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Abstract: The field of graph theory plays a vital role in various fields. One of the important areas in
graph theory is graph labeling used in many applications such as coding theory, X-ray crystallography,
radar, astronomy, circuit design, communication network addressing, and data base management.
In this paper, we discuss the totally irregular total k labeling of three planar graphs. If such labeling
exists for minimum value of a positive integer k, then this labeling is called totally irregular total k
labeling and k is known as the total irregularity strength of a graph G. More preciously, we determine
the exact value of the total irregularity strength of three planar graphs.

Keywords: total edge irregularity strength; total vertex irregularity strength; total irregularity
strength; planar graph
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1. Introduction

All graphs considered here are finite, undirected, without loops or multiple edges. Denote by
V(G) and E(G) the set of vertices and the set of edges of a graph G, respectively. Let |V(G)| = n and
|E(G)| = m.

A labeling of a graph is any mapping that sends some set of graph elements to a set of numbers
or colors. Graph labeling provides valuable information used in several application areas (see [1]). It is
interesting to consider labeling the elements of the graph by the elements of a finite field.

For a graph G, we characterize a labeling { : VUE — {1,2,...,k} to be total k-labeling. A total
k-labeling is characterized to be an edge irregular total k—labeling of the graph G if for each two
distinct edges rs and r's’ their weights ¢(r) + ¢(rs) + ¢(s) and ¢(r') + ¢(r's’) + ¢(s’) are distinct. In
addition, total k-labeling is characterized to be a vertex irregular total k-labeling of the graph G if for
each two distinctive vertices r and s their weights wt(r) and wt(s) are distinct. Here, the weight of a
vertex 7 in G is the sum of the label of  and the labels of all edges incident with the vertex r. The least
k for which the graph G has an edge irregular total k—labeling is called the total irregularity strength
of G, represented by tes(G). Analogously, the minimum k for which the graph G has a vertex irregular
total k—labeling is called the total vertex irregularity strength of G, denoted by tvs(G).
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Chartrand et al. [2] introduced two graph invariants namely irregular assignments and the
irregularity strength. Baca et al. [3] modified these graph invariants and introduced the concept of
total edge irregularity strength and total vertex irregularity strength for a graph G. A simple lower
bound for tes(G) and tvs(G) of a (p, q)—graph G in terms of maximum degree A(G) and the minimum
degree 6(G), determine in the following theorems.

Theorem 1. [3] Let G be a finite graph with p vertices, q edges and having maximum degree A = A(G),
the upper square brackets represent the ceiling function, and then

tes(G) > max{ W—;Z—‘ ’ [AZH—‘ }

Theorem 2. [3] Let G be a finite graph with p vertices, q edges, minimum degree 6 = §(G) and maximum
degree A = A(G), the upper square brackets represent the ceiling function, and then

In [4], Ivan¢o and Jendrol posed the following conjecture:

Conjecture 1. [4] Let G be a finite graph with p vertices, q edges, different from Ks with minimum degree
0 = 6(G), maximum degree A = A(G), the upper square brackets represent the ceiling function, and then

-1 25

In [5], Nurdin et al. posed the following conjecture:

Conjecture 2. [5] Let G be a connected graph having n; vertices of degree i(i = 6,6 + 1,6 +2,...,A), where 6
and A are the minimum and the maximum degree of G, respectively. Moreover, the upper square brackets

represent the ceiling function, and then
A
S+ Y n;
i=o
A+1 w }

Conjecture 1 has been shown for complete graphs and complete bipartite graphs [6,7], for
hexagonal grid graphs [8] , for toroidal grid [9], for generalized prism [10], for strong product of
cycles and paths [11], for categorical product of two cycles [12], for zigzag graphs [13] and for strong
product of two paths [14].

Conjecture 2 has been verified for for circulant graphs [15].

Combining both total edge irregularity strength and total vertex irregularity strength notions,

_ 6+ ngs 6+ ns+nsq
tvs(G)—max{[(s_i_l—‘,[ 512 S,

Marzuki et al. [16] introduced a new irregular total k-labeling of a graph G, which is required to be at
the same time both vertex and edge irregular as follows:

Definition 1. A total labeling ¢ : VUE — {1,2,...,k} is called totally irreqular total k-labeling

of G if every two distinct vertices u and v in V(G) satisfy wt(u) # wt(v), and every two distinct

edges uyuy and vyvy in E(G) satisfy wt(ujuy) # wt(v1v,), where wt(u) = ¢p(u) + Y ¢(uv) and
uveE(G)

wt(ugup) = ¢(ug) + p(uquz) + ¢(uz). The minimum k for which a graph G has a totally irreqular total
k-labeling is called the total irreqularity strength of G, denoted by ts(G).
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Marzuki, et al. [16] gave a lower bond of ts(G) as follows:
For every graph G, ts(G) > max{tes(G), tvs(G)} 1)

Ramdani and Salman [17] showed that the lower bound in Equation (1) for some cartesian product
graphs is tight. Besides that, they determined the total irregularity strength of cycles and paths. For
more details, see [18-20]. In [21], Ahmad et al. found the exact value of total irregularity strength of
generalized Petersen graph.

Example 1. For illustration, the concept of the totally irregular total k-labeling, we give an example from
our recent paper [21] in which we show the totally irregular total 10-labeling for generalized Petersen graph
P(9,2) (see Figure 1).

Figure 1. A totally irregular total 10—labeling for P(9,2).

The weights for all vertices and the weights for all edges under the totally irregular total
10-labeling are given in Figure 2.

Now, from Figure 2, it is easy to check that edge weights are different and represented by blue.
On the other hand, the vertex weights are different and represented by black.

In this paper, we investigate the total irregularity strength of planar graphs.

Figure 2. The weights of vertices and edges for P(9,2).
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2. The Planar Graph T,

Siddiqui introduced the planar graph S, in [22] and computed the tes(S,), tvs(S,). The planar
graph T}, (see Figure 3) is obtained from the planar graph S, by adding new edges x;y; 1 and having
the same vertex set. The planar graph T;, has

V(Ty) = {x;yi;2zi1 < i <n}

E(Ty) = {zizis1; Yivier - 1 <i <n}U{xyi;vizi Xiyiv1; Yi1zi 2 1 < i <n}

Clearly, the planar graph T, has 3n vertices and 6n edges. More preciously, we call the cycle
induced by {z; : 1 <i < n} the inner cycle, cycle induced by {y; : 1 < i < n} the outer cycle, and the
set vertices {x; : 1 <i < n}, the outer vertices. All subscripts are taken under modulo #. In the next
theorem, we determine the total irregularity strength of the planar graph T;,.

Figure 3. The planar graph S, and T,.

Theorem 3. Let T, n > 3 be a planar graph. Then, ts(T,,) = {%W

Proof. Since |E(Ty,)| = 6n, from Theorem 1, tes(T,) > [6”—;2—‘ . In addition, T, has n vertices of degree
2, n vertices of degree 4, and n vertices of degree 6; thus, from Theorem 2, we get tvs(Ty,) > [%]
From Equation (1), we get ts(T,,) > [%W . Now, we show that ts(T;;) < [%W . For this, we define a

total labeling ¢ from V(T,) U E(T},) into {1, 2,..., {%W } and compute the vertex weight and edge
weights in the following way. O

Letk = [%—*ﬂ.Forl < i< n,wehave

¢(xi) = ¢(vi) = i, (zi) =k, p(xiyi) = 1, ¢(yiyis1) = k+1—1, ¢(vizi) = n+1, p(yis1zi) = k,
wt(xiy;) =20+ 1, wt(x;yi1) = 2i + 2, wt(y;zi) =k+n+1+i, wt(y;)) =k+5n+8—1,

1, for 1<i<n-1
n+1, for i=n

P(xiyiz1) = {

k+2+1, for 1<i<n-—1
wHyiyis) = k+2 fori=n
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k+1—1, for 1<i<n-—-3

n—+3, fori=n—-2
$(zizig1) = n+4, for i=n—1

n+1, for i=mn, n is even

n-+2, for i=mn, n is odd

2k +1+1, for 1<i<n-1
whyizi) = 2k +1 for i=mn

3k+1—1i, for 1<i<n-3

2k +5+1, forn—2<i<n-1
2k+2+1, for i=mn, n is odd
2k +1+41i, for i=mn, n is even

] <i<n-—
wt(xi):{ 241, for 1<i<n-—1

wt(zizi41) =

2n+2, for i=n

3k+2n+2, fori=1, n is even
wh(z;) = 3k+2n+3, fori=1, n is odd

2k +5n+ 6 —2i, for 2<i<n-—3

2k +4n+7 — 1, forn—-2<i<mn

Now, the weight of the edges and vertices of T, under the labeling ¢ are distinct. It is easy to
check that there are no two edges of the same weight and there are no two vertices of the same weight.
Thus, ¢ is a totally irregular total k—labeling. We conclude that ts(T,,) = [#42], which complete the

proof.

3. The Planar Graph R, (Pentagonal Circular Ladder)

In [23], Baca defined the prism D, (Circular ladder) for n > 3. It is a cubic graph which can
be defined as the cartesian product P, x C, on a path on two vertices with a cycle on n vertices.
Prism D,,,n > 3 is considered of n—cycle y1,y2,¥3,...,Yn, an inner n—cycle x1,x2,x3,...,x,, and a
set of n spokes y;z;,i =1,2,...,n, |V(Dy| = 2n, |E(Dy| = 3n. The planar graph (pentagonal circular
ladder) R, (see Figure 4) is obtained from the graph of prism D, by adding a new vertex x; between y;
and y; 41, fori = 1,2,3, .., n. The planar graph (pentagonal circular ladder) R, has

V(Rn) =A{x;yi;zi: 1 <i<n}

E(Ry) = {ziziy1;1 < i <npU{xysyizis xiyivu1 <i<n}

Figure 4. The planar graph R, (Pentagonal Circular Ladder).
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For our purpose, we call the cycle induced by {z; : 1 < i < n} the inner cycle, and the cycle
induced by {y;: 1 <i <n}U{x;:1<i < n} the outer cycle. All subscripts are taken under modulo
n. In the next theorem, we determine the total irregularity strength of the planar graph R,,.

Theorem 4. Let Ry, n > 4 be a planar graph. Then, ts(R,) = [%-‘ .

Proof. Since |E(Ry,)| = 4n, from Theorem 1, tes(R,) > [%-‘ In addition, R, has n vertices of
degree 2, 2n vertices of degree 3; thus, from Theorem 2, we get tvs(T,,) > [%1 From Equation (1),
we get ts(Ry) > {4”—;2—‘ . Now, we show that ts(R,) < {%W . For this, we define a total labeling ¢
from V(R,) U E(R,) into {1, 2,..., [%—‘ } and compute the vertex weight and edge weights in the
following way. O

Letk = [#1 and1<i<n.

For n = 4, we have,

i) =1 0yi) =1, ¢(z) =k ¢(xi

P(x =1, ¢(x12) =1, ¢p(xay3) = 1, p(x3ys) = 1, p(xay1) = 6,
¢(y121) =5, ¢(y222) = 2, 4>( )
wt

vi) =
4, d(yazq) =4, ¢(ziziv1) = 2+1i, wi(xy;) = 1+ 2i, wt(x1y2) =4,
1) =

(x2y3) = 6, wt(xzys) = 8, wt(xayr) = 11, wt(x1) = 3, wt(xp) = 4, wt(xz) = 5, wt(xg) =11,
wt(y1) = 13, wt(y2) = 6 wt(y3) = 9, wt(ys) = 10, wt(z1) = 20, wt(zy) = 15, wt(zz) = 19,
wt(zq) =21,

