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Abstract: The definition of the most extended modal operator of first type over interval-valued
intuitionistic fuzzy sets is given, and some of its basic properties are studied.
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1. Introduction

Intuitionistic fuzzy sets (IFSs; see [1-5]) were introduced in 1983 as an extension of the fuzzy
sets defined by Lotfi Zadeh (4.2.1921-6.9.2017) in [6]. In recent years, the IFSs have also been
extended: intuitionistic L -fuzzy sets [7], IFSs of second [8] and nth [9-12] types, temporal IFSs [4,5,13],
multidimensional IFSs [5,14], and others. Interval-valued intuitionistic fuzzy sets (IVIFSs) are the most
detailed described extension of IFSs. They appeared in 1988, when Georgi Gargov (7.4.1947-9.11.1996)
and the author read Gorzalczany’s paper [15] on the interval-valued fuzzy set (IVFS). The idea of IVIFS
was announced in [16,17] and extended in [4,18], where the proof that IFSs and IVIFSs are equipollent
generalizations of the notion of the fuzzy set is given.

Over IVIFS, many (more than the ones over IFSs) relations, operations, and operators are defined.
Here, similar to the IFS case, the standard modal operators O and <> have analogues, but their
extensions—the intuitionistic fuzzy extended modal operators of the first type—already have two
different forms. In the IFS case, there is an operator that includes as a partial case all other extended
modal operators. In the present paper, we construct a similar operator for the case of IVIFSs and study
its properties.

2. Preliminaries

Let us have a fixed universe E and its subset A. The set
A= {(x, M4 (x), Na(x)) | ¥ € E},
where M 4(x) C [0,1] and N4 (x) C [0,1] are closed intervals and for all x € E:
sup My (x) +sup Ny(x) <1 1)

is called IVIFS, and functions M4 : E — P([0,1]) and N4 : E — P([0,1]) represent the set of degrees of
membership (validity, etc.) and the set of degrees of non-membership (non-validity, etc.) of element x € Eto a
fixed set A C E, where P(Z) = {Y|Y C Z} for an arbitrary set Z.

Obviously, both intervals have the representation:

Ma(x) = [inf Ma(x), sup M4 (x)],
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Na(x) = [inf No(x),sup Na(x)].
Therefore, when
inf My(x) =supMu(x) = pa(x) and infNg(x) =sup Na(x) = va(x),

the IVIFS A is transformed to an IFS.

We must mention that in [19,20] the second geometrical interpretation of the IFSs is given
(see Figure 1).

IVIFSs have geometrical interpretations similar to, but more complex than, those of the IFSs.
For example, the analogue of the geometrical interpretation from Figure 1 is shown in Figure 2.

Obviously, each IVFS A can be represented by an IVIFS as

A = {(x,Ma(x),Na(x)) | x € E}
= {(x, Ma(x),[1 —supMx(x),1 —inf M4(x)]) | x € E}.

(0,1) \ E \

va(x) t *

(0,0) pa(x) (1,0)

Figure 1. The second geometrical interpretation of an intuitionistic fuzzy set (IFS).
(0,1)

1—inf My

1—supMy
sup Ny
ianA
0,0 1,0
(0.0) infMy supMy 1—supNy (L0)
1 —inf Ny

Figure 2. The second geometrical interpretation of an interval-valued intuitionistic fuzzy set (IVIFS).
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The geometrical interpretation of the IVFS A is shown in Figure 3. It has the form of a section
lying on the triangle’s hypotenuse.

(0,1)
supMy =1—inf My N \

infNg =1—sup My

(0,0) (1,0)

inf My sup My

Figure 3. The second geometrical interpretation of an IVFS.

Modal-type operators are defined similarly to those defined for IFSs, but here they have two
forms: shorter and longer. The shorter form is:

OA= {(x,Ms(x),[infNy(x),1 —supMu(x)]) | x € E},
QA= {(x [infMa(x),1—supNa(x)],Na(x)) | x € E},
Dy(A) = {(x,[inf M (x),sup Ma(x)+ a(1l —sup M (x) —sup Ny (x))],
[iInf Ng(x),sup Na(x) 4+ (1 —a)(1 —sup Ma(x) —sup Na(x))])
| x € E},
Fop(A) = {(x, [inf Ma(x),sup M (x) + a(1 —sup Ma(x) —sup Na(x))],
[inf Ny (x),sup Na(x) + B(1 —sup My (x) —sup Ny (x))])
| x € E}, fora+B <1,
Gup(A) = {(x [ainf My(x),asup Ma(x)], [Binf Ny (x), fsup Na(x)])
| x € E},
Hyp(A) = {(x,[ainf M(x),asup M (x)], [inf N4 (x),sup N4(x)
+B(1 —sup Ma(x) —sup Na(x))]) | x € E},
Hy 5(A) = {{x, [ainf M (x), a sup M4 (x)], [inf Na(x), sup Na(x)
+B(1 —asup Ma(x) —sup Na(x))]) | x € E},
Jup(A) = {(x, [inf Mg (x),sup Ma(x) + a(1 — sup My (x)
—sup Ny (x))], [Binf Na(x), Bsup Na(x)]) | x € E},
ap(A) = {{x [inf M (x),sup M (x) 4 a(1 — sup M (x)
—Bsup Na(x))], [Binf Ny(x), B.sup Na(x)]) | x € E},
where &, § € [0,1].

