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1. Introduction

The Tribonacci sequence { T, },,>0 and the Tribonacci-Lucas sequence {Kj },,>¢ are defined by the
third-order recurrence relations:

Tn=Ty1+Th2+Th3 To=0T1=1Tr=1, (1)
and:
Kyn =K, 1+Ky2+K,3 Ky=3K =1K, =3 (2)

respectively. The Tribonacci concept was introduced by 14-year-old student M.Feinberg [1] in 1963.
The basic properties of it were given in [2-12], and Binet’s formula for the nth number was given
in [13].

The sequences { T, },,>0 and {Kj },,>0 can be extended to negative subscripts by defining:

Tow==-T ()= T (n2)+ T (43
and:
Kop=-K_ (1) =K (20 + K ;3

forn =1,2,3,..., respectively. Therefore, recurrences (1) and (2) hold for all integers n.

By writing T),_1 = T,—2 + Ty,—3 + T},,—4, substituting for T,,_, in (1), and eliminating T,,_, and
T,_3 between this recurrence relation and the recurrence relation (1), a useful alternative recurrence
relation is obtained forn > 4 :

Th=2Ty1—Thg, To=0T1=T=1T3=2 3)

Extension of the definition of T}, to negative subscripts can be proven by writing the recurrence
relation (3) as:
T-y = 2T—n+3 - T7n+4-

Note that T_,, = T2 | — T,,_» T, (see [4]).
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Next, we present the first few values of the Tribonacci and Tribonacci-Lucas numbers with positive
and negative subscripts:

n 0 1 2 3 4 5 6 7 8 9 10
T, 0 1 1 2 4 7 13 24 44 81 149
T, 0 O 1 -1 0 2 =3 1 4 -8 5
Ky, 3 1 3 7 11 21 39 71 131 241 443
kK, 3 -1 -1 5 -5 -1 11 -15 3 23 -41

It is well known that for all integers 7, the usual Tribonacci and Tribonacci-Lucas numbers can be
expressed using Binet’s formulas:

an-l-l ﬁrt-i—l ,Yn-i-l

@—Ba—7  B-a)B-1  (1-)(1-p

Tn - (4)

and:
Kn — " + 'Bn + ,Yn

3 2

respectively, where a, B, and 7y are the roots of the cubic equation x

1+ Y19 +3v33 + v/19 — 3v/33
3 7
14+ wv19 +3v33 + w?v/19 — 3/33

— x“—x —1 = 0. Moreover,

'B =
3
- 1+ w?v/19 +3v/33 + wv/19 — 31/33
B 3
where:
-1 /
w = %@ = exp(2mi/3),

is a primitive cube root of unity. Note that we have the following identities:

a+B+y = 1,
OCIB-F(X’)/—F‘B’Y = -1,
afy = L

The generating functions for the Tribonacci sequence {T; },>0 and Tribonacci-Lucas sequence
{Ky }n>0 are:
= x = 3 —2x —x?
Tyx" = ————— and K" = ——————.
ng) ! 1—x—x2—x3 n;) ! 1—x—x2—x3
We now present some properties of the Tribonacci and Tribonacci-Lucas numbers.

e  We have [3]:

Tn+l T Ty
N" = Tnt+Tir Tya+Tho Tyot+Ths
Ty Ty Ty—2

and:

tr(N™) Ky=Ty+2T,_143T,_o =3T,1 — 2T, — Ty_1,
Co = —T242T% [ 4+3T% 5, —2T, Ty 1+ 2T, Ty 2+ 4T, 1Ty 2
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where:

11
N=1]1120
1 0

S = O

tr(.) is the trace operator and C, is defined by:
Ch =a"B" +a"y" + p'y"
which is the sum of the determinants of the principal minors of order two of N”.
e  Wehave [4]:
T3 =1 = 2Ty 2Ty 1Tu+ TusTu-1Tn1 — To_ o Tt — Tu—sT?

n

= Ty 2Q2Tu1Tu — Tug1) + Tus(T7 — Tuo1Tuga).
e  Tribonacci numbers satisfy the following equality [12]:

Tirn = TiKy — Ty Cyp + Ti—2p-

In this paper, we define Tribonacci and Tribonacci-Lucas sedenions in the next section and
give some properties of them. Before giving their definition, we present some information on
Cayley-Dickson algebras.

The algebras C (complex numbers), H (quaternions), and O (octonions) are real division algebras
obtained from the real numbers R by a doubling procedure called the Cayley-Dickson process
(construction). By doubling R (dim 20 = 1), we obtain the complex numbers C (dim 21 = 2); then,
C yields the quaternions H (dim 22 = 4); and H produces octonions O (dim 23 = 8). The next
doubling process applied to O then produces an algebra S (dim 2* = 16) called the sedenions.
This doubling process can be extended beyond the sedenions to form what are known as the 2"-ions
(see for example [14-16]).

Next, we explain this doubling process.

The Cayley-Dickson algebras are a sequence Ay, Ay, ... of non-associative R-algebras with
involution. The term “conjugation” can be used to refer to the involution because it generalizes
the usual conjugation on the complex numbers. For a full explanation of the basic properties
of Cayley-Dickson algebras, see [14]. Cayley-Dickson algebras are defined inductively. We begin
by defining A to be R. Given A,_;, the algebra A, is defined additively to be A,,_1 x A;_1.
Conjugation in A, is defined by:

(a,b) = (a,—b)

multiplication is defined by:
(a,b)(c,d) = (ac — db,da + bc)

and addition is defined by componentwise as:

Note that A, has dimension 2" as an R-vector space. If we set, as usual, ||x|| = \/Re(x¥) for
X € Ay, then x¥ = Tx = [|x||°.

Now, suppose that Bjg = {¢; € S:i =0,1,2,...,15} is the basis for S, where ¢y is the identity
(or unit) and ey, ey, . . ., €15 are called imaginaries. Then, a sedenion S € S can be written as:

15 15
S= Za,-ei =ap+ Zaie,-
i=0 i=1
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where ag, a3, .. ., a5 are all real numbers. Here, ay is called the real part of S, and Z}il a;e; is called its
imaginary part.

The addition of sedenions is defined as componentwise, and multiplication is defined as follows:
if 51,5, € S, then we have:

15 15 15
5152 = (Z aiei> (2 biei> = Z aibj(el-e]-). (5)
i=0 i=0 i,j=0

By setting i = ¢; wherei =0,1,2,...,15, the multiplication rule of the base elements ¢; € By can
be summarized as in the following Figure 1 (see [17,18]).

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
o]0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
111 -0 3 -2 5 -4 -7 6 9 -8 -11 10 -13 12 15 -14
212 -3 -0 1 6 7 -4 -5 10 11 -8 -9 -14 -15 12 13
3 13 2 -1 -0 7 -6 5 -4 11 -10 9 -8 -15 14 -13 12
4 |4 -5 -6 -7 -0 1 2 3 12 13 14 -14 -8 -9 -10 -11
5[5 4 -7 6 -1 -0 -3 2 13 -12 15 15 9 -8 1 -10
6 |6 7 4 -5 -2 3 -0 -1 14 -15 -12 -12 10 -1 -8 9
7 |7 -6 5 4 -3 -2 1 -0 15 14 -13 13 11 10 -9 -8
8 |8 -9 -10 -11 -12 -13 -14 -15 -0 1 2 2 4 5 6 7
9 19 8 -11 10 -13 12 15 -4 -1 -0 -3 3 -5 4 7 -6
10|10 11 8 -9 -14 -15 12 13 -2 3 -0 -1 -6 -7 4 5
1 (11 -10 9 8 -15 14 -13 12 -3 -2 1 -0 -7 6 -5 4
12 112 13 14 15 8 -9 10 -1 -4 5 6 7 -0 -1 -2 -3
13|13 -12 15 -14 9 8 11 -10 -5 -4 7 -6 1 -0 3 -2
14|14 -15 -12 13 10 -11 8 9 -6 -7 -4 5 2 -3 -0 1
15|15 14 -13 -12 11 10 9 8 -7 6 -5 -4 3 2 -1 -0

Figure 1. Multiplication table for sedenions’ imaginary units.

From the above table, we can see that:
epe; = ejeg = ¢4, e;e; = —eq for i 7& 0; eie]» = —6]'61' fori 75 ] and i,j 7& 0.

The operations requiring the multiplication in (5) are quite a few. The computation of a sedenion
multiplication (product) using the naive method requires 256 multiplications and 240 additions,
while an algorithm, which was given in [19], can compute the same result in only 122 multiplications
(or multipliers, in the hardware implementation case) and 298 additions (for more details, see [19]).

Using direct multiplication, the numbers of the operations requiring for the multiplication of two
2"-ions are presented in the following Table 1.

Table 1. Direct multiplication.

2"-Tons Computational Method Multiplications Additions

Quaternions  Based on expression (5) 16 12
Octonions Based on expression (5) 64 56
Sedenions Based on expression (5) 256 240

Efficient algorithms for the multiplication of quaternions, octonions, and sedenions with a reduced
number of real multiplications already exist, and the results of synthesizing an efficient algorithm of
computing the two 2"-ions product are given in the following Table 2.
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Table 2. Efficient algorithms for the multiplication.

