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Abstract: Let TpX, Yq be the semigroup consisting of all total transformations from X into a fixed
nonempty subset Y of X. For an equivalence relation ρ on X, let ρ̂ be the restriction of ρ on Y, R a
cross-section of Y{ρ̂ and define TpX, Y, ρ, Rq to be the set of all total transformations α from X into Y
such that α preserves both ρ (if pa, bq P ρ, then paα, bαq P ρ) and R (if r P R, then rα P R). TpX, Y, ρ, Rq
is then a subsemigroup of TpX, Yq. In this paper, we give descriptions of Green’s relations on
TpX, Y, ρ, Rq, and these results extend the results on TpX, Yq and TpX, ρ, Rqwhen taking ρ to be the
identity relation and Y “ X, respectively.
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1. Introduction

Let X be a nonempty set and TpXq denote the semigroup containing all full transformations
from X into itself with the composition. It is well-known that TpXq is a regular semigroup, as shown
in Reference [1]. Various subsemigroups of TpXq have been investigated in different years. One of
the subsemigroups of TpXq is related to an equivalence relation ρ on X and a cross-section R of the
partition X{ρ (i.e., each ρ-class contains exactly one element of R), namely TpX, ρ, Rq, which was first
considered by Araújo and Konieczny in 2003 [2], and is defined by

TpX, ρ, Rq “ tα P TpXq : Rα Ď R and pa, bq P ρ ñ paα, bαq P ρu,

where Zα “ tzα : z P Zu. They studied automorphism groups of centralizers of idempotents. Moreover,
they also determined Green’s relations and described the regular elements of TpX, ρ, Rq in 2004 [3].

Let Y be a nonempty subset of the set X. Consider another subsemigroup of TpXq, which was
first introduced by Symons [4] in 1975, called TpX, Yq, defined by

TpX, Yq “ tα P TpXq : Xα Ď Yu,

when Xα denotes the image of α. He described all the automorphisms of TpX, Yq and also determined
when TpX1, Y1q is isomorphic to TpX2, Y2q. In 2009, Sanwong, Singha and Sullivan [5] described all
the maximal and minimal congruences on TpX, Yq. Later, in Reference [6], Sanwong and Sommanee
studied other algebraic properties of TpX, Yq. They gave necessary and sufficient conditions for TpX, Yq
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to be regular and also determined Green’s relations on TpX, Yq. Furthermore, they obtained a class of
maximal inverse subsemigroups of TpX, Yq and proved that the set

FpX, Yq “ tα P TpX, Yq : Xα Ď Yαu

contains all regular elements in TpX, Yq, and is the largest regular subsemigroup of TpX, Yq.
From now on, we study the subsemigroup TpX, Y, ρ, Rq of TpX, Yq defined by

TpX, Y, ρ, Rq “ tα P TpX, Yq : Rα Ď R and pa, bq P ρ ñ paα, bαq P ρu,

where ρ is an equivalence relation on X and R is a cross-section of the partition Y{ρ̂ in which
ρ̂ “ ρ X pYˆYq. If Y “ X, then TpX, Y, ρ, Rq “ TpX, ρ, Rq; and if ρ is the identity relation,
then TpX, Y, ρ, Rq “ TpX, Yq, so we may regard TpX, Y, ρ, Rq as a generalization of TpX, ρ, Rq
and TpX, Yq.

Green’s relations play a role in semigroup theory, and the aim of this paper is to characterize
Green’s relations on TpX, Y, ρ, Rq. As consequences, we obtain Green’s relations on TpX, ρ, Rq and
TpX, Yq as corollaries.

2. Preliminaries and Notations

For any semigroup S, let S1 be a semigroup obtained from S by adjoining an identity if S has no
identity and letting S1 “ S if it already contains an identity. Green’s relations of S are equivalence
relations on the set S which were first defined by Green. According to such definitions, we define the
L-relation as follows. For any a, b P S,

aLb if and only if S1a “ S1b,

or equivalently, aLb if and only if a “ xb and b “ ya for some x, y P S1.
Furthermore, we dually define the R-relation as follows.

aRb if and only if aS1 “ bS1,

or equivalently, aRb if and only if a “ bx and b “ ay for some x, y P S1.
Moreover, we define the J -relation as follows.

aJ b if and only if S1aS1 “ S1bS1,

or equivalently, aJ b if and only if a “ xby and b “ uav for some x, y, u, v P S1.
Finally, we define H “ LXR and D “ L ˝R, where ˝ is the composition of relations. Since the

relations L and R commute, it follows that L ˝R “ R ˝L.
In this paper, we write functions on the right; in particular, this means that for a composition αβ,

α is applied first. Furthermore, the cardinality of a set A is denoted by |A|.
For each α P TpXq, we denote by kerpαq the kernel of α, the set of ordered pairs in Xˆ X having

the same image under α, that is,

kerpαq “ tpa, bq P Xˆ X : aα “ bαu.

Moreover, the symbol πpαq denotes the partition of X induced by the map α, namely

πpαq “ txα´1 : x P Xαu.

We observe that kerpαq is an equivalence relation on X in which the partition X{kerpαq and πpαq

coincide. Moreover, for all α, β P TpXq, we have kerpαq “ kerpβq if and only if πpαq “ πpβq.
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In addition, if ρ is an equivalence relation on the set X and a, b P X, we sometimes write a ρ b
instead of pa, bq P ρ, and define aρ to be the equivalence class that contains a, that is, aρ “ tb P X : b ρ au.

For the subsemigroup TpX, Y, ρ, Rq of TpXq where ρ is an equivalence relation on X, Y is a
nonempty subset of X and R is a cross-section of Y{ρ̂ in which ρ̂ “ ρX pYˆYq, we see that if a P X
and aρ X Y ‰ H, then there exists a unique r P R such that a ρ r, and we denote this element by
ra. Furthermore, we observe that FpX, Yq X TpX, Y, ρ, Rq contains all constant maps whose images
belong to R. This implies that FpX, Yq X TpX, Y, ρ, Rq is a subsemigroup of TpX, Y, ρ, Rq, which will be
denoted by F.