Obviously, as in the case of IFSs, the operator D, is an extension of the intuitionistic fuzzy forms
of (standard) modal logic operators O and <), and it is a partial case of F, g.
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The longer form of these operators (operators O, <, and D do not have two forms—only the one
above) is (see [4]):

f<2 ) >(A): {(x, [inf M4 (x) + a(1 — sup My (x) — sup N4 (x)),

[

sup Ma(x) + B(1 —sup Ma(x) —sup Na(x))],
[inf Ng(x) + (1 —sup Ma(x) —sup Na(x)),
)

)
sup Na(x) +6(1 —sup M (x) —sup Na(x))]) | x € E}
where 46 <1,

)(A) = {(x [ainf My (x), Bsup M4 (x)],
[yinf Na(x),6sup Na(x)]) | x € E},
H( s )(A) = {(x [ainf Ma(x), Bsup Ma(x)],

&=

[inf Ng(x) + v(1 —sup Ma(x) —sup Na(x)),
sup Na(x) +6(1 —sup Ma(x) —sup Na(x))]) | x € E},
H( x })(A)Z {{x, [winf M4 (x), Bsup Ma(x)],
[inf Ng(x) + (1 — Bsup Ma(x) —sup Na(x)),
sup Ng(x) +6(1— Bsup Ma(x) —sup Na(x))]) | x € E},
]( C )T {(x, [inf M4 (x) + a(1 — sup M4 (x) — sup Na(x)),
sup My (x) + B(1 —sup Ma(x) —sup Na(x))],
[yinf Na(x),6sup Na(x)]) | x € E},
( ¢ )(A) = {(x,[iInf M (x) 4+ a(l —JdsupMu(x) —sup Na(x)),

sup Mg(x) + B(1 —sup Ma(x) —dsup Na(x))],
[7.inf N4 (x),d.sup Na(x)]) | x € E},

where &, 8,7,6 € [0,1] such thata < Band v < 6.
Figure 4 shows to which region of the triangle the element x € E (represented by the small

rectangular region in the triangle) will be transformed by the operators F, G, ..., irrespective of whether
they have two or four indices.

(0,1)
LA
Ao
H || F
:::::::l::[:::::::,,
G i JTT
(0,0) (1,0)

Figure 4. Region of transformation by the application of the operators.
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3. Operator X

Now, we introduce the new operator

X( b 4 g f1)(A)

monoa B oo
= {{x, [a1inf M4 (x) + b1 (1 —inf M4 (x) — c1inf Na(x)),
4 sup Mg (x) + ba(1 — sup My (x) — 2 sup Na(x))],
[dyinf Na(x) +e1(1— fiinf Ma(x) — inf Na(x)),
dy sup Na(x) +e2(1 — fasup Ma(x) —sup Na(x))])|x € E},

where a1, by, ¢1,d1, €1, f1,2,b2,¢2,d2, €2, f» € [0,1], the following three conditions are valid for i = 1,2:

a;+e —efi <1, 2)
bi+d; —bic; <1, (3)
b;+e <1, (4)
and
ap <ag, by <bycp < dy <dyep <eo, f1 < fo ®)

Theorem 1. For every IVIFS A and for every ay, by, c1,d1,e1, f1,a2,b2,¢2,da, €2, f € [0,1] that satisfy
(2)-(5), X( W b oq b e 5 )(A) is an IVIFS.

b o d e f

Proof. Letay, by, c1,dy,e1, f1,a2,b2,¢2,d2, 2, f2 € [0,1] satisfy (2)—(5) and let A be a fixed IVIFS. Then,
from (5) it follows that

M infMA(x) + b1(1 — infMA(x) — (1 ianA(x))

< aysup Ma(x) + by(1 —sup My (x) — casup Na(x))
and
dl iI‘lfNA(JC) +€1(1 —f1 infMA(x) —ianA(x))
<dysup Na(x) +ep(1 — fasup Ma(x) —sup Ny (x)).

Now, from (5) it is clear that it will be enough to check that
X =aysup My (x) +by(1 —sup Ma(x) —casup Na(x))

+dasup Na(x) +ex(1 — fasup Ma(x) —sup Na(x))
= (ap — by —exfa) sup Ma(x) + (dy — ex — bpca) sup Na(x) + by + e < 1.

In fact, from (2),
ay—by—exfr <1—-by—e

and from (3):
dz—(?z—szz < 1—b2—€2.

Then, from (1),

X< (1—-by—ex)(supMy(x)+supNy(x))+by+er
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<1—by—ey+by+e =1.
Finally, when sup M4 (x) = inf N4 (x) = 0 and from (4),
X=b0(1-0-0)4+e(l—-0-0)=by+e <1
Therefore, the definition of the IVIFS is correct. [

All of the operators described above can be represented by the operator

X ( T > at suitably chosen values of its parameters. These representations
ap by g dy e fp
are the following:
OA = 10 9 1 0 51>(A),
10 rn 1 1 1
<>A = 10 r 1 0 >(A)/
11 1 1 0 s
D,(A =

U
o
<
=
-
=
-
~—
—~
~—
~

*(

X

X
Fpl) =X )@
Cupld) - =X(w 0 p 0y (A
Hyg(A) :X“ oo ?)(A)’
Hopld) =X 0000 )
Jup(A) ZX“ vonop i;)(A)’
ap(A) ZX“ oo 2)(1‘\)/
P oW =Xa oo W
°GoW =X )W
Ao )W =X o w o W
A 0@ X6y )@
’E; A =X (@A)
G 0W =X0 s )W

where 11, 17, 51, 5p are arbitrary real numbers in the interval [0, 1].
Three of the operations, defined over two IVIFSs A and B, are the following:

-A = {(x,Na(x),My(x)) | x € E},

ANB = {(x,[min(inf M(x),inf Mp(x)), min(sup M4 (x),sup Mp(x))],
[max(inf N4 (x),inf Np(x)), max(sup Na(x),sup Ng(x))]) | x € E},

AUB = {(x,[max(inf M4 (x),inf Mp(x)), max(sup M (x),sup Mp(x))],

[min(inf N4 (x),inf Np(x)), min(sup N4 (x),sup Np(x))]) | x € E}.
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For any two IVIFSs A and B, the following relations hold:
ACB iff Vx€E, infMy(x) <infMg(x), inf Na(x) > inf Np(x),
sup My (x) < sup Mp(x) and sup Ns(x) > sup Np(x)),
ADB iff BCA,
A=B iff ACBand B C A.

Theorem 2. For every two IVIFSs A and B and for every ay, by, c1,d1, €1, f1, 2, b2, ¢2,da, €2, f» € [0,1] that
satisfy (2)—(5),

(@) ﬁx( Wb o 4 e R )(ﬁA):Xd/e,f,a,b,c(A),
b o 4 o f
(b) X( W e 4 e h)(AﬂB)

b o d o f

CX( b A g fl)(A)mX< b 4 g f1>(B)'

o b o d o fo m b o d o fo

(c) X( o o 4 e ﬁ)(AUB)

by o A e fy

DX( ap by dp g f1)(A>UX< b dpgq f1>(B)

by o A o f) by o A g fy

Proof. (c) Let a1, by,c1,d1,e1, f1,a2,b2,¢2,d2, €2, f» € [0,1] satisfy (2)—(5) , and let A and B be fixed
IVIFSs. First, we obtain:
Y=X (

moobhoq doeq f
b o 4 o fH

(AUB)

o boq A f
b o d e f

_ X( )({<x, [max(inf M4 (x),inf Mp(x)),

max (sup My (x), sup Mp(x))],
[min(inf N4 (x),inf Ng(x)), min(sup N4 (x),sup Np(x))]) | x € E})

= {(x, [ay max(inf M4 (x), inf Mg (x)) + by (1 — max(inf M4 (x), inf Mp(x))
— ey min(inf N (x), inf Np (x))), a2 max(sup M (x) sup Mp(x))
+by(1 — max(sup My (x) sup M (x)) — ez min(sup N (x), sup Ny (x)))],
[dy min(inf N s (x), inf Ng(x)) + 1 (1 — f; max(inf M (x), inf Mg (x))
— min(inf Na(x), inf Np (x))), da min(sup N (x), sup Np (x))
+ea(1~ fo max(sup Ma(x) sup My (x)) — min(sup N (x), sup Ng(x)))])|x € E}.

Second, we calculate:

ZZX( i b A g fl)(A)UX< o b 4 f1>(B)

a by o A f) by o A g fy

= {(x, [111 infMA(x) + bl(l - infMA(x) — (0 ianA(x)),
aysup M (x) + ba(1 —sup My (x) — cpsup Na(x))],
[dl ianA(x) +€1(1 7f1 infMA(x) — ianA(x)),

dysup Na(x) 4+ ex(1 — fosup Ma(x) —sup Na(x))])|x € E}
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U{ (x, [ay inf M (x) + by (1 — inf My (x) — ¢y inf N (x)),
a2 sup Mg (x) + b (1 — sup M (x) — e sup N (x))],
[dy inf N (x) + e1 (1 — f inf M (x) — inf Np(x)),
d sup Np(x) + e2(1 — f2 sup Mp(x) — sup Np(x))])|x € E}

— {{x, [max(a; inf M4 (x) + by (1 — inf M4 (x) — c1 inf N (x)),
oy inf Mp(x) + by (1 — inf Mp(x) — ¢y inf Np(x))),
max (a2 sup M (x) + b2(1 — sup M (x) — casup Na(x)),
az sup Mp(x) 4 by (1 — sup Mp(x) — c2 sup Np(x)))],
[min(dy inf N (x) + e1 (1 — fy inf Mg (x) — inf N (x)),
dyinf Nig(x) + e1 (1 — fy inf Mg (x) — inf Np(x))),
min(d; sup Ny (x) + e2(1 — f2sup Ma(x) — sup Na(x)),
dy sup Np(x) + e2(1 — fo sup Mp(x) — sup Ng(x)))]) | x € E}.

Let
P = ay max(inf M4 (x),inf Mp(x)) + by (1 — max(inf M4 (x), inf Mp(x))

—cp min(inf Ny (x),inf Np(x))) — max(a; inf M4 (x) + by (1 —inf M4 (x) — c1inf N4 (x)),
ay infMB(x) + bl (1 - il‘lfMB(X) —C1 il‘lfNB(X)))

= a1 max(inf M4 (x),inf Mp(x)) 4+ by — by max(inf M4 (x),inf Mp(x))
—bycy min(inf N4 (x),inf Ng(x))) — max((a; — by) inf M4 (x) + by — bycyinf Ng(x),
(a1 — by) inf Mp(x) 4+ by — byc1inf Np(x))

= ay max(inf M4 (x), inf Mp(x)) — by max(inf M 4 (x), inf Mp(x))
—bycy min(inf N4 (x), inf Np(x)) — max((a; — by)inf M4 (x) — bicy inf N (x),
(a1 — bl) infMB(x) — b1C1 ianB(x)).
Letinf M4 (x) > inf Mp(x). Then
P = (611 — bl) infMA(x) — b1C1 min(ianA(x), ianB(x)) — max((u1 — bl) il’lfMA(X)
—blcl ianA(x), (a1 — bl) infMB(x) — blCl iI‘lfNB(X)).
Let (a1 — by)inf M4 (x) — byicpinf Na(x) > (a3 — by) inf Mp(x) — bycq inf Ng(x). Then
P = (a3 —by)inf M4 (x) — bycy min(inf N4 (x),inf Np(x)) — (a1 — by)inf M4 (x)
+b1c1 ianA(x)
= byc1inf Ny (x) — byc; min(inf Ny (x), inf Ng(x)) > 0.
If (al — bl) infMA(x) — b]Cl il’lfNA(X) < (dl — b]) il’lfMB(X) — b1C1 ianB(x). Then

P = (a1 — bl) infMA(x) — blcl min(ianA(x),ianB(x)) — (a1 — b]) il’lfMB(X)
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+byc1inf Np(x)).
= blCl ianB(x) — blcl min(ianA(x),ianB(x)) > 0.

Therefore, the inf M 4-component of IVIFS Y is higher than or equal to the inf M 4-component
of IVIFS Z. In the same manner, it can be checked that the same inequality is valid for the
sup M-components of these IVIFSs. On the other hand, we can check that that the inf N4-
and sup Ny-components of IVIFS Y are, respectively, lower than or equal to the inf N4 and
sup Ny-components of IVIFS Z. Therefore, the inequality (c) is valid. [

4. Conclusions

In the near future, the author plans to study some other properties of the new operator

o boq A A
n b o 4 o f
In [21], it is shown that the IFSs are a suitable tool for the evaluation of data mining processes and

objects. In the near future, we plan to discuss the possibilities of using IVIFSs as a similar tool.
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