2"-Tons Computational Method Multiplications Additions

Quaternions Algorithm in [20] 8 -
Octonions Algorithm in [21] 32 88
Sedenions Algorithm in [19] 122 298

The problem with the Cayley-Dickson process is that each step of the doubling process results in
a progressive loss of structure. R is an ordered field, and it has all the nice properties we are so familiar
with in dealing with numbers like: the associative property, commutative property, division property,
self-conjugate property, etc. When we double R to have C, C loses the self-conjugate property (and is no
longer an ordered field); next, H loses the commutative property, and O loses the associative property.
When we double O to obtain S; S loses the division property. It means that S is non-commutative,
non-associative, and has a multiplicative identity element ey and multiplicative inverses, but it is not a
division algebra because it has zero divisors; this means that two non-zero sedenions can be multiplied
to obtain zero: an example is (e3 + e19) (e — €15) = 0, and the other example is (e; — e14)(e3 +€15) =0
(see [18]).

The algebras beyond the complex numbers go by the generic name hypercomplex number.
All hypercomplex number systems after sedenions that are based on the Cayley-Dickson construction
contain zero divisors.

Note that there is another type of sedenions, which is called conic sedenions or sedenions of
Charles Muses, as they are also known; see [22-24] for more information. The term sedenion is also
used for other 16-dimensional algebraic structures, such as a tensor product of two copies of the
biquaternions, or the algebra of four by four matrices over the reals.

In the past, non-associative algebras and related structures with zero divisors have not been given
much attention because they did not appear to have any useful applications in most mathematical
subjects. Recently, theoretical physicists have centered much attention on the Cayley-Dickson algebras
O (octonions) and S (sedenions) because of their increasing usefulness in formulating many of the
new theories of elementary particles. In particular, the octonions O (which is the only non-associative
normed division algebra over the reals; see for example [25,26]) has been found to be involved in many
unexpected areas (such as topology, quantum theory, Clifford algebras, etc.), and sedenions appear in
many areas of science like linear gravity and electromagnetic theory.

Briefly, S, the algebra of sedenions, has the following properties:

e Sisa l6-dimensional non-associative and non-commutative (Cayley-Dickson) algebra over the
reals,

e  Sisnotacomposition algebra or division algebra because of its zero divisors,

e Sis a non-alternative algebra, i.e., if S; and S, are sedenions, the rules S%Sz = 51(5152) and
$153 = (515,)S; do not always hold,

e Sisa power-associative algebra, i.e., if S is a sedenion, then §"S™ = S+,

2. The Tribonacci and Tribonacci-Lucas Sedenions, Their Generating Functions, and
Binet’s Formulas

In this section, we define Tribonacci and Tribonacci-Lucas sedenions and give generating functions
and Binet formulas for them. First, we give some information about quaternion sequences, octonion
sequences, and sedenion sequences from the literature.

Horadam [27] introduced nth Fibonacci and nth Lucas quaternions as:

3

Qn = Fu + Fyy1e1 + Fuyoer + Fuyses = Z Fyses
5=0
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and:

3
Ry =Ly+ Lyy1e1 + Lyizea + Lyyzez = Z Lp+ses
5=0

respectively, where F, and L are the nth Fibonacci and Lucas numbers, respectively. He also defined
the generalized Fibonacci quaternion as:

3
Py = Hy + Hyp1e1 + Hyyoeo + Hyq3e3 = Z Hipses
5=0

where H, is the nth generalized Fibonacci number (which is now called the Horadam number) by the
recursive relation Hy = p, H, = p +¢q, Hy = H,_1 + H, > (p and q are arbitrary integers). Many other
generalizations of Fibonacci quaternions have been given; see for example Halici and Karatas [28]
and Polatlh [29].

Cerda-Morales [30] defined and studied the generalized Tribonacci quaternion sequence that
includes the previously-introduced Tribonacci, Padovan, Narayana, and third-order Jacobsthal
quaternion sequences. She defined the generalized Tribonacci quaternion as:

3
Qun = Vi + Vigae1r + Vigoer + Vizes = Y Viyses
5=0

where V, is the nth generalized Tribonacci number defined by the third-order recurrence relations:
Vi=rV,_1+sV, »+1tV, 3.

Here, Vy = a,V; = b, V, = c are arbitrary integers and 7, 5, t are real numbers.

Various families of octonion number sequences (such as Fibonacci octonion, Pell octonion,
Jacobsthal octonion, and third-order Jacobsthal octonion) have been defined and studied by a number
of authors in many different ways. For example, Kegilioglu and Akkus [31] introduced the Fibonacci
and Lucas octonions as:

7
Qn = Z Fyses
s=0

and:

7
Rn = Z Lytses
s=0

respectively, where F, and L, are the nth Fibonacci and Lucas numbers, respectively. In ref. [32],
Cimen and 1pek introduced Jacobsthal octonions and Jacobsthal-Lucas octonions. In ref. [33],
Cerda-Morales introduced third-order Jacobsthal octonions, and also in ref. [34], she defined and
studied Tribonacci-type octonions.

