(n+1)a ’

which is the minimum of ¢ over [g (a), g (D)].
Consequently, the right hand side of (70) is minimized when g (¢) = M, for some t € [a,b],

v (g(b)—g(a) "t
n+1)a+1) 2(n+T)a .

Assuming (D;”;gf> (a) = (Déﬂ;gf) (b) =0,i=0,1,...,n, then we obtain that

’/f )dg (x

which is a sharp inequality.
When g (t) = M, then (70) becomes

1 (g(0)—g(a))™"
|/f )dg (x {Z T (i +2) 2t

(Ditef) @+ (Dit ) 0] }] <

v (g (b) — g (a)) "ot
(n+1)a+1) o (n+1)a : (72)

with value T

g1 (g (b) — g (a)) "ot
= (n+1)a+1) S(nt1)a , (71)
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14 of 28

Nextlet N €N, j=0,1,2,..,Nand g (t;) = g (a) +j (M),that isg(to) =g(a),g(h) =

g (@) + SO, g (ty) = g (b).
Hence it holds

j=0,1,2,.,N.
We notice
n+1)a+1 n+1)a+1
(g (t;) — g (@) " g (g () — g (1)) "V =

(8 (b)—¢g (“))mﬂ)aﬂ {]'(n—&-l)tx—&-l +(N _]')(n+l)ac+1}
N 7

j=0,1,2,..,N,
and (fori =0,1,...,n)

(D) @ (5 (1) = @) + (D) ) (s (1) = ()] =

forj=0,1,2,..,N.
By (70) we have

x) dg (x {Z": e (8(b)Ng(a)>i"‘“

[( Baf) (@7 + (Dt of) ) (N = )" ] }] <
((n+ 1r; a+1) (g . ;fg . > o [j(nﬂ)aﬂ +N- j)(nﬂ)ﬁl] ’
i=0,1,2,..,N.
If (Dl’;’;gf> (a) = (Dé"‘_;gf) (b) =0,i=1,..,n, then (76) becomes

1 ()~ (£ ) g @)+ (v - £ ]| <

_o(a (n+1)a+1
((n+1ﬁ)’“+1) (g(b)Ng( )) e {j(nJrl)szrl+(N_j)(n+l)a+1}’

j=0,1,2,..,N.
When N = 2 and j = 1, then (77) becomes

g0 - (S (@) g o) <

v 2(g()—g@) "
(n+1)a+1) o (n+1)a+1

v (g (b) — g (a)) et
(n+1)a+1) 2(n 1) ‘

We have proved theorem in all possible cases. [

(73)

(74)

(75)

(76)

(77)

(78)
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We give L; variants of last theorems:

Theorem 8. All as in Theorem 6 with o > 1. Ifa = n € N, we assume that (f o g’l)(n) og € C([a,b]). Then
(i)

b | 1\ ®
|/ﬂ f @) - L Gy [(fog N (@) (3(1) — g (@)

<

HED (fog ) @) (5 0) -5 ()]

max{ w5 | Ly o) Pt f Llua,b],g)}
I'(a+1)
[(g(t) —g(a)" + (g(b) —g(t)"], (79)

Vi€ lab],
(ii) at g (t) = M, the right hand side of (79) is minimized, and we find:

b n—1 1 b) — k+1
‘/ﬂ f(x)dg (x) _kgo (k+1)! ) 2k§1(a))

(Fos)" @@+ (rog )" @] | <
max{‘D““gf ng(ii ’J)D - u([a,b],g)} (s (b)z;gl(a))“, 0)

(iii) if(fog_l)(k) (g(a)) = (fog_l)(k) (g(b)) =0, fork=0,1,..,n — 1, we obtain
b
[ rindg )| <

Dy a
Li((ablg)” ‘ ! L1<[a,b1,g>}(g(b)—g(a)) (81)
T(ax+1) P ’

+gf

max{‘

which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds that

n—1 _ k+1
‘/abf(x)dg(x)— Y kil)! <g(b)Ng(a)>

k=0 (

|:]'k+1 (fog_l)(k) (g (a)) + (—1)k (N _j)k+1 (fog_l)
lablg)”

max{‘
zx+1)