For n = 5, we have,

o(xi) =i, p(yi) = i, p(zi) = k=1, p(xiyi) = 1, ¢(x1y2) = 1, ¢(x2y3) = 1, ¢(x3y4) = 1, ¢(xay5) = 1,
P(xsy1) = 6, ¢(y1z1) = 5, ¢(y2z2) = 5, ¢(y3z3) = 5, p(yaza) = 5, ¢(ys525) = 8, P(z122) = 3,
$(z2z3) =4, p(z323) =5, Pp(z424) = 7, Pp(2525) = 8, wt(x;y;) = 14 2i, wt(x;y;1) = 2+ 2i, wt(x1) =3,

g

t(x2) =4, wt(x3) =5, wt(xg) = 6, wt(x5z) = 12, wt(y1) = 13, wt(y2) =9, wt(ys) = 10, wt(y4) = 11,
t(ys) = 15, wt(z1) = 23, wt(zp) = 19, wt(z3) = 21, wt(z4) = 24, wt(z5) = 30,

g

For n = 7, we have,

o(yi) =i, p(z1) = 8, p(z2) = 9, p(z3) = 10, ¢(z4) = 11, P(z5) = 12, Pp(z¢) =

P(z8) = 14, ¢(29) = 14, ¢(z10) = 14, p(z122) =7, 4’(2223) =7,¢(z324) =7, p(z4z )

¢ =12, ¢p(z7z8) = 13, p(z820) = 14, P(20z10) = 12, p(z1021) = 12, wt(z1) =
wt(z

z7 t
wt(z3) = 38, wt(z4) = 39, wt(zs) = 40, wt(zg) = 46, 7) = 53, wt(zg) = 55, wt(z9) = 54,
Wt(zlo) 52 ‘P(yz z) =k,

), for 1<i<n-—1
¢<xl){ 4, for i=n

241, for 1<i<n-1
Hx;) =
wt(xi) {26, fori=n

31, fori=mn

30, for i=1

wt(y;) = n+7+i, for 2<i<n-—1
1, for1<i<n-—1
k—n+2, fori=n

, for 1<i<n-—1

, fori=mn
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1+ 24, or 1<i<n-1
wh(xiyi) :{ 22 ;or i=mn

2+ 2i, or 1<i<n-—-1
wH(x;iYit1) = { ” J

for i=mn
wot(yiz) = 2i42k— 2N 1, fr1<i<k

Yizi 2k+1+1, for%ﬁign

2n+ 2+ 2i, for 1<i<5

4n —1, for i=6
wt(ziziy1) = k+2n+1, for i=7,8

4n, for i=9

3n +4, for i=10

For n = 10, we have,

P(yi) =i, ¢(z1) = 6,(z2) =7, P(2z3) = 8,¢(z4) = 9, ¢(25) = 10, ¢(z6) = 10, p(2z7) = 10, Pp(z122) =5,
$(z2z3) = 5, ¢(z3z4) = 5, Pp(z4z5) = 10, ¢(z52¢) = 10, p(z6z7) = 8, P(zyz1) = 8, wt(x1) = 3,
wt(xp) =4, wt(x3) =5, wt(xg) = 6, wt(xs52) =7, wt(xez) = 8, wt(x7) =19, wt(y1) = 22, wt(y,) = 14,
wt(yz) = 15, wt(ys) = 16, wt(ys) = 17, wt(yez) = 18, wt(xy) = 23, wt(z1) = 29, wt(zp) = 27,
wt(z3) = 28, wt(z4) = 34, wt(z5) = 40, wt(z) = 38, wt(zy) = 36, p(y;zi) =k,

) for 1 <i<n-1
(P(xl)_{ 6, for i=n

o (xi) { 1, for 1<i<n-—1

k—n+2, for i=mn

1, for 1<i<n-—1
for i=n

1+ 24, or 1<i<n-1
wi(xiyi) :{ 16 {for i=n

2+ 2i, or 1<i<n-—-1
wH(x;Yi11) = { 15 J

for i=mn
1 _2n _ < kt2
wh(yz;) = 21+2.k 7 — 1, fori%zﬁl 5
2k + 1, for &2 <i<n
2n+2+2i, for 1<i<k-2
3n+4+i, for 2 <i<n-2
Hziziiq) = 7. SIS
wh(zizia) k+2n-+4, fori=n—1
k+2n, for i=mn

Forn > 6and n # 7,10, we have ¢(y;) =i, ¢(y;zi) =k,

), for 1<i<n-1
¢(xlyl)_{ k—n+2, fori=n

_ 1, for 1<i<n-—1
¢(x1yl+l) = { k, for i=n
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Case 1. when n = 0 (mod 3)

(’b(xi):{ l,;3 fori=mn

k—n+1, for

k

k
5 for
n+2, for
k-1, for

1<i<Hl_o
i=Kl-1
k%lgzgn—l
i=n

i+2, for 1<i<n-—1
Hx;) =
wt(xi) { 3k — 2 for i=mn

3/
2k + 2,
wt(y;)) =< 4(k—n)—1+1,
2k + 3,
7(k+1 2
(2 )7?7174,
3k — L +i,
5(k+1) .
wi(z) =4 2 "L
3k+2+41,
4(k—1) —2n+3+2i,
4k — 2,

fori=1
for 2<i<n-1
fori=mn

for i=1
f0r2§i§k%3
fori:kg—1
for St <i< K2
%gign—l
fori=mn

2i+1, for 1<i<n-—1
wh(xiy:) = 2k — %” fori=mn

2i+2,
WHXYin1) =4 5 4
3 7

2i + 2k — 2 1,
wt(yzi) = { et 3
2n + 2+ 24,
wt(ziziy1) = 3n+3+1,

for 1 <i<n-—1
fori=mn

forlgigk%l—Z
for k%l—lgign—l

k+2n+1, for i=mn

Case 2. when n = 1 (mod 3)

k— 2n+1 +1,
¢(Zl) = { k, 3
k
27
n—+2,
¢(lel+1) - k —n4+ 1 4 i,
k-2,

for 1<i<n-—-1

fori=mn
forlSiS%
for 5+1<i<n
forlgigg—z
fm’l:%—l
orkgign—l
2
fori=mn

8 of 14
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i+2,
wt(x;) = { 3% 5n3+1 1

2k +2,
4(k —n) +1i,
2k +3,

wt(y;) =

7k 2n+1 -1

2 3 ’
3k — 2L 4+,
%—i—n—i—l,
3k+3+41,

4k —2n+1+42i,
4k — 2,

wt(z;) =

2i+1,
Z’Ut(xiyi) = 2k7 21’1;1 + 1

wt(xigins) {z+z
iYi+1) = 241
Zk_%,

2i + 2k — 25,
wt(yizi) = { ki, ’
2n + 2+ 2,
wt(ziziy1) = 3n+3+1,
k+2n,
Case 3. when n = 2 (mod 3)
i
P(x;) = k—4
2 7
k— 22 4
P(zi) = { K
7o)
n—+2,
k,
i+2,
wt(x;) = 5145
' {3k—'q+L
2k +2,
wt(y;) =< 4(k—n)—2+1,
2k + 3,
7k 2(n+1
7 2ntl) 4o,
§§—§%ﬂl+1+a
wi(z) =4 2"t
3k+2+1,
4k —2n — 1+ 24,
4k — 2,

for 1<i<n-—1

for i=mn
fori=1
for 2<i<n-—1
fori=mn
for i=1

k
for?ﬁigj—z
fori=3-1

for%—i—zgign—l
fori=mn
for 1<i<n-1

i=n.