A number of authors have defined and studied sedenion number sequences (such as second-order
sedenions: Fibonacci sedenion, k-Pell and k-Pell-Lucas sedenions, Jacobsthal and Jacobsthal-Lucas
sedenions). For example, Bilgici, Tokeser, and Unal [17] introduced the Fibonacci and Lucas
sedenions as:

15
F, = Z Fiyses
s=0
and:

N 15
L, = Z Lyses
5=0
respectively, where F,, and L, are the nth Fibonacci and Lucas numbers, respectively. In ref. [35],
Catarino introduced k-Pell and k-Pell-Lucas sedenions. In ref. [36], Cimen and 1pek introduced
Jacobsthal and Jacobsthal-Lucas sedenions.
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Giil [37] introduced the k-Fibonacci and k-Lucas trigintaduonions as:

31
Tk, = Z Fy nyses
5=0

and:

31
TLgyn = Z Ly y+ses
5=0

respectively, where Fy ,, and Ly , are the nth k-Fibonacci and k-Lucas numbers, respectively.

7 of 19

We now define Tribonacci and Tribonacci-Lucas sedenions over the sedenion algebra S. The nth

Tribonacci sedenion is:

15 15
T, = Z Thises = Ty + Z Tytses
5=0 s=1

and the nth Tribonacci-Lucas sedenion is:
15 15
Ky = 2 Knises = Ky + 2 Kitses.
s=0 s=1

It can be easily shown that:
Tn=Ty-1+Th2+Th-3

and:
Ky =Ky-1+Ky—2+ Ky 3.
Note that:
Tow==-T ()= T (n2)+ T (43
and:
Kop=—-K_ (1) —K_(n_2) + K_(;,_3).
The conjugate of T, and K, are defined by:
_ 15
Ty =Ti— Y Tuises = Tn — Tugae1 — Tugoer — ... — Typasers
s=1
and:
_ 15
Ky =Ky — Y Kuyses = Ky — Kyj1e1 — Kyyoer — ... — Ky 15615
s=1

respectively. The norms of nth Tribonacci and Tribonacci-Lucas sedenions are:

= |2 2(F SR _pe 2 2 2
[T = N3(T) = T = TTu = T34+ T2y + .+ Topas
and:
Bk 2/ T 17w 2 2 2
HKn = N2(Ry) = KyKy = KyRy = K2+ K2, + ...+ K2, 15
respectively.

To calculate the norms of Tn and Kn, we need the following Lemma.

(6)

@)

®)

©)
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Lemma 1 ([38]). The following formulas are valid:

i: le — 1 + 4TVIT1’Z+1 - (TTI+1 - Tnfl)z’ (10)
i=1 4

n —K2,, =K% |+ Koyys+ Koy

ZKIQ _ n+1 n—1 - 2n+-3 2n-2 2. (11)
i=1

We can now calculate the norms of T, and K,,.

Theorem 1. The norms of nth Tribonacci and Tribonacci-Lucas sedenions are given as:

‘ T\ 2 _ 4(Tn+15Tn+16 - Tn—lTn) + (Tn - Tn72)2 - (Tn+16 — Tn+14)2
n - 7
4
’ % 2 _K%Hé - Ki+14 + K2+ K2, + Kotz + Kopgos — Kons1 — Kon—a
n - .
2

Proof. We obtain the results from the following calculations:

2 n+15 n+15 n—1
A S o F -
i=n i—1 i=1
_ 1 +4Tn+15Tn+16 - (Tn+16 — Tn+14)2 _ 1+4T, 1T, — (Tn — Tan)2
4 4
_ ATus15Twv16 — Tya Tu) + (T — Ty-2)* = (Tug16 — Tnr1a)?
4
and:
2 n+15 n+15 n—1
&) = Yre=yr-Yr
i=n i=1 i=1
_ (_K%-&—lé — K2, 14+ Kons33 + Kopngos )
2
—KZ = K2_, + Kopi1 + Koy 4
~ . ~2)
*Kﬁﬂé - Ki+14 — Kop1 — Kon—a + Kongas + K2+ K2, + Kopgos
5 .
O

Now, we will state Binet’s formula for the Tribonacci and Tribonacci-Lucas sedenions, and in the
rest of the paper, we fixed the following notations.

15

a = ) o,
s=0
15

B o= Y Pe,
s=0
15

¥ = Z 7es.
s=0

Theorem 2. For any integer n, the nth Tribonacci sedenion is:

N Al Bﬁn+l Gyt

L P Py RN Iy [y R Copey T oy

(12)
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and the nth Tribonacci-Lucas sedenion is:

90f19

K, = an" + BB" + 39" (13)

Proof. Repeated use of (4) in (6) enables us to write for ¥ = Zgio a’eg, E = Zgio B’es and

Y= Zgio roes

R 15
T, = Z Tyyses = Z
s=0

5=0

~ n+1 2pn+1
an BB

15 < “n+1+ses

'Bn+1+ses ,},n+1+ses )

@—P-7 B-aB-1 (-00-H

,?,yn+1

@—P—7 B-w-1 (-—00-p

Similarly, we can obtain (13). O

The next theorem gives us an alternative proof of Binet’s formula for the Tribonacci and
Tribonacci-Lucas sedenions. For this, we need the quadratic approximation of { T}, },,>0 and {Kj },,>0:

Lemma 2. For all integers n, we have:

(@
a2 = Tn+2‘x2 + (Ty1 + Tu)a+ Ty,
BB = Tupaf® + (Tur + Tu)B + T,
,)/,)/n+2 = Tn+272 + (T + Tn)y + Tyga-
(b)
n+2 __ 2
Pa = Kyioa®+ (Kyu1 + Ky)a+Kyuq,
Q,Bn+2 = Kn+2,32 + (Kn+l =+ Kn)ﬁ + Kn+1/
Rryn""z = Kn+2’)/2 —+ (Kn+] + Kn)’}’ + Kn+1/
where
P = 3-(B+7)+3p,
Q = 3—(a+7)+3ay,
R = 3—(a+pBy)+3ap.

Proof. See [39] or [34].
Alternative proof of Theorem 2:
Note that:

Ty + a(Tyer + Tn) + Ty
= a*(Tug2 + Tugser + ... + Tyy17e1s)
+a((Ty1 + Tn) + (Tug2 + Tusa)er + - -+ (Tusis + Turas)ers)
+(Tyg1 + Tygoer + ... + Typi6€15)
= T+ a(Tug1 + Tn) + Tuga + (T + (Tsz + Tusa) + Tug2)er
+(@®Tyra + (Tuis + Tus2) + Tuia)e

+(a?Ty 17 + (Tus16 + Tus1s) + Turie)ers.
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From the identity a"™® = T, 4% + (Ty41 + Ty)a + T,11 for the nth Tribonacci number T,

we have:
Tyio + a(Tyyq + Tp) + Tpyr = @a™+3,

Similarly, we obtain:
BTus2 + B(Tur + Tn) + Tp1 = BB

and:
VTui2 + 7(Tus1 + Tn) + Ty = 39"

Subtracting (15) from (14), we have:

A3 — Bﬁn+3

@+ B) T2+ (Tusa + Tn) = P
Similarly, subtracting (16) from (14), we obtain:

. N . Aaltt3 — Hont3
@+ T2+ (Tosa +T) = 11—

i
Finally, subtracting (18) from (17), we get:
N 1 Aaht3 — Bﬁn+3 R t3 — §,Yn+3
Tn+2 = -
x—f x—p x—y
= n+3 Rpn+3 ~ati+3
_ o ___PB LT
(@a=p)a=7) (@=p)(B—7r) (r—a)ly—B)
A3 Bﬁn+3 :)/\,Yn+3

+ + :
(@=p)a=7) (B-a)(f=7) (v=a)(y—p)
Therefore, this proves (12). Similarly, we obtain (13). O
Next, we present generating functions.

Theorem 3. The generating functions for the Tribonacci and Tribonacci-Lucas sedenions are:

_ To+ (T — To)x + Ty
N 1—x—x2—2x3

g(x) = Z Tpx"
n=0

and: N A N
. Ko + (Kl - KQ)X + K_1x2
N 1—x—x2—2a8

g(x) = ) Kux"
n=0

respectively.

Proof. Define g(x) = ¥, T,x". Note that:

g(x) = To+ Tix+ Tox®+ T+ Tyx*4 Tsw® +...4+  Tox" +...
xg(x) = Tox+ Tix2+ Toxd+ Tax*4+ TP +...+ Tyqx"+...
x’g(x) = Tox2+ TP+ Tox*+ Taxd+...4+ T ox"+...
3g(x) = Tox®+ Tixt+ Tox®+...4+ T, 3x"+...

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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Using the above table and the recurrence relation T, = An,1 + T+ Tn,g, we have:

g(x) — xg(x) — x%g(x) — x°g(x)

To+ (T =To)x+ (T —Th —To)x®> + (T3 = Th — Ty — To)x® +
(Ta—T3—To—T)x* + .. 4 (Tp = Tyt — Ty — Tz +)x" + ...
To+ (Ty — To)x + (T, — Ty — To)x*.

It follows that: N PN P
_ To+ (Th — To)x+ (To — Th — Tp)x?
N 1—x—x2—x3 '

g(x)

Since T — T; — Ty = T_1, the generating function for the Tribonacci sedenion is:

. T0+(T1—To)x+f_1x2
N 1—x—x2—x3 '

g(x)

Similarly, we can obtain (20). O

In the following theorem, we present another forms of Binet’s formulas for the Tribonacci and
Tribonacci-Lucas sedenions using generating functions.