(0 g

Ly ([a,b] g)}

Di_ f
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5

@if (Fog )W (g(a) = (Fog )™ (g(b) =0, fork =1,..,n — 1, from (82) we obtain

/ﬂbf(x)dg(x) - (g(b);lg(ﬂ)> lif (a) + (N—j)f(b)]’ <

max {

Dg—&-;gf Dg—;gf

Li([ab)g)” Ly([a,b],8) }

I'(e+1)

(BOE) v, )

j=0,1,2,..,N,
(vi) when N =2, j =1, (83) turns to

[ r g0 - (S22 @)+ o) <

max {

Proof. From (27) we have

Ditsef

B irer
N L1<[u,b],g)} (g(b) —g(a)" (84)
I'(a+1) 201 )

;(ga ) /;g, ) )(Df,;;gf) (t)‘ dt < (85)

Dg+; f
| T (g () —g (@)

Vxe€ab].
Similarly, from (28) we obtain

(8(0) —g (1)) /xb |(Di_gf) () dg (1) < (86)
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Dy fll, o
| T g 0) —s (),
Vxelab].
Call
o= max{’ ol |1 a7 1P Ll([a,m,g)}' &7
We have proved that
n—1 oo 1 (k)
'f(x) ¥ et f ) (- <
—0 :
0 a1 88
iy 8 s @)1, (55)
and "
n—1 oo~1 b
‘f(X) ¥ et 0 (g - g <
=0 :
0 b -l 89
F(a) (g()fg(x)) ’ ( )
Vxelab].
The rest of the proof is as in Theorem 6. [
It follows
Theorem 9. All as in Theorem 7, with %H <a<1. Cal
— (n+1)a (n+1)a
o max{‘ Pavg ™/ Llua,b],g)’HD f Ll([a,bLg)}' 0
Then
()
’/ f (x)dg (x {Z e L) (@) (5 () =g @)™
+ (Djtof ) () (2 (0) — g (1)) '] }| <
Fo e L8O -8 @)+ @0 g ()], 1)
Vitelab],

(i) at g (t) = M, the right hand side of (91) is minimized, and we find:
L (g —g@)*"
’/ flx)dg (x {Z T (ia +2) 2t

[(Ditf) (@) + (Dief ) )]} <

p (g (b) — g (a))" 1"
T(n+1)a+1) S(n+1)a—1 ’ (92)
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(iii) assuming (D;ﬁgf> (a) = (D;;”i}gf) (b)=0,i=0,1,...,n, we obtain

<

N

p (g (b) — g (a)) " 1"
T(n+1)a+1) 2(n+T)a—1 ’

which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds that

o (a)
|/f \dg (x { (m1+2)(g<b>Ng<>)

[(Ditof) (@) /41 + (Ditof) () (N = )]} <

o () (D
T +Fl))“+ ) (g(b) Ng( )) [j(n+1)oc + (N_]-)(n-&-l)tx} ,

(0) if (Dﬁf;;g f) (a) = (D;ﬂg , f) (b) =0,i=1,...,n, from (94) we find:

g () - (L8 DY o)+ (v -y ]| <

o (n+1)a
I'((n +q) a+1) (g = Ng <a>) [j(n+1)a +(N _j)(n+1)a} ’

forj=20,12,..,N,
(vi) when N =2 and j = 1, (95) becomes

g0 - (S (@) s o) <

p (g (b) — g (a))" 1"
F'((n+1)a+1) 2(nt1)a—1 '

Proof. By (56) we obtain

i=0

1
I'((n+1)a

)
T [ ol

S :@fﬁ’;ﬁ” = [y oo ]

/ (g (x) g (1) g ()| (DUF) ()] at <

LR, (f)l))(;”“_l [ 1(Dles) o] ds 6 =

18 of 28

(93)

(94)

(95)

(96)

97)
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(n+1)a
‘ Da+'g
8 L (ablg) _ (n+1)a—1
l"((n—i—l)lx) ( (x) g(a)) 4

Vxelab].
Similarly, from (57) we derive

‘ ilaﬁﬁw(”“fﬂ>

0

e L GO =g @) )] (D) ()] ar <

<mm—gwnwm“{ﬁ
T((n+1)a) *

(n+1)a

D, f

H b=ig Ly (lablg) B (n+1)a—1
T (1) a) (8 (b) —g(x))

(D) (] dg (1) < (98)

Vxelab.
We have proved that

. n+1)a—
T+ 1a) 8®) — g (a)) (0 "

and

ﬁgéggﬂmm—gw»W”“% (100)

Vxe€ab].
The rest of the proof is as in Theorem 7. O

Next follow L, variants of Theorems 6 and 7.

Theorem 10. All as in Theorem 6 with « > 1, and p,q > 1 : % + % =1 Ifa = n € N, we assume that
(fog™)™og e Cllat]). Set
H= max{’ ”*ngLq (labl.g ‘ ngLq (labl.g } (101)
Then
(i)
9450~ & gy [(7o57)" @) (20 -0




Mathematics 2019, 7, 1119 20 of 28

kﬁﬂgw»“5+@uogmf+v, (102)

Vitelab],
(i) at g (t) = M, the right hand side of (102) is minimized, and we have:

- ¢ (b) — Nk
e oy 1012

y (3(6) ~g(@)""" 103

(i) if (Fog )™ (g(a)) = (Fog™)!

p @) gt (101
(@) («+1) (pla—1)+1)7 2%

which is a sharp inequality,
(iv) more generally, for j =0,1,2,..,N € N, it holds

‘/ f(x)dg (x k+1) (g(b);]g(a)y“
V”Uﬁgﬁwwww+hnﬂw_M“Ubgﬁwgww‘ﬁ
M g(b) —g(a)\*7 a+1 el
T(a)(zx+;)(p(a—1)+1)3a( N ) {] +(N-J) } (105)

(v) if(fog_l)(k) (g(@) = (Fog )W (g(0)) =0, fork =1,..,n—1, from (105) we obtain

g () - (L8O o)+ (v -y ]| <

_ aty
" (BB e vy (106)
(@) (a+1) (pla—1)+1)7
j=0,1,2,..,N,
(vi) when N = 2, j =1, (106) turns to

z (s0) —g (@)™ 107)
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Proof. From (27) we find

n—1 oo 1 (k) a
'ﬂx)—kg(f S8 (o () g <

(by [5], p. 439)

T (11x) /ux (g(x) =g ()" ‘(DZ‘+;gf) (t)‘ dg (t) < (108)
(by [6])
1 x !
([ ew-soreaso) ([(0na) o s0) <
1 <g<x>—g<a>>“” e
T (w) (p(zx—l)+1)% Dy, (ol
That is "
n—1 o —1 a
'f<X>—kZ;(f £ )k! B (g (x) - g (a)F| <
Dy, .o f 1
+g HLq ([a,b].g : X —g(ﬂ))aiﬁ, (109)
F(ﬂ)(P(w—l)H)?
Vxelabl.
Similarly, from (28) we obtain
n—1 o —1 (k)
‘ﬂx) T UFos™) “8ED (o)~ g(e)¥| <

(by [5], p- 439)

(by [6])

r(la) </xb (g(t) —g(X))”(“l)dg(t)); (/xb‘(Dg‘,‘_;gf) (t)‘ng(t))}’ < (110)

et

That is

f 1
Gl (g (0) —g (1), a1
I (a) (p(af1)+1)¢
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Vxe€ab].
We have proved that
n=1(fgo o1 (k)
|f(x) y Ues ) 8@ (o ) g (a))t] <
k=0 :
K S (g(x) —g (@)1,
T (w) (p(x—1)+1)7
and "
n—1 ° -1
‘f(x) y Ues ) 8O (o ) g oy)t] <
k=0 .
L (g (b) — g (x))" 7
T (a) (p(a—1)+1)7
Vxelab].