1<i<n-1
for i=n

for1§i§§
for §+1<i<n

for1<i<k-2
for%—lgign—l
for i=mn

fori=mn

for1<i<k—1
forzzg

for %—f—lgzgn—l
fori=mn

for 1<i<n-—1

for i=mn

for i=1

for 2<i<n-—1

fori=n

for i=1

forZSiS%—l
Pk

for i=3

for E+1<i<k42

for§+3§i§n—1

for i=mn

9of 14
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2i+1,
wt(x;y;) = ok 4 2142
3 7

10 of 14

for 1<i<n-—1
fori=mn

WH(xYia1) = 2i+2, for 1<i<n-—1
ir1) = 2k — 22 1, for i=n
wh(yiz;) = 2i42k— 221, for 1<i<k
Yizi) = 2k +1i, for%—i—lgign
2n 42+ 2i, forlgigg—
wt(ziziy1) = 3n+3+1, for %gign—l
k+2n+2, for i=mn

The weight of the edges and vertices under the labeling ¢ are distinct. It is easy to check that there
are no two edges of the same weight and there are no two vertices of the same weight. Thus, ¢ is a
totally irregular total k—labeling. We conclude that ts(R,) = [#552], which complete the proof.

4. The Planar Graph Q,

In [23], Baca defined the planar graph (pentagonal circular ladder) R,. The planar graph Q,
(see Figure 5) is obtained from the planar graph (pentagonal circular ladder) R, by adding new edges
YiVit+1,ziw;, wiw; 1. The planar graph Q, has

V(Qn) =A{x;yizi;wi: 1 <i<n}

E(Qn) = {YiVir1, wiwig1; ziZip1; XiVis XiYiv1; Yizio ziw; - 1 < i < n}

The planar graph Q, has 4n vertices and 77 edges. For our purpose, we call the cycle induced
by {w; : 1 <i < n} the inner cycle, the cycle induced by {z; : 1 <i < n} the middle cycle, the cycle
induced by {y; : 1 < i < n} the outer cycle, and the set of vertices {x; : 1 < i < n} the set of outer
vertices. The subscript n + 1 must be replaced by 1.

Figure 5. The planar graph Q.

Theorem 5. Let Qp, n > 4 be a planar graph. Then, ts(Qy) = [7"—;2} .

Proof. Since |[E(Qy)| = 7n, from Theorem 1 tes(Q,) > [7”; 2—‘ . In addition, Q, has n vertices of degree
2, n vertices of degree 3, n vertices of degree 4 and n vertices of degree 5; thus, from Theorem 2, we get
tvs(Qu) > [#22]. From Equation (1), we get ts(Qy) > {%W . Now, we show that ts(Q,) < [@]
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For this, we define a total labeling ¢ from V(Q,) U E(Qy) into {1,2, e, {@W } and compute the
vertex weight and edge weights in the following way. [

Letk = [%1 and1<i<mn,

p(xi) = i, ¢(yi) = i, ¢(zi) = k ¢(xiyi) = 1, wt(xiyi) = 1+ 21, wt(xiyira) = 2+2i,
wt(y;z;) = 4n+2+1, wt(y;yir1) =2n+ 2+ i, wH(w;w; 1) =3n+2+1,

) for 1<i<n-—1
¢(x1y1+1) _{ n+1, fOT’ i:n

) 2n+1—4, for 1<i<n-—1
(P(ylyl-'rl)_{ 27’l+1, fOT’ i=n
), for 1<i<mn, n is even
P(witvis1) _{ i+1, for 1<i<mn, nis odd

241, for 1<i<n-—1
Hx;) = =ts
wh(xi) { 2n+2, fori=n

Case 1. when n =0 (mod 6) and1<i<n
p(w;) =2+ 1, ¢(yizi) = F + 1, ¢p(zizip1) = B +i, wt(zizigr) = 2k+ B +i, wi(z;) = 2 434,
3 3 3 6

wt(w;) = 1L 4244,

n 1
m o4 for i=1
. .) = 6 !

¢(ziw;) { Bnyop_g for 2<i<n
k+8 42 for i=1

Hziw;) = G .