Theorem 4. For any integer n, the nth Tribonacci sedenion is:

T, — (@ —a)To+aTy+T )" | ((B2—B)To+ BT+ T 1)p"
(=) (a—p) (B—7)(B—un)
(P =To+9T+ T )y
(v =8) (v —a)
and the nth Tribonacci-Lucas sedenion is:
g, - ((a? — @)Ky +aKy + K 1)a" (B>~ p)Ko + K1 + K_1)p"
(=) (a—B) B—7)(B—a)
X (- 7)120 +9K; + K—1)’Y"
(v=8)(r—a)

2_x3 = 0are

Proof. We can use generating functions. Since the roots of the equation 1 — x — x
B, By, ay and:

T—x—x2—x%=(1—ax)(1-Bx)(1—yx)

we can write the generating function of T, as:

g(x) _ TO + (Tl — T())X + T,lxz _ To + (T1 — To)x + T,1x2
1—x—x2—x3 (1 —ax)(1—Bx)(1—x)
A B C
T e  O-pr  A-w)
A(1—Bx)(1 —yx) + B(1 —ax)(1 —yx)+ C(1 —ax)(1 — Bx)
(A= ax)(1 - )1 - 7%)
(A+B+C)+ (—AB— Ay — Ba — By — Ca — CB)x + (AB7y + Bay + Cap)x?

(1 —ax)(1 = px)(1 = 7x)
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We need to find A, B, and C, so the following system of equations should be solved:

A+B+C = T
—AB—Ay—Ba—By—Ca—CB = T, —-Tp
ABy+Bay+Cap = T4

We find that:

—aTy+ aTy + T_q +a2Ty ~ ((a?— OTo+aT) +T1)
o2 —ap—ay+py (@=7)(e—p) '

—BTo+BTi+T1 +BTo (B> —B)To+BTi+T1)
B2 —ap+ay—pBy B-mB-a)

T+ 7T+ T +7vTo (P —1To+1T + T—l).

R ey vy S (v} (o)

and:

. ((Dc —lx)To—l-lXTl—FT_ A :B IB)T0+,[%T1+T_) "on
s = T @ p Z B (e ¥y P DYl

(—=To+1T1 + T—l + ’YZTo
+ 7 x"
P (- by
00 ( ((“2*“)T0+04T1+T71) + ((ﬁ2 ﬁ)To+5T1+T 18" )
xn

=), (a=7)(a—p) DI
n=0 + (=N To+yTi+T_1)7"
(v=B)(y—a)

Thus, Binet’s formula of the Tribonacci sedenion is:

2 _ (@ —a)Ty+aTi+T ) (B~ p)To+pTi+ T 1)p"
! (« =) (a«—p) (B=7)(p—n)
+((72—7)T0+’YT1+T71)7"
(r=8) (v —«)

Similarly, we can obtain Binet’s formula of the Tribonacci-Lucas sedenion. [J

If we compare Theorem 2 and Theorem 4 and use the definition of T, K., we have the following
remark showing relations between T_4, Ty, Ty;K_1,Ko,K; and &, B, 7. We obtain (b) and (d) after
solving the system of equations in (a) and (c), respectively.

Remark 1. We have the following identities:
(@

(062 - DC)TO + DCT1 + T,l

- a

14
B—BTo+pLi+T1
= B

p
(P-VTo+yTi+T 5

Y
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(b)
15 R & E 5
LT = = e Y oG 0 -0 P
S _ s aw BB Fv
D e B Bl oy T oy
15 s &\“2 A‘BZ ,?,)/2
Lhwes = = e G T o a P
(0
((0(2 - N)K\o + aIZl + K,l)
(a—7)(a—p)
(B —BKo+pKi+K ) 3
B—7)(B—a)
(=Ko +7K +Kqy) 5
(v—8)(r—w)
(d)
15 =N =N
Y Koqyes = Kg=an ' +pp 1 +477"
s=0
15 =R =R
ZKses = O:a+,3+’/)/\
s=0
15 N .
Y Kiyses = Ky =aa+pp+77y.
s=0
Using the above remark, we can find T», K as follows:

15 PP B3 Bp? 73
D s Rl Py o Sl T Rl o ey S
and: 5

Z K2+S€S = Kz = I/<\1 + I/<\0 + k\,l = &042 + B]Bz + ’7"}/2 (22)
s=0

Of course, (21) and (22) can be found directly from (12) and (13).
Now, we present the formulas, which give the summation of the first n Tribonacci and
Tribonacci-Lucas numbers.

Lemma 3. For every integer n > 0, we have:

1 1 1
Ti=To+ 5(Torz + Tu = 1) = 5(Tos2 + T — 1) (23)
i=0
and: .
K K
ZKi = %"’” (24)

Proof. (23) and (24) can be easily proven by mathematical induction. For a proof of (23) with a
telescopic sum method, see [40], or with a matrix diagonalization proof, see [41], or see also [30].
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n Ko+ Kp—6
For a proof of (24), see [42]. Since Ky = 3 and Y. K; = % it follows that
i=1
n
LYK= 7Kn+2+Kn. O
i=0 2

There is also a formula of the summation of the first n negative Tribonacci numbers:
& 1

T i=5(1-T - 1-T ns1)-
i=1 2

For a proof of the above formula, see Kuhapatanakul and Sukruan [43].
Next, we present the formulas that give the summation of the first n Tribonacci and
Tribonacci-Lucas sedenions.