The rest of the proof is as in Theorem 6. [

We continue with

Theorem 11. All as in Theorem 7, with n%_l <a<landp,g>1: % + % = 1. Set

7= max{‘ i A L Lma,b},g)}'
Then
(i)

|/ f(x)dg (x { (m1+2> [(Ditof) (@) (3. () — g ()"
+ (D f ) ) (s (0) —g ()] }] <
0
(1w (1 a+ ) (p((n+Da—1)+1)7
() =@ 4 (g (6) - g ()
Vteab],

(i) at g () = M, the right hand side of (115) is minimized, and we have:

1 (g(b) —g(a)™
|/ f(x)dg (x { T (i +2) ia+1

[(Ditf) (@) + (Dief) )] }| <

0 (3(6) —g ()" "5

F((n+D)a) ((n+Da+1) (p((n+1)a—1)+ 1) p(rtla—g

22 of 28

(112)

(113)

(114)

(115)

(116)
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(iii) assuming (D;ﬁgf> (a) = ( f) (b)=0,i=0,1,...,n, we obtain
<

N

0 b) — a (nJrl)ach%
O os@
q

T((n+1)a) ((n+Da+ 1) (p((n+1)a—1)+1)7 2

which is a sharp inequality,
(iv) more generally, for j = 0,1,2,..., N € N, it holds that
! (g (b)—¢ (a))"““

’/f x) dg (x { T (in+2)

[(Ditef ) (@) 41 + (DIt f ) (B) (N = "]}
0
F(n+1)a) ((1+1)a+ ) (p(+ D a—1)+1)7

IN

_ (n+1)a+ ] . .
(s 2) e e 118)
(0) if (fofh.g f) (a) = (D;ﬂg . f) (b) =0,i=1,...,n, from (118) we obtain:
Dy (1) - (LT jr @+ vy po)| <
0
F((n+1)1x)((n+1)1x+%)(p((n+1)oc71)+1)%
_ (n+1)a )
(g(b)Ng(ﬂ)) +1 + [](n+1)a+p+(N ])(n+1)oc+p:|/ (119)
i=01,2..,N,
(vi) when N =2, j =1, (119) turns to
g ()~ (S5 ) @+ s o) <
0 () -g@)"
T((n+1)a) ((n +1)a+ l) ( - 7 (1) ‘
D (p(n+Da-1)+1)7 200
(121)

Proof. By (56) we find
g (a))"

" (g (x) - "
’f (x) — ;)W (Da+;gf> (a)| <
o s § 00— s @) g (| (D) ()] de =

(by [5]) : )
600 (0L 0] o <
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24 of 28
(by [6]) 1
e U =g oy ag )]
(L) @l as o) <
L @@ =g@) " e |
H D0 (p(nrya-1y+1)r T F ialona)
That is '
|f<x> R N G ILIE
Dlgn-!-l)af
+8 Lg([a,b].g) . (g (x) —g (g))(n-i-l)a—% ) (122)
I'(n+Da)(p((n+1)a—-1)+1)r
Vxe€ab].
Similarly, from (57) we derive
(g (b)) =8 ()™ /i
‘f (x) — ;W (Db—;gf) (b)| <
b
T . €0 -8 @) )| (D) (1) =
(by [5]) b
o [, €0 =N (D) o] s 1) <
(by [6])
b »
e L =g @y ag )
([ ey 0] s 0) < (123)
1 @ =g T e
5 Db7~ f .
T((n+1a) 4 (nr1)a—1)+1)r # Lg((ablg)
That is '
i b) — g ()™ [ ia
‘f (x) - ZZZO (g (I')(ia f-(l))) (Dbf;gf) (b) <
p{mie ¢
H b—g Lg([a,b].g) . (g (b) —g (x))(n-i-l)a—% ) (124)
I'(n+Da)(p((n+1)a—-1)+1)r
Vxe€ab].
We have proved that
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i (g (x) — g ()", 125)
(4 1)a) (p((n 4 ) a—1) +1)7
and '
" S [
§“‘aziif(D of) ()] <
i (g (b) — g (x)) "V, 126)
F'((n+1)a)(p((n+1)a—1)+1)r
Vxé€lab].

The rest of the proof is as in Theorem 7. [

Applications follow:

Proposition 1. We assume that (f olnx) € AC" ({e“,eb} ), where N 5 n = [a], « > 0. We also assume
that (f oInx)"™ o e* € Lo, ([a,b]), f € C ([a,b]). Set

Ty := max { | Do f !Lm([a,b]) Dy f ‘Lw([a,b])} . (127)
Then
(i)
‘/ f(x)e¥dx — (k+ il {(folnx)(k) (e") (e — e“)k+1
<_1>k<folnx)<k> (@) (=)™ | <
T (aTi 2) [(et — )+ <eh - et)w} ’ (128)
Vteab],