An element a in a semigroup S is said to be regular if there exists x P S such that a “ axa; and S is
a regular semigroup if every element of S is regular.

In general, TpX, Y, ρ, Rq is not a regular semigroup, so we cannot apply Hall’s Theorem to find
the L-relation and the R-relation on TpX, Y, ρ, Rq.

Now, we give an example of a non-regular element in TpX, Y, ρ, Rq. Let X “ t1, 2, 3, 4, 5u,
Y “ t3, 4, 5u, X{ρ “ tt1, 2u, t3, 4, 5uu, Y{ρ̂ “ tt3, 4, 5uu and R “ t3u. Define α P TpX, Y, ρ, Rq by

α “

˜

1 2 3 4 5
4 3 3 5 5

¸

.

Suppose that α is regular. Then α “ αβα for some β P TpX, Y, ρ, Rq. We see that
4 “ 1α “ 1pαβαq “ p4βqα, which implies that 1 “ 4β P Y, a contradiction.

Throughout this paper, the set X we study can be a finite or an infinite set. For convenience, we
will denote TpX, Y, ρ, Rq by T.

3. Green’s Relations on TpX, Y, ρ, Rq

Unlike TpX, ρ, Rq, in general T has no identity, as shown in the following example.

Example 1. Let X “ t1, 2, 3, 4, 5, 6u, Y “ t1, 3u, X{ρ “ tt1, 2u, t3, 4u, t5, 6uu, Y{ρ̂ “ tt1u, t3uu and
R “ t1, 3u. Suppose that ε is an identity element in T. Consider α P T defined by

α “

˜

1 2 3 4 5 6
1 1 1 1 3 3

¸

.

We see that p5εqα “ 5pεαq “ 5α “ 3, which implies that 5ε P t5, 6u. This leads to a contradiction,
since both 5 and 6 are not in Y.

Therefore, we use the semigroup T with identity adjoined, given by T1, in studying its
Green’s relations.

From now on, the notation Lα (Rα, Hα, Dα) denote the set of all elements of T which are L-related
(R-related, H-related, D-related) to α, where α P T.

Let A and B be families of sets. If for each set A P A there is a set B P B such that A Ď B, we say
that A refines B, denoted by A ãÑ B.

In what follows, most of the notation used are taken from Reference [3]. For each α P T, we denote
by İα the family tpxρqα : x P Xu and İYα the family tprρ̂qα : r P Ru. Furthermore, we define
İα “ tpxρqα´1 : x P X and pxρqα´1 ‰ Hu. In fact, we see that İα “ tprρ̂qα´1 : r P R and prρ̂qα´1 ‰ Hu.

The following example describes the above notation.

Example 2. Let X “ t1, 2, 3, 4, 5, 6, 7, 8u, Y “ t1, 2, 3, 4, 5u, X{ρ “ tt1, 2, 3u, t4, 5, 6u, t7, 8uu, Y{ρ̂ “

tt1, 2, 3u, t4, 5uu and R “ t1, 4u. Define α P T by

α “

˜

1 2 3 4 5 6 7 8
4 5 5 1 2 3 2 3

¸

.
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It follows that

İα “ tpxρqα : x P Xu, İYα “ tprρ̂qα : r P Ru,

“ tt1, 2, 3uα, t4, 5, 6uα, t7, 8uαu, “ tt1, 2, 3uα, t4, 5uαu,

“ tt4, 5u, t1, 2, 3u, t2, 3uu, “ tt4, 5u, t1, 2uu,

and

İα “ tprρ̂qα´1 : r P R and prρ̂qα´1 ‰ Hu,

“ tt1, 2, 3uα´1, t4, 5uα´1u,

“ tt4, 5, 6, 7, 8u, t1, 2, 3uu.

3.1. L-Relation and R-Relation

We begin with characterizing the Green’s L-relation on T by using the idea of the proof for the
L-relation on TpX, ρ, Rq (see Reference [3] [Lemma 2.4]) with the idea of restricted range concerned.

The following example shows why the restricted range is involved.

Example 3. Let X “ t1, 2, 3, 4, 5, 6, 7, 8, 9, 10u, Y “ t1, 2, 3, 4, 5, 6, 7u, X{ρ “ tt1, 2, 3u, t4, 5u, t6, 7, 8u,
t9, 10uu, Y{ρ̂ “ tt1, 2, 3u, t4, 5u, t6, 7uu and R “ t1, 4, 6u. Define α, β1, β2, γ P T as follows.

α “

˜

1 2 3 4 5 6 7 8 9 10
1 2 2 6 7 1 2 2 7 7

¸

, β1 “

˜

1 2 3 4 5 6 7 8 9 10
1 2 3 4 5 1 3 2 6 7

¸

,

β2 “

˜

1 2 3 4 5 6 7 8 9 10
1 2 2 6 7 4 5 5 3 3

¸

, γ “

˜

1 2 3 4 5 6 7 8 9 10
1 2 2 4 5 1 2 2 5 5

¸

.

We see that α ‰ γ1β1 for all γ1 P T, for if α “ γ1β1 for some γ1 P T, then 7 “ 9α “ 9γ1β1, and thus
10 “ 9γ1 P Y, a contradiction. However, İα “ tt1, 2u, t6, 7u, t7uu ãÑ tt1, 2, 3u, t4, 5u, t6, 7uu “ İβ1.
But α “ γβ2 since İα ãÑ İYβ2 “ tt1, 2u, t6, 7u, t4, 5uu.

Theorem 1. Let α, β P T. Then α “ γβ for some γ P T1 if and only if α “ β or İα ãÑ İYβ. Consequently,
αLβ if and only if α “ β; or İα ãÑ İYβ and İβ ãÑ İYα.

Proof. Assume that α “ γβ for some γ P T1. Suppose that α ‰ β. Thus γ ‰ 1. We prove that
İα ãÑ İYβ. Let A P İα. Then A “ pxρqα “ ppxρqγqβ for some x P X and pxρqγ Ď rρ̂ for some r P R.
Therefore A Ď prρ̂qβ P İYβ, and thus, İα ãÑ İYβ.

Conversely, assume that α “ β or İα ãÑ İYβ. If α “ β, then α “ 1β, where γ “ 1 P T1. For the
case İα ãÑ İYβ, we define γ on each ρ-class as follows. Let xρ P X{ρ. Then pxρqα Ď prρ̂qβ Ď sρ̂ for
some r, s P R (since İα ãÑ İYβ). So, for each a P xρ, we choose ba P rρ̂ such that aα “ baβ (if a “ t P R,
we choose ba “ r since tα “ s “ rβ) and define aγ “ ba. From ba P rρ̂ for all a P xρ we obtain
pxρqγ Ď rρ̂. By the definition of γ, tγ “ bt “ r. Since xρ is arbitrary, we conclude that γ P T. To see
that α “ γβ, let a P X. Then aγβ “ paγqβ “ baβ “ aα, and so α “ γβ.

If we replace Y with X in Theorem 1, then T “ TpX, ρ, Rq, and İYα “ İα for all α P T. Therefore,
we have the L-relation on TpX, ρ, Rq.

Corollary 1. [3] [Theorem 2.5] Let α, β P TpX, ρ, Rq. Then αLβ if and only if İα ãÑ İβ and İβ ãÑ İα.

Similarly to TpX, Yq, there are two types of L-classes on T. In order to describe these L-classes,
the following lemma is needed.
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Lemma 1. Let α, β P T be such that İα ãÑ İYβ and İβ ãÑ İYα. Then α, β P F and Xα “ Xβ.

Proof. For each aα P Xα, we have aα P paρqα Ď prρ̂qβ for some r P R, since İα ãÑ İYβ. Thus, Xα Ď Yβ.
Similarly, Xβ Ď Yα, since İβ ãÑ İYα. It follows that Xα Ď Yβ Ď Xβ Ď Yα Ď Xα, and thus α, β P F and
Xα “ Xβ.

Corollary 2. For α P T, the following statements hold.

(i) If α P F, then Lα “ tαu Y tβ P F : İα ãÑ İYβ and İβ ãÑ İYαu.
(ii) If α P TzF, then Lα “ tαu.

Proof. Let α be any element in T and let β P Lα. Then αLβ, which implies that α “ β; or İα ãÑ İYβ and
İβ ãÑ İYα by Theorem 1.

(i) Assume that α P F. It is clear by Theorem 1 that tαu Y tβ P F : İα ãÑ İYβ and İβ ãÑ İYαu Ď Lα.
To prove the other containment, we consider when β ‰ α. Since βLα, we obtain İα ãÑ İYβ and İβ ãÑ İYα.
By Lemma 1, we obtain β P F. Thus, we have Lα Ď tαu Y tβ P F : İα ãÑ İYβ and İβ ãÑ İYαu.

(ii) Assume that Lα ‰ tαu. Then there is γ ‰ α such that γLα, so İα ãÑ İYγ and İγ ãÑ İYα.
By Lemma 1, we get α P F.

As a direct consequence of Corollary 2, we obtain the L-relation on TpX, Yq as follows.

Corollary 3. [6] [Theorem 3.2] For α P TpX, Yq, the following statements hold.

(i) If α P FpX, Yq, then Lα “ tβ P FpX, Yq : Xα “ Xβu.
(ii) If α P TpX, YqzFpX, Yq, then Lα “ tαu.

Proof. If we replace ρ with the identity relation in Corollary 2, then T “ TpX, Yq, F “ FpX, Yq X
TpX, Yq “ FpX, Yq and Y “ R. Therefore, (ii) holds. To see that (i) holds, it suffices to prove that for
α, β P F,

İα ãÑ İYβ and İβ ãÑ İYα if and only if Xα “ Xβ.

By Lemma 1, we have the “only if” part of the above statement. Now, if α, β P F and Xα “ Xβ,
then for each xα P Xα there exist y P X and r P Y such that xα “ yβ “ rβ, since Xα Ď Xβ and β P F.
Hence, İα “ ttxαu : x P Xu ãÑ ttrβu : r P Yu “ İYβ. Similarly, by using Xβ Ď Xα and α P F, we obtain
İβ ãÑ İYα.

As we know, αRβ on TpX, Yq (or TpX, ρ, Rq) if and only if kerpαq “ kerpβq. However, for the
semigroup T, this is true only on F (see Corollary 5). For α, β outside F, there are more terminologies
involved.

The following example shows that there are α, β P T with kerpβq Ď kerpαq but α ‰ βγ for all
γ P T.

Example 4. Considering α, β1 and β2 defined in Example 3, we see that kerpβ1q Ď kerpαq but α ‰ β1γ

for all γ P T, for if α “ β1γ for some γ P T, then 7 “ 9α “ 9β1γ “ 6γ P R, a contradiction. Moreover,
we have İβ1 “ tt1, 2, 3, 6, 7, 8u, t4, 5u, t9, 10uu ãÑ tt1, 2, 3, 6, 7, 8u, t4, 5, 9, 10uu “ İα but pRβ´1

1 qα “

t1, 4, 6, 9uα Ę R. In the same way, kerpβ2q Ď kerpαq but α ‰ β2γ1 for all γ1 P T, for if α “ β2γ1 for some
γ1 P T, then p1γ1, 3γ1q “ p1β2γ1, 9β2γ1q “ p1α, 9αq “ p1, 7q R ρ, which is a contradiction. Furthermore,
pRβ´1

2 qα Ď R but İβ2 “ tt1, 2, 3, 9, 10u, t4, 5u, t6, 7, 8uu ­ãÑ İα.

The proof below is completely different from those for TpX, Yq and TpX, ρ, Rq, especially when
proving the existence of such γ P T.

Theorem 2. Let α, β P T. Then α “ βγ for some γ P T1 if and only if kerpβq Ď kerpαq, İβ ãÑ İα and
pRβ´1qα Ď R. Consequently, αRβ if and only if kerpαq “ kerpβq, İα “ İβ and pRβ´1qα, pRα´1qβ Ď R.
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Proof. Assume that α “ βγ for some γ P T1. If γ “ 1, then α “ β and the theorem holds. Now,
we prove for γ P T. Let a, b P X be such that aβ “ bβ. Then aα “ aβγ “ bβγ “ bα. Thus,
kerpβq Ď kerpαq. For each U P İβ, Uβ Ď rρ̂ for some r P R and so Uα “ Uβγ Ď prρ̂qγ Ď sρ̂ for some
s P R. Thus, U Ď psρ̂qα´1 P İα, which implies that İβ ãÑ İα. Now, let c P pRβ´1qα. Then c “ dα and
dβ “ t for some d P X and t P R. Hence, c “ dα “ dβγ “ tγ P R, that is, pRβ´1qα Ď R.

Conversely, assume that kerpβq Ď kerpαq, İβ ãÑ İα and pRβ´1qα Ď R. Let r0 P R be fixed,
and define γ P T on each ρ-class as follows. Let xρ P X{ρ.

If xρX Xβ “ H, then define aγ “ r0 for all a P xρ. Therefore pxρqγ “ tr0u Ď r0ρ̂.
If xρX Xβ ‰ H, then xρX Y ‰ H. Let xρX Y “ rρ̂ for some r P R. We obtain prρ̂qβ´1 ‰ H.

Since İβ ãÑ İα, it follows that prρ̂qβ´1 Ď psρ̂qα´1 for some s P R. Now, let a P xρ and consider two
cases. If a R Xβ, then define aγ “ s P sρ̂. If a P Xβ, then a P xρ X Y “ rρ̂ and a “ bβ for some
b P X. Thus, b P aβ´1 Ď prρ̂qβ´1 Ď psρ̂qα´1 which implies bα P sρ̂. Now, we define aγ “ bα P sρ̂

(this is well-defined since kerpβq Ď kerpαq). We observe that pxρqγ Ď sρ̂. To see that rγ “ s, we get
by the definition of γ that rγ “ s if r R Xβ. For r P Xβ, we have r “ cβ for some c P X and then
c P rβ´1 Ď prρ̂qβ´1 Ď psρ̂qα´1, hence cα P sρ̂X pRβ´1qα Ď R since pRβ´1qα Ď R. Thus, rγ “ cα “ s.

To prove that α “ βγ, let b P X. Then bβ P Xβ, and so pbβqρX Xβ ‰ H. By the definition of γ,
we obtain bβγ “ pbβqγ “ bα. Therefore, α “ βγ.

The R-relation on TpX, Yq is as follows.

Corollary 4. [6] [Theorem 3.3] Let α, β P TpX, Yq. Then αRβ if and only if πpαq “ πpβq.

Proof. If ρ is the identity relation, then T “ TpX, Yq, F “ FpX, Yq and R “ Y. Moreover,
İα “ tprρ̂qα´1 : r P Y and prρ̂qα´1 ‰ Hu “ trα´1 : r P Xαu “ πpαq for all α P TpX, Yq. In addition,
pRβ´1qα Ď R always holds for all α, β P TpX, Yq since pRβ´1qα “ pYβ´1qα “ Xα Ď Y “ R. Since we
have kerpαq “ kerpβq if and only if πpαq “ πpβq, it follows from Theorem 2 that αRβ if and only if
πpαq “ πpβq.

As one might expect, there are two types of the R-classes on T, the one that lies inside F and the
other outside F. To see this, we need the two lemmas below.

Lemma 2. Let α, β P F and kerpαq “ kerpβq. Then the following statements hold.

(i) İα “ İβ.
(ii) pRβ´1qα, pRα´1qβ Ď R.

Proof. (i) Let prρ̂qα´1 P İα. Then prρ̂qα´1 “ Y
iPI

Ai, where Ai is a ρ-class such that Aiα Ď rρ̂ for all i P I.

From α P F, there exists Ai0 such that Ai0 XY ‰ H. Therefore there is s P Ai0 X R and sα “ r. Thus,
sβ “ t for some t P R, which implies that Ai0 β Ď tρ̂. We prove that Aiβ Ď tρ̂ for all i P I. Let i P I.

If Ai XY ‰ H, then there exists u P Ai X R and uα “ r. It follows that uα “ sα, and so uβ “ sβ “ t
since kerpαq “ kerpβq. Thus, Aiβ Ď tρ̂.

If Ai XY “ H, then since Aiα Ď rρ̂, there exists a P Ai such that aα P rρ̂. From α P F, we obtain
that bα “ aα P rρ̂ for some b P Y. Hence, b P prρ̂qα´1 “ Y

iPI
Ai, that is, b P Aj XY ‰ H for some j P I,

which implies Ajβ Ď tρ̂. Since kerpαq “ kerpβq, we obtain that aβ “ bβ P Ajβ Ď tρ̂, where a P Ai,
and it follows that Aiβ Ď tρ̂.

Therefore, Aiβ Ď tρ̂ for all i P I, that is, prρ̂qα´1 “ Y
iPI

Ai Ď ptρ̂qβ´1 and İα ãÑ İβ as required.

Similarly, since β P F, we obtain İβ ãÑ İα. Thus, İα “ İβ.
(ii) Let a P pRβ´1qα. Then a “ bα and bβ “ r for some b P X and r P R. From β P F, we get

bβ “ r “ sβ for some s P R. Since kerpαq “ kerpβq, we obtain that a “ bα “ sα P R, and thus
pRβ´1qα Ď R. Similarly, pRα´1qβ Ď R.

Lemma 3. Let α, β P T. If kerpαq “ kerpβq, then either both α and β are in F, or neither is in F.
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Proof. Assume that kerpαq “ kerpβq. Suppose that one of α and β is not in F. Without loss of generality,
assume that α R F. Then there exists x P XzY such that xα ‰ yα for all y P Y. Thus, px, yq R kerpαq,
which implies that xβ ‰ yβ for all y P Y. Hence, Yβ Ĺ Xβ, which leads to β R F.

Using Theorem 2, Lemmas 2 and 3, we have the following corollary.

Corollary 5. For α P T, the following statements hold.

(i) If α P F, then Rα “ tβ P F : kerpβq “ kerpαqu.
(ii) If α P TzF, then Rα “ tβ P TzF : kerpβq “ kerpαq, İβ “ İα and pRβ´1qα, pRα´1qβ Ď Ru.

If Y “ X, then F “ FpX, Yq X T “ TpXq X TpX, ρ, Rq “ TpX, ρ, Rq, and so TzF “ H. Thus,
Corollary 5 gives us a description of the R-relation on TpX, ρ, Rq.

Corollary 6. [3] [Theorem 2.3] Let α, β P TpX, ρ, Rq. Then αRβ if and only if kerpαq “ kerpβq.

As direct consequences of Corollaries 2 and 5, we have the H-relation on T as follows.

Corollary 7. For α P T, the following statements hold.

(i) If α P F, then Hα “ tαu Y tβ P F : İα ãÑ İYβ, İβ ãÑ İYα and kerpαq “ kerpβqu.
(ii) If α P TzF, then Hα “ tαu.

3.2. D-relation and J -relation

Let φ : B Ñ C be a function from a set B to a set C. For a family A of subsets of B, pA qφ denotes
the family tpAqφ : A P A u of subsets of C.

The main results used for characterizing the Green’s D-relation on T below are Corollaries 5 and 2.
Moreover, the technique for defining such a function φ in (i) is taken from Reference [3] [Theorem 2.6].

Theorem 3. For α P T, the following statements hold.

(i) If α P F, then Dα “ tβ P F : kerpβq “ kerpαq; or there exists a bijection φ : Xα Ñ Xβ such that
pRX Xαqφ Ď R, pİαqφ ãÑ İYβ and İβ ãÑ pİYαqφu.

(ii) If α P TzF, then Dα “ tβ P TzF : kerpβq “ kerpαq, İβ “ İα and pRβ´1qα, pRα´1qβ Ď Ru.

Proof. Let α be any element in T and let β P Dα. Then αRγ and γLβ for some γ P T.
(i) Assume that α P F. By Corollary 5, γ P F and kerpγq “ kerpαq. By Corollary 2, β P F; also,

β “ γ or İβ ãÑ İYγ, İγ ãÑ İYβ. If β “ γ, then kerpβq “ kerpαq. Now, assume that İβ ãÑ İYγ and
İγ ãÑ İYβ. Define φ : Xα Ñ Xβ by paαqφ “ aγ. We have aγ P paρqγ Ď prρ̂qβ Ď Xβ for some r P R,
since İγ ãÑ İYβ, so aγ P Xβ. Since kerpγq “ kerpαq, we obtain that φ is well-defined and injective.
To see that φ is surjective, let bβ P Xβ. Then bβ P pbρqβ Ď psρ̂qγ for some s P R, since İβ ãÑ İYγ.
It follows that bβ “ cγ for some c P sρ̂, and so pcαqφ “ cγ “ bβ, hence φ is surjective. To show
that pRX Xαqφ Ď R, let t P RX Xα. Since t P Xα and α P F, there exists p P R such that t P ppρ̂qα,
thus t “ pα and tφ “ ppαqφ “ pγ P R. Moreover, by the definition of φ, pİαqφ “ İγ and pİYαqφ “ İYγ.
Hence, pİαqφ ãÑ İYβ and İβ ãÑ pİYαqφ.

Conversely, assume that λ P F. If kerpλq “ kerpαq, then λRα, and it follows that λ P Dα. If there
exists a bijection φ : Xα Ñ Xλ such that pRX Xαqφ Ď R, pİαqφ ãÑ İYλ and İλ ãÑ pİYαqφ, then we define
γ : X Ñ X by aγ “ paαqφ for all a P X. From pRX Xαqφ Ď R, we obtain that rγ “ prαqφ P R for all
r P R. Thus, Rγ Ď R. To show that pxρqγ Ď sρ̂ for some s P R, considering pxρqγ “ ppxρqαqφ P pİαqφ

and pİαqφ ãÑ İYλ, we get pxρqγ Ď ptρ̂qλ Ď sρ̂ for some s, t P R. Thus, pxρqγ Ď sρ̂, that is, γ P T. To see
that γ P F, let a P X. Then aγ “ paαqφ “ pbαqφ “ bγ for some b P Y, since α P F. It follows that
γ P FpX, Yq X T “ F. Since φ is an injective map, we obtain that kerpγq “ kerpαq. By the definition of
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γ, İγ “ pİαqφ and İYγ “ pİYαqφ. Hence, İγ ãÑ İYλ and İλ ãÑ İYγ. By Corollaries 5 and 2, αRγ and γLλ.
Therefore, λ P Dα.

(ii) Assume that α P TzF. Corollaries 5 and 2 imply that β “ γ P TzF. Thus, αRβ. Again by
Corollary 5, we have kerpβq “ kerpαq, İβ “ İα and pRβ´1qα, pRα´1qβ Ď R. Therefore, Dα Ď tβ P

TzF : kerpβq “ kerpαq, İβ “ İα and pRβ´1qα, pRα´1qβ Ď Ru. The other containment is clear since
R Ď D.

The two corollaries below are the D-relations on TpX, ρ, Rq and TpX, Yq, respectively.

Corollary 8. [3] [Theorem 2.6] Let α, β P TpX, ρ, Rq. Then αDβ if and only if there is a bijection
φ : Xα Ñ Xβ such that pRX Xαqφ Ď R, pİαqφ ãÑ İβ and İβ ãÑ pİαqφ.

Proof. If we replace Y with X in Theorem 3, then TzF “ H. Therefore we have that: For α P TpX, ρ, Rq,
Dα “ tβ P TpX, ρ, Rq : kerpβq “ kerpαq; or there is a bijection φ : Xα Ñ Xβ such that pRX Xαqφ Ď R,
pİαqφ ãÑ İβ and İβ ãÑ pİαqφu.

Now, we assert that kerpβq “ kerpαq implies that there is a bijection φ : Xα Ñ Xβ such that
pRX Xαqφ Ď R, pİαqφ ãÑ İβ and İβ ãÑ pİαqφ. Assume that kerpβq “ kerpαq and define φ : Xα Ñ Xβ

by paαqφ “ aβ for all a P X. Then φ is a well-defined injective map, since kerpβq “ kerpαq. It is obvious
that φ is surjective. By the definition of φ, rpaρqαsφ “ paρqβ. Thus, pİαqφ ãÑ İβ and İβ ãÑ pİαqφ. Finally,
pRX Xαqφ Ď Rβ Ď R. Hence, we have our assertion, and, therefore, Dα “ tβ P TpX, ρ, Rq : There is a
bijection φ : Xα Ñ Xβ such that pRX Xαqφ Ď R, pİαqφ ãÑ İβ and İβ ãÑ pİαqφu, as required.

Corollary 9. [6] [Theorem 3.7] For α P TpX, Yq, the following statements hold.

(i) If α P FpX, Yq, then Dα “ tβ P FpX, Yq : |Xβ| “ |Xα|u.
(ii) If α P TpX, YqzFpX, Yq, then Dα “ tβ P TpX, YqzFpX, Yq : πpβq “ πpαqu.

Proof. As in the proof of Corollary 4, if we replace ρ with the identity relation, then (ii) of Theorem 3
is as follows. If α P TpX, YqzFpX, Yq, then Dα “ tβ P TpX, YqzFpX, Yq : πpβq “ πpαqu.

Now, we claim that the conditions kerpβq “ kerpαq; or there is a bijection φ : Xα Ñ Xβ such
that pRX Xαqφ Ď R, pİαqφ ãÑ İYβ and İβ ãÑ pİYαqφ in (i) of Theorem 3 is equivalent to |Xα| “ |Xβ|

for all α, β P FpX, Yq. It is clear that the above conditions imply |Xα| “ |Xβ|. Now, let α, β P FpX, Yq
and |Xα| “ |Xβ|. Then there is a bijection φ : Xα Ñ Xβ and pRX Xαqφ Ď Xβ Ď Y “ R. To see that
the remaining conditions hold, we observe that pYαqφ “ pXαqφ “ Xβ “ Yβ, since α, β P FpX, Yq.
From pXαqφ “ Yβ and ρ as the identity relation, we obtain pİαqφ “ ttpxαqφu : x P Xu “ ttrβu : r P
Yu “ İYβ, hence, pİαqφ ãÑ İYβ. Similarly, from pYαqφ “ Xβ, we obtain İβ ãÑ pİYαqφ. Therefore, we have
our claim.

To characterize the J -relation on T, we need the terminology below. For each α P T, we define

Rpαq “ tr P R : rρ̂X Xα ‰ Hu.

The following example shows that Rpαq is necessary.

Example 5. Let X “ t1, 2, 3, 4, 5, 6, 7, 8u and Y “ t3, 4, 5, 6, 7, 8u. Let

X{ρ “ tt1, 2u, t3, 4u, t5, 6, 7u, t8uu, Y{ρ̂ “ tt3, 4u, t5, 6, 7u, t8uu and R “ t3, 5, 8u.

Define α, β P T as follows:

α “

˜

1 2 3 4 5 6 7 8
4 4 5 6 5 6 6 5

¸

and β “

˜

1 2 3 4 5 6 7 8
7 7 5 6 3 4 4 8

¸

.
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Then Rpαq “ t3, 5u Ę Xα and Rpβq “ t3, 5, 8u Ď Xβ. Moreover,

İα “ tt4u, t5, 6u, t5uu and İYβ “ tt3, 4u, t5, 6u, t8uu.

We show further that α “ λβµ for some λ, µ P T, but there is no function φ : Yβ Ñ Xα such that
pRXYβqφ Ď R and İα ãÑ pİYβqφ ãÑ Y{ρ̂. Define λ, µ P T by

λ “

˜

1 2 3 4 5 6 7 8
7 7 3 4 3 4 4 3

¸

and µ “

˜

1 2 3 4 5 6 7 8
3 3 3 4 5 6 5 3

¸

.

We see that α “ λβµ. Suppose that there is such a function φ, which would imply t4u “ t1, 2uα Ď
Aφ Ď t3, 4u for some A P İYβ, and H ‰ pR X Aqφ Ď Aφ X R “ t3u, since H ‰ R X A Ď

Yβ. Thus, 3 P pRX Aqφ Ď Xα, which is a contradiction. However, since 3 P RpαqzXα, we can define
φ : Yβ Ñ XαY Rpαq satisfying the conditions pRXYβqφ Ď R and İα ãÑ pİYβqφ ãÑ Y{ρ̂ as follows:

φ “

˜

3 4 5 6 8
3 4 5 6 5

¸

.

Note that if Y “ X or ρ is the identity relation, then Rpαq Ď Xα for all α P T.
The following result is the key lemma in characterizing the J -relation on T. The outline of the

proof is the same as Theorem 2.7 in [3], but there are differences in detail, for example, to prove the
“only if” part, the function φ has to be defined from Yβ into XαY Rpαq in order to make raµ in (2)
well-defined. In addition, because of the restricted range of T, the function µ defined in (3) of the
“if” part is greatly different from that defined in Theorem 2.7 [3]. Moreover, each step of the proof,
the restricted range is involved.

Lemma 4. Let α, β P T. Then α “ λβµ for some λ, µ P T if and only if there exists φ : Yβ Ñ XαY Rpαq such
that pRXYβqφ Ď R and İα ãÑ pİYβqφ ãÑ Y{ρ̂.

Proof. Assume that α “ λβµ for some λ, µ P T. We define φ : Yβ Ñ XαYRpαq such that pRXYβqφ Ď R
and İα ãÑ pİYβqφ ãÑ Y{ρ̂ as follows.

Fix r0 P XαX R. Let a P Yβ, and define φ in three steps.

(1) If a P Xpλβq Ď Yβ, we define aφ “ aµ P Xα.
(2) If a P YβzXpλβq and aρ̂X Xpλβq ‰ H, then define aφ “ raµ.
(3) If a P YβzXpλβq and aρ̂X Xpλβq “ H, then define aφ “ r0 P Xα.

We observe that raµ in (2) belongs to Rpαq, since raµ P R and raµ ρ̂ bµ P Xα for some b P aρ̂XXpλβq.
By the definition of φ and the fact that Rµ Ď R, we obtain that pR X Yβqφ Ď R. To see that

İα ãÑ pİYβqφ, let pxρqα P İα. Then there exists r P R such that pxρqλ Ď rρ̂. We have pxρqα “ pxρqλβµ Ď

rprρ̂qβX Xpλβqsµ Ď rprρ̂qβsφ P pİYβqφ. Thus, İα ãÑ pİYβqφ. To show that pİYβqφ ãÑ Y{ρ̂, let prρ̂qβ P İYβ.
By the definition of φ, either rprρ̂qβsφ Ď pprρ̂qβqµ Ď sρ̂ for some s P R (if prβqρ̂ X Xpλβq ‰ H) or
rprρ̂qβsφ “ tr0u Ď r0ρ̂ (if prβqρ̂X Xpλβq “ H). Therefore, pİYβqφ ãÑ Y{ρ̂.

Conversely, assume that there exists φ : Yβ Ñ XαY Rpαq such that pRX Yβqφ Ď R and İα ãÑ

pİYβqφ ãÑ Y{ρ̂. Let A P İα. Then there is a unique rA P R such that A Ď rAρ̂ (note that rA may not
belong to Xα but rA P Rpαq). Since İα ãÑ pİYβqφ ãÑ Y{ρ̂, there exists CA P İYβ such that A Ď CAφ Ď rAρ̂.
From CA P İYβ, there is sA P R such that CA “ psAρ̂qβ. Let tA “ sAβ. Then CA “ psAρ̂qβ Ď tAρ̂.
For every a P A, we choose uA

a P CA such that a “ uA
a φ (since tAφ “ rA, we may assume that uA

a “ tA
if a “ rA). Let C1A “ tu

A
a : a P Au. Then C1A Ď CA. For every b P C1A, we choose vA

b P sAρ̂ such that
b “ vA

b β (since sAβ “ tA, we may assume that vA
b “ sA if b “ tA).

We aim to define λ, µ P T such that α “ λβµ. We first define λ. Let x P X, A “ pxρqα and a “ xα.
Then xα “ a P A, so there exists b “ uA

a such that b “ vA
b β, thus we define xλ “ vA

b . By the definition
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of λ, pxρqλ Ď sAρ̂. If p P xρX R, then a1 “ pα “ rA P RX A, and so b1 “ uA
a1 “ tA. Hence vA

b1 “ sA,
which implies that pλ “ vA

b1 “ sA P R. Thus, λ P T.
To define µ, fix r0 P R and let x P X.

(1) If x P C1A for some A P İα, define xµ “ xφ.
(2) If x R C1B for all B P İα and CA Ď xρ for some A P İα, define xµ “ rA.
(3) If xρX CA “ H for all A P İα, define xµ “ r0.

To see that the definition of µ in (2) does not depend on the choice of A, we suppose that there
are A, B P İα such that CA, CB Ď xρ. Since CA “ psAρ̂qβ Ď tAρ̂ Ď xρ and CB “ psBρ̂qβ Ď tBρ̂ Ď xρ,
we obtain tA “ tB, and thus rA “ tAφ “ tBφ “ rB. Next, we prove that µ P T. By the definition of µ,
we see that Rµ Ď R. Now, if xρX CA “ H for all A P İα, then pxρqµ “ tr0u Ď r0ρ̂. For CA Ď xρ for
some A P İα, we have xµ “ xφ P rBρ̂ “ rAρ̂ if x P C1B for some B P İα and xµ “ rA P rAρ̂ if x R C1B for
all B P İα. Thus, pxρqµ Ď rAρ̂.

To prove that α “ λβµ, let x P X, A “ pxρqα and a “ xα. Let b “ uA
a (note that uA

a P C1A was
selected such that uA

a φ “ a). By the definitions of λ and µ, we have xλ “ vA
b (recall that vA

b was chosen
so that vA

b β “ b) and bµ “ uA
a µ “ uA

a φ “ a “ xα. Thus, xλβµ “ vA
b βµ “ bµ “ xα, as required.

If we take Y “ X in Lemma 4, then T “ TpX, ρ, Rq, which contains an identity element, the identity
map. Thus, we obtain the J -relation on TpX, ρ, Rq.

Corollary 10. [3] [Theorem 2.8] Let α, β P TpX, ρ, Rq. Then αJ β if and only if there exist φ : Xβ Ñ Xα and
ϕ : Xα Ñ Xβ such that pRX Xβqφ Ď R, İα ãÑ pİβqφ ãÑ X{ρ; also pRX Xαqϕ Ď R, İβ ãÑ pİαqϕ ãÑ X{ρ.

Now, we are ready to prove the J -relation on T.

Theorem 4. Let α, β P T. Then αJ β if and only if one of the following conditions holds:

(i) kerpαq “ kerpβq, İα “ İβ and pRβ´1qα, pRα´1qβ Ď R;
(ii) there exist φ : Yβ Ñ Xα Y Rpαq such that pR X Yβqφ Ď R, İα ãÑ pİYβqφ ãÑ Y{ρ̂ and ϕ : Yα Ñ

XβY Rpβq such that pRXYαqϕ Ď R, İβ ãÑ pİYαqϕ ãÑ Y{ρ̂.

Proof. Assume that αJ β. Then α “ σβδ and β “ σ1αδ1 for some σ, σ1, δ, δ1 P T1. If σ “ 1 “ σ1, then
α “ βδ and β “ αδ1, which implies that αRβ, and so kerpαq “ kerpβq, İα “ İβ and pRβ´1qα, pRα´1qβ Ď

R. If δ “ 1 “ δ1, then α “ σβ and β “ σ1α, which implies that αLβ, and so α “ β; or İα ãÑ İYβ and
İβ ãÑ İYα. If α “ β, then (i) holds. If İα ãÑ İYβ and İβ ãÑ İYα, then we define φ and ϕ to be the identity
maps on Yβ and Yα, respectively. It follows that pRXYβqφ Ď R, İα ãÑ pİYβqφ ãÑ Y{ρ̂, pRXYαqϕ Ď R
and İβ ãÑ pİYαqϕ ãÑ Y{ρ̂. That is, (ii) holds. For the other cases, we can conclude that α “ λβµ and
β “ λ1αµ1 for some λ, λ1, µ, µ1 P T (for example, if σ “ 1 and σ1 P T, then α “ βδ and β “ σ1αδ1 imply
α “ βδ “ pσ1αδ1qδ “ σ1αpδ1δq “ σ1pβδqδ1δ “ σ1βpδδ1δq). Thus, Lemma 4 gives that (ii) holds in all the
remaining cases.

Conversely, assume that the statement holds. If kerpαq “ kerpβq, İα “ İβ and pRβ´1qα, pRα´1qβ Ď

R, then αRβ, and so αJ β. If there exist φ : Yβ Ñ XαY Rpαq such that pRXYβqφ Ď R, İα ãÑ pİYβqφ ãÑ

Y{ρ̂ and ϕ : Yα Ñ Xβ Y Rpβq such that pR X Yαqϕ Ď R, İβ ãÑ pİYαqϕ ãÑ Y{ρ̂, then α “ λβµ and
β “ λ1αµ1 for some λ, λ1, µ, µ1 P T by Lemma 4. Therefore, αJ β, as required.

By setting ρ to be the identity relation in Theorem 4, we obtain the J -relation on TpX, Yq as follows.

Corollary 11. [6] [Theorem 3.9] Let α, β P TpX, Yq. Then αJ β if and only if πpαq “ πpβq or |Xα| “ |Yα| “

|Yβ| “ |Xβ|.

Proof. If ρ in Theorem 4 is the identity relation, then T “ TpX, Yq. By the same proof as given
for Corollary 4, we have that (i) of Theorem 4 is equivalent to πpαq “ πpβq. Now, we claim that
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(ii) is equivalent to |Xα| “ |Yα| “ |Yβ| “ |Xβ|. If (ii) holds, then φ : Yβ Ñ Xα is onto, since
İα “ ttxαu : x P Xu ãÑ ttprβqφu : r P Yu “ pİYβqφ implies that for each xα P Xα, xα “ prβqφ for some
r P Y. Similarly, from ϕ : Yα Ñ Xβ with İβ ãÑ pİYαqϕ, we obtain that ϕ is onto. Thus, |Xα| ď |Yβ|

and |Xβ| ď |Yα|, and so |Yα| ď |Xα| ď |Yβ| ď |Xβ| ď |Yα|. Therefore, |Xα| “ |Yα| “ |Yβ| “ |Xβ|.
Conversely, if |Xα| “ |Yα| “ |Yβ| “ |Xβ|, then there exist bijections φ : Yβ Ñ Xα and ϕ : Yα Ñ Xβ.
Since φ is onto, it follows that İα “ ttxαu : x P Xu ãÑ ttprβqφu : r P Yu “ pİYβqφ ãÑ ttyu : y P Yu “ Y{ρ̂.
Similarly, as ϕ is onto, we have İβ ãÑ pİYαqϕ ãÑ Y{ρ̂. Moreover, pRXYβqφ Ď pYβqφ “ Xα Ď Y “ R,
and in the same way, pRXYαqϕ Ď R. Therefore, we have our claim.

Recall that D Ď J on any semigroup and D “ J on TpXq, but in T it is not always true, so we
end this section with an example showing that D ‰ J on T.

Example 6. Let X be the set of all positive integers and Y “ Xzt1, 2u. Let

X{ρ “ tt1, 2u, t3, 4, 5uu Y tt2n` 4, 2n` 5u : n P Xu,

Y{ρ̂ “ tt3, 4, 5uu Y tt2n` 4, 2n` 5u : n P Xu and

R “ t3, 6, 8, 10, . . .u.

Then we define

α “

˜

1 2 3 4 5 6 7 8 9 10 11 12 13 . . .
4 4 8 9 9 12 13 16 17 20 21 24 25 . . .

¸

,

β “

˜

1 2 3 4 5 6 7 8 9 10 11 12 13 . . .
9 9 6 7 7 3 4 3 5 6 7 10 11 . . .

¸

.

Thus, α, β P TzF and

İα “ tt4u, t8, 9u, t12, 13u, t16, 17u, t20, 21u, t24, 25u, . . .u,

İYα “ tt8, 9u, t12, 13u, t16, 17u, t20, 21u, t24, 25u, . . .u,

İβ “ tt9u, t6, 7u, t3, 4u, t3, 5u, t10, 11u, t14, 15u, t18, 19u, . . .u,

İYβ “ tt6, 7u, t3, 4u, t3, 5u, t10, 11u, t14, 15u, t18, 19u, . . .u.

It is clear that kerpαq ‰ kerpβq. Therefore, α and β are not D-related by Theorem 3. However, we can
define φ : Yβ Ñ XαY Rpαq and ϕ : Yα Ñ XβY Rpβq as follows:

pt3, 4uqφ “ t3, 4u, pt3, 5uqφ “ t3, 4u, pt6, 7uqφ “ t8, 9u,

pt10, 11uqφ “ t12, 13u, pt14, 15uqφ “ t16, 17u, pt18, 19uqφ “ t20, 21u, . . .

pt8, 9uqϕ “ t8, 9u, pt12, 13uqϕ “ t6, 7u, pt16, 17uqϕ “ t3, 4u,

pt20, 21uqϕ “ t3, 5u, pt24, 25uqϕ “ t10, 11u, pt28, 29uqϕ “ t14, 15u, . . . .

Both φ and ϕ satisfy the required properties of Theorem 4. Therefore, α and β are J -related.

However, if X is a finite set, then T is a finite semigroup and it is periodic. Hence D “ J in
this case.
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