Theorem 5. The summation formulas for Tribonacci and Tribonacci-Lucas sedenions are

n
~ 1 ~ ~
YT, = E(Tn+2 +Tn+c1) (25)
i=0
and:
no_ 1 - -
Y K= 5(1<,1+2 + Ky + ¢2) (26)
i=0
respectively, where:
¢ = —1—e; —3ey—5e3 —9ey —17e5 — 3leg — 57e¢7 — 105eg — 193e9

—355610 - 653611 - 1201812 - 2209613 - 4063614 - 7473615
and:

Cr = —661 — 862 — 1463 — 286’4 — 5065 — 9286 — 17067 — 31268 — 5746’9
—1056610 - 1842(311 - 3572612 - 6570613 - 12084(314 - 22226815.

Proof. Using (6) and (23), we obtain:

n n n n n
YT, = Titer) Tiyi+er) Tio+...+e5), Tipas
i=0 i=0 i=0 i=0 i=0
= (T0+...+Tn)+€1(T1+...+Tn+1)
+er(To+ ...+ Tyy2) +-..+e5(Tis+ ...+ Tpi1s)-
and:

n o~
2y T = (Tyya+To—1) +e1(Turs + Ty — 1 —2To)

i=0

+e2(Tnya + Tyuss —1-2(To + T1))

+e15(Tuy17 + Tup1s — 1 —=2(To + Ty + ... + Tra))
= Tn+2 +Tn+c

wherec; = -1+ 6’1(—1 - ZTQ) —‘1-62(—1 - Z(To + Tl)) +... +€15(—1 —2(T0 +...+ T14)). Hence:

—_

T, = E(Tmz + Ty +c1).

™=

0
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We can compute c; as:

c1 = —1—e —3ey—5e3 —9ey —17e5 — 3leg — 57e¢7 — 105eg — 193e9
—355610 - 653611 - 1201612 - 2209613 - 4063614 - 7473615.

This proves (25). Similarly, we can obtain (26). O

3. Some Identities for the Tribonacci and Tribonacci-Lucas Sedenions

In this section, we give identities about Tribonacci and Tribonacci-Lucas sedenions.

Theorem 6. For n > 1, the following identities hold:

(@ En —3Tn+l ZTn TLlr
(b) Tn+Tn _ZTn’(KZ_JE)Knn:lZK IB(‘B+1)‘BW+1 ’\( +1) n+1
Y Y Y
© o+ T = gt (Bw) (B 'r)+( ~ (1)’
(d) Kn+1+Kn—0<(“+1)‘X +ﬁ(ﬁ+1)ﬁ"+7( +1)9",
© Z (mE = el e pE(L+pB)" (1 +7)"
@ Pa-1 T B-0GE-1 -0 -p)

® ‘)::O(i)Ki: A1+ a)" +B(L+B)" +F(1+ )"

Proof. (a) follows from the recurrence relation K, = 3T,41 — 2T, — T,,_1 (see for example [39]).
The others can be easily established. [

Theorem 7. Forn > 0, m > 3, we have:

(@ Zern = Tm—lry+2 + (T2 + Tin— 3) n+l + Tm—AZTn/
®) Tpin = Tny2Tn-1+ (T + Tm)Tn 2+ Tnt1Tp-3,
(© Kuin = Ky-1Tygs2 + (Tysr + Ti) Ky—2 + K3 Ty,
(d) Kpn = Kp2Ty1 + (Kys1 + Kn) Ty + K1 Tya-

Proof. (a) and (d) can be proven by strong induction on m, and (c) can be proven by strong induction
on n. For (b), replace n by n — 3 and m by m 4+ 3in (a). O

Note that in fact, the results of the above theorem are true for all integers n and m, and taking
n = 2in (c), we obtain:

~

Kinso = Ts2 +2Tpi1 + 3T

and taking m = —41in (d):
Ky—4=-Ty-1+5Ty—3.

Note also that since, for all integers n, T_, = 2T_,, 13 — T_,, 14, it follows that:
T—n = 2T—n+3 - Tfn+4-

Theorem 8. For all integers n, the following identities hold:

(@) n+6 — 7Tn+3 - 5Tn + Tn 3

~

(b) I s =11Ty g+ 50+ Tys
(© Tys10=21Tps5+Tn + Tys
(D En+6 = 25n+3 + Ifn + Ky—3
(e) Ky+s =4Kyia+Kyg

(®) Ky10 = 7Ky45 — 2Ky + Kiyp—s.

Proof. For all integers n and m, we have T4 2, = Ky Tigm — KowTy + Ty—m and Ky 2 = TinKygm —
T_u Ky 4+ Ky—m (see [44]). Giving some value for m, we obtain the results. O
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4. Matrices and Determinants Related to Tribonacci and Tribonacci-Lucas Sedenions

Define the 4 x 4 determinants D, and E,, for all integers n, by:

T, Ky Kn+l Kn+2 Ky, Ty Tn+1 Tn+2
D, = I, Ko Ks Ky E, = Ky T, T3 Ty

T Ky K K3 Ki h T T3

To Ko Ki K> K Th T T,

Theorem 9. The following statements are true.

(@) D, =0and E,, = 0 for all integers n.
(b) 44T, = 10Ky 42 — 6Kjp11 — 8K,
(c) Kn=—-Ty42+4T,, 11 — T

Proof. (a) is a special case of a result in [45]. Expanding D, along the top row gives 44T, = 10K, —
6K,+1 — 8K}, and now, (b) follows. Expanding E, along the top row gives K, = —T,,1p + 4T, 11 — Ty,
and now, (c) follows. O

Consider the sequence {U}, }, which is defined by the third-order recurrence relation:
Up=Up1+Up2+Uy3 U=U =0U=1

Note that some authors call {U, } a Tribonacci sequence instead of {T, }. The numbers U, can be
expressed using Binet’s formula:

‘Xi’l ﬁn ,)/71
U, = + +
a-B)a-r) B-m)B-7) (r—a)(r—p)
and the negative numbers U_, (n =1,2,3,...) satisfy the recurrence relation:
Uptr Upso 2
e A A

The matrix method is a very useful method in order to obtain some identities for special sequences.
We define the square matrix M of order three as:

I
o R R
_ O
O O -

such that det M = 1. Note that:

un+2 un+1 + Uy un—i—l
M" = U1 Un + Uy u, . (27)
un un—l + un—Z U?’l*l

For a proof of (27), see [46]. Matrix formulation of T, and K, can be given as:

n

Tpia 111 T
T..1 | =11 00 T (28)
T, 010 To
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and:
Kn+2
Kn+1

1 11
1 00
Ky 010

n

1)

17 of 19

(29)

The matrix M was defined and used in [47]. For the matrix formulations (28) and (29), see [48,49].

Now, we define the matrices Mt and Mk as:

T4 T3 + Tz Tg,
Mt = T3 Th+Th Tp and Mg =

Tz T1+T0 T1

I/<\4 I/<\3 + I/<\2
Kz K, +Kj
Ky Ki+Ky

Ks
K
K

These matrices M7 and Mg can be called the Tribonacci sedenion matrix and Tribonacci-Lucas

sedenion matrix, respectively.
Theorem 10. For n > 0, the following are valid:

(a)

n ~

11 1 Tyia
Mr|l 1 00| =] Tus
010 Tpio
(b) o
111 Kpis
M| 1 0 0 = | Kui3
010 Kyui2

Tn-&-B + fn+2
Tuva + T
Tn+1 + T

§n+3 + §n+2
K£+2 + Kﬁ—&-l
Kn+l + Ky

~

Tn+3

Tn+2
Tn+l

(30)

Kn+3
Kn+2

Kn+1

(31)

Proof. We prove (a) by mathematical induction on . If n = 0, then the result is clear. Now, we assume

it is true for n = k, that is:

; Tk+4 ?k+3 + fk+z fk+3
MrM" = Zk-s—a TkA+2 + TkA+1 Zk+2
Trro T+ Tk Tiia

If we use (8), then for k > 3, we have Tk+3 = Tkﬂ + Tkﬂ + Tk. Then, by induction hypothesis,

we obtain:

MrMFY = (MMM

Tk+4 Tk+3 =+ Tk+2
Zk+3 Tka + Tkjl
T2 Thgr + Tk

Tk+2 + Tk-&-B + Tk+4
Tlfjl + Tlﬁz =+ TkA+3
Ti1 + Thyo + Tk

Trrs Trra+ Tiys
Tira Tiys + T2
Tiys  Tipo + Tt

Thus, (30) holds for all non-negative integers 7.
(31) can be similarly proven. [

Corollary 1. For n > 0, the following hold:

Tk+3 1
Ttz 1
Thera 0

Tk+4 + Tk-&-S
Zk+3 + Zk+2
T2 + Tksa
i
Tivs
Tyt2
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(@ 71”2 = T:gunJrZ + (Tl_'— T()A)Un+1 + TlAun
(b) Ky12 = KoUy42 + (Ky + Ko)Uy 41 + Ky Uy

Proof. The proof of (a) can be seen by the coefficient (28) of the matrix Mt and (27). The proof of (b)

can be seen by the coefficient (29) of the matrix Mk and (27).
Note that we have similar results if we replace the matrix M with the matrices N and O defined by:

1
N=]1
1

O O =
o~ O

010
and O = 0 0 1

1 1 1
O
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