(i)att =In ( > the right hand side of (128) is minimized, and we find:

k+1
b . 1l el —e?
I/" f(x)edx_l(zz()(k+1)!( 2k+1)

[(Foln)® (@) + (-1 (felnn)® ()] | <

a+1
Tl (Eb _ ea)

I'(a+2) 20 ’ (129)
(iii) if (f o lnx)(k) (e"Y=(fo lnx)(k) (eb> =0,fork=0,1,..,n — 1, we obtain
; (eh e )tx+1
dx >~ W’ (130)

which is a sharp inequality,
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(iv) more generally, for j = 0,1,2,..., N € N, it holds

b . n—1 1 eb_ea k+1
/uf(x)edxkg(kﬂ)!( N )

[ (Foln)® (&) + (-1} (N = ) (Folnn)® ()] | <

Tl eb—eﬂ i -1 A a+1
=t (131)

N

(v) if(folnx)(k) (e") = (folnx)(k) (eb> =0, fork =1,..,n—1, from (131) we obtain

"dx—(

b oa a+1
r(aTiLZ) <e Ne ) VCHHN_]')M}' (132)

<

)[]f( )+ (N =) f(b)]

j=0,1,2,..,N,
(vi) when N = 2, j =1, (132) turns to

)etdx — ( - ) (f (a) + £ (b))

a+1
Tl (eb _ 6”)

I'(a+2) 2 ’

(133)
(vii) when 0 < a < 1, inequality (133) is again valid without any boundary conditions.

Proof. By Theorem 6, for ¢ (x) =¢e*. [

We continue with

Proposition 2. Here f € C([a,b]), where [a,b] C (0,400). Let 0 < o < 1, and Gy := Dlgi;lnxf'

fork=0,1,..,n+1;n € N. We assume that G, o e* € AC ([Ina,Inb]) and (Gy o e*) olnx € Lo ([a, b]).

Also let Gy := Db anxf fork=0,1,..,n41, they fulfill Gy o e* € AC ([Ina,Inb]) and (?koex)l olnx €
Loo ([a,b]). Set

(n+1)a

(n+1)a
T —max{HD b lnx

a+lnx

g } . (134)

[ah

[T 4 {2 T (D%nxf)m(ln;)im
+ (Df e f) () (ln’t’)im] }

¢ (n+1)a+1 b (n+1)a+1
<ln a> + <1n t) ] , (135)

<

T
IF'((n+1)a+2)

Vitelab],
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(ii)at t = E(W), the right hand side of (135) is minimized, and we have:

, . ln% in+1
/Q@dx— Zl" L ( )

=T (ia+2) 2+l

(DI i) (@) + (DIt o) (0)] }\ <

5 (]n %) (n+1)a+1

F(ntlat2) omibs (136)
(iii) assuming (D;ﬁ;lnxf) (a) = (DZ"‘_;Inxf) (b)=0,i=0,1,...,n, we obtain
(n+1)a+1
b
') r,  (mi)
[ 5P < ¢ (n+)at2) 2mms (137)
which is a sharp inequality,
(iv) more generally, for j =0,1,2,..,N € N, it holds
b n 1 k in+1
/ f (X) dx — 2 i 1 n a
A X =T (ia+2) \ N
(Dl jnsf ) (@) + (D g f ) (0) (N =] }] <
(n+1)a+1
T2 lng (n41)a+1 A (n+1)a+1
F((n—i—l)oc—i—Z)(N) I +(N—)) ], (138)
(©)if (D2 1 f ) (8) = (DI 4o of ) (8) = 0,0 =1, ., m, from (138) we find:
b f(x InZ\ | ,
[0 <N> (if (@) + (N =) £ (9))] <
T, Int (n+1)a+1 (n+1) (n+1)a+1
a (n+1)a+1 _ am+lat
F((n—i—l)a—i—Z)(N) I +(N=J) J. (139)
forj=0,1,2,..,N,
(vi) if N =2 and j = 1, (139) becomes
bf(x Int
i <2> (F (@) +£ )| <
(n+1)a+1
In 2
b ( a) (140)

T((nrl)at2) 20
Proof. By Theorem 7, for ¢ (x) =Inx. O

We could give many other interesting applications that are based in our other theorems, due to
lack of space we skip this task.
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