(zjw;) {k+”3”+3—i, for2<i<nm
A +5, for i=1

wily) = JH6—i, fra<i<n-d
1Zn 16, for i=n

Case2. whenn =1 (mod 6)and1 <i<n
p(w;) = 20 12, 9(yiz) = 205 +3, p(zizi1) = U5 + 2+, wh(zizie) = 2k + U5 4244,
wt(z;) = 20 14 4wt (w;) = B0 484,

7(n6 U3, fori=1
¢(Ziwi) = 13(n—1) . .
T+5—z, for 2<i<mn
S(n—l) .
wt(zg0;) = k+ ll(n 1)+5 for i= 1
k+ +7—1, for 2<i<mn
001 412, for i=1
17(’; 1)—|—12—z for 2<i<n-—1
17(7’1 1) +12, fOT i=n
Case 3. whenn =2 (mod 6)and1<i
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p(w;) = 3(”72 +4, p(yizi) = 5("72 +4, ¢(zizi11) = (" 2 4241 wt(z;ziyq) = 2k + An—
wt(z;) = Sﬁna+ﬂ9+zwﬂw0—lm1m+9+z
o (z0;) = 77("6_2) +3, for i=1
o 13—(’16;2)4-6—1, for 2<i<n
( 2) -
wk(zg0;) = k+ ( )+7 ﬁrz—¥
k+ +10—1, for 2<i<n
00-2) 4 18, for i=1
wt(yi) = 717(71 2 17—, for 2<i<n-1
E7(—”—27)4—17 fori=mn
Case 4. whenn =3 (mod 6)and1<i<n
P(w;) = 3(" 3 45, P(yizi) = ("73 +6, ¢(zizi11) = ( 2 444 wt(z;ziyq) = 2k + Ao
wWQ:S()+%+IMWJ Hma+ﬁ+z
7(n—3) .
S 45, for i=1
) = 6
Pl { 713(2_3) +9—i,  for 2<i<m
k+( )+JO or i =1
wt(zjw;) = ( 3) J .
k+ +14 — for 2<i<mn
20=3) 4 25, for i=1
wi(y;) =4 Y8 Loz i for2<i<n-—1
E7(—”—3—)4-23 for i=n

Case 5. whenn =4 (mod 6)and1 <i<n

p(w;) = 204

wh(z;) = ll(n 4)

5(
6

)+4O+z,wt(w1)— +17+1,

7(n—4)
2 1,

P(ziw;) = {

wt(z;w;) = { . (

20(n—4
! )+32

wt(y;) =
17(71 4) +29

Case 6. whenn =5 (mod 6)and1 <i<n

¢(w;) =
wt(z;) =

12 48, (i) = 5% +9, 9laizia) =
BU5) 4 46 41, wt(wl) — 18 204,

7(n—5)
% + 7,

P(ziw;) = {

Y47, p(yizi) = 5 18, p(zizin) =

IR T

k+8(”*4)+13
Nt 118 -,

Tnd) 4 29—,

B@5) 1134,

fori=1
for 2<i<mn

for i=1
for 2<i<mn

fori=1
for 2<i<n-1

fori=mn
A )+6+1 wt(z;ziyq) = 2k + U

fori=1
for 2<i<mn

12 of 14

)+2+z

)+4+1

@ +6+i, wt(ziziy1) = 2k + 47("3_4) +6+1,

)+6+z
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wt(zw;) = k+f3(n73*5))+15/ fori=1
o k+ 208 401 i, for2<i<n
20(’;)7’5)4—38, for i=1
wt(y) =4 U 134§ froa<i<n—1
05) 4 34, for i=n

The weight of the edges and vertices of Sy, under the labeling ¢ are distinct. It is easy to check that there are
no two edges of the same weight and there are no two vertices of the same weight. Thus, ¢ is a totally irreqular
total k—labeling. We conclude that ts(Qy) = [ 752, which completes the proof.

5. Conclusions

In this paper, we discus the total edge irregular k labeling, total vertex irregular k labeling and
totally irregular total k labeling of planar graphs. We provide exact result of total irregularity strength
ts for the planar graph T}, the planar graph R, (Pentagonal Circular Ladder) and the planar graph
Qy. In the future, we are interested in computing the total irregularity strength ts for the other planar
graphs.
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