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Abstract: The fuzzy numbers are fuzzy sets owning some elegant mathematical structures. The space
consisting of all fuzzy numbers cannot form a vector space because it lacks the concept of the additive
inverse element. In other words, the space of fuzzy numbers cannot be a normed space even though
the normed structure can be defined on this space. This also says that the fixed point theorems
established in the normed space cannot apply directly to the space of fuzzy numbers. The purpose of
this paper is to propose the concept of near fixed point in the space of fuzzy numbers and to study
its existence. In order to consider the contraction of fuzzy-number-valued function, the concepts
of near metric space and near normed space of fuzzy numbers are proposed based on the almost
identical concept. The concepts of Cauchy sequences in near metric space and near normed space
of fuzzy numbers are also proposed. Under these settings, the existence of near fixed points of
fuzzy-number-valued contraction function in complete near metric space and near Banach space of
fuzzy numbers are established.

Keywords: Cauchy sequence; near fixed point; near metric space of fuzzy numbers; near normed
space of fuzzy numbers; null set
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1. Introduction

The fuzzy numbers can be treated as the imprecise data. For example, in the financial market,
the data may not be precisely measured owing to the fluctuation. However, based on the knowledge
of experts, it may be said that each numerical data will be around some certain value. In this case,
these imprecise data can be described as the fuzzy numbers. In other words, the fuzzy sets theory may
provide a useful tool to tackle this kind of imprecision. The basic ideas and applications of fuzzy sets
theory can refer to the monographs [1-6].

Let F.(R) denote the family of all fuzzy numbers, which will be described in detail below.
However, this family F..(R) cannot form a vector space. The main reason is that each fuzzy number
in F¢.(R) does not have the additive inverse element. Although the space F..(IR) is not a vector space,
the Hahn-Banach extension theorems on F.(R) still can be studied by referring to Wu [7]. On the
other hand, the fixed point theorems in fuzzy metric space have been studied in [8-19]. However,
the fuzzy metric space is completely different from the near metric space of fuzzy numbers that is
adopted in this paper. The purpose of this paper is to study the near fixed point theorem in the near
metric space Fe.(R).

Some of the conventional fixed point theorems were established in normed space. Since F.(R)
is not a vector space, it cannot also be a normed space even though we can define a norm structure
on F.(R). Therefore, the conventional fixed point theorems will not be applicable in F,.(R). In this
paper, based on the norm structure defined on F,.(R), the concept of Cauchy sequence in F,.(R) can
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be similarly defined. In this case, the Banach space of fuzzy numbers can be defined according to the
concept of Cauchy sequence. The main aim of this paper is to study and establish the so-called near
fixed point theorems in Banach space of fuzzy numbers.

Let U be a topological space. The fuzzy subset A of U is defined by a membership function
¢x U — [0,1]. The a-level set of A, denoted by A,, is defined by

Av=f{x e U:g4(x) > a}

for all « € (0,1]. The 0-level set A is defined as the closure of the set {x € U : & ;(x) > 0}.
Let ® denote any one of the four basic arithmetic operations @, ©, ®, © between two fuzzy subsets
A and B. The membership function of A ® B is defined by

Ciop(z) = sup  min{{z(x),z(y)}
{(xy):z=xoy}

for all z € R. More precisely, the membership functions are given by

Ciep(z) = sup  min{4(x),¢5(y)};
{(xy)iz=x+y}

Ciep(z) =  sup  min{4(x),¢5(y)};
{(xy):z=x—y}

Ciop(z) = sup  min{G;(x),¢z(v)};
{(xy)z=xxy}

Ciop(z) = sup min {¢ 5(x),¢5(v)},
{(xy):z=x/y,y#0}

where A B= A (—B).
Let U be a real topological vector space. We denote by F..(U) the set of all fuzzy subsets of U
such that each @ € F.(U) satisfies the the following conditions:

disnormal, i.e., &;(x) = 1 for some x € U;

d is convex, i.e., the membership function ¢;(x) is quasi-concave;
the membership function ¢; is upper semicontinuous;

the 0-level set (%) is a compact subset of U.

In particular, if U = R then each element of F..(R) is called a fuzzy number.
For i € F(R), it is well-known that, for each a € [0, 1], the a-level set 4, is a bounded closed
interval in R, which is also denoted by &, = [aL, a{].

We say 1 {a} 18 @ crisp number with value a if and only if the membership function of 1 {a} 18 given by

1 ifr=a

(;‘i{ﬂ}(r) - { 0 ifr #a.

It is clear that each a-level set of 1 {a) 18 a singleton set {a} for « € [0,1]. Therefore, the crisp
number 1 {a) can be identified with the real number 4. In this case, we have the inclusion R C Fec(R).
For convenience, we also write Ad = 1) ® 4.

Let 4 and b be two fuzzy numbers with 4, = [aL,d] and b, = [bL,bY] for a € [0,1]. Tt is well
known that

(a@b), = [ak + bk, all + Y]
and, for A € R,

(A7), )

) akaad) ifa>o0
] [AaYaak] ifa <o,
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Forany A € Rand 4,b € F..(R), it is clear to see that
Ma@b) = Aa @ Ab. )
Suppose that @ € F¢.(R). Then we have
(@od), = [ag —al,al — aﬂ - [— (ﬁﬁf _a,,e) ,all —dﬂ ,

which says that each a-level set (7 © @), is an “approximated real zero number” with symmetric
uncertainty a4/ — aL. It is also clear that the real zero number has the highest membership degree 1
given by Cz0(0) = 1. In this case, we can say that 4 © 4 is a fuzzy zero number.
Let
Q={aci:ac Fe(R)}.

Equivalently, @ € Q if and only if @Y > 0 and @} = —@{ foralla € [0,1], i.e.,
@ = [ca,,’;,cbﬂ - [_@g,a,y},

where the bounded closed interval @, is an “approximated real zero number” with symmetric
uncertainty @Y. In other words, each @ € Q is a fuzzy zero number. We also call Q as the null
set in Fec(R). It is also clear that 1 (0} the crisp number with value 0 is in the null set (). Since the null
set () collects all of the fuzzy zero numbers, it can be regarded as a kind of “zero element” of F..(R).
The true zero element of F.(R) is i{o}, since it is clear that @ ® 1{0} = dforany i € F(R). On the
other hand, since @ © i is not a zero element of F,.(R), this says that F..(R) cannot form a vector
space under the above fuzzy addition and scalar multiplication.

Recall that the (conventional) normed space is based on the vector space. Since F..(R) is not
a vector space, we cannot consider the (conventional) normed space (F(R), || - ||). Therefore we
cannot study the fixed point theorem in (F(R), || - ||) using the conventional way. In this paper,
although F,.(R) is not a vector space, we still can endow a norm to F..(R) in which the axioms are
almost the same as the axioms of conventional norm. The only difference is that the concept of null set
is involved in the axioms. Under these settings, we shall study the so-called near fixed point theorem
in the near normed space of fuzzy numbers (F..(R), || - |)-

Let T : Foe(R) — Fue(R) be a function from Fe.(R) into itself. We say that & € F.(R) is a fixed
point if and only if T(4) = . Since Fec(R) lacks the vector structure, we cannot expect to obtain the
fixed point of the mapping T using the conventional ways. In this paper, we shall try to find a fuzzy
number 7 satisfying T(d) ® @V = @ ® @@ for some @), @? € Q. Since the null set Q) can play
the role of “zero element” in F.(R), i.e., the elements @1 and @@ can be ignored in some sense,
this kind of fuzzy number 4 is said to be a near fixed point of the mapping T.

In Section 2, the concept of the null set in fuzzy numbers is proposed, where some interesting
properties are derived in order to study the near fixed point theorem. In Sections 3 and 4, the concepts
of near metric space and near normed space of fuzzy numbers are proposed, where some interesting
properties are also derived for further discussion. In Section 5, the concepts of Cauchy sequence in
metric space and normed space of fuzzy numbers are similarly defined according to the conventional
way. In Section 6, the concept of near fixed point of fuzzy-number-valued function is proposed.
Also, three concepts of metric contraction of fuzzy-number-valued functions are proposed. Using the
completeness of near metric space of fuzzy numbers, many near fixed point theorems are established.
In Section 7, we also propose three concepts of norm contraction of fuzzy-number-valued functions.
In this case, many near fixed point theorems in near Banach space of fuzzy numbers are established.



Mathematics 2018, 6, 108 4 of 27

2. Space of Fuzzy Numbers

Under the fuzzy addition and scalar multiplication in F¢.(R), it is clear to see that Fc.(R) cannot
form a vector space. One of the reasons is that, given any @ € F.(R), the difference @ © i is not a zero
element of F,.(R). It is clear to see that 1 (0} is a zero element, since

il =Tnoa=a

for any @ € F(R). However, we cannot have i © d = 1 (o) forany @ € Fc(R). We also recall that the
following family

is called the null set of F..(R), which can be regarded as a kind of “zero element” of F.(R).
In this section, we shall present some properties involving the null set (3, which will be used for
establishing the so-called near fixed point theorems in F.(R). For further discussion, we present some
useful properties.

Proposition 1. The following statements hold true.

Ma@b)=Aa® Abfor A € Rand d,b € Fu(R);

M(Aad) = (MA2)i for A, Ay € Rand @ € Foo(R);

@ € QO implies —w = @.

AQ =Qfor A € Rwith A # 0.

Q is closed under the fuzzy addition; that is, @V @ @? € Q for any @V, @ € Q.

Since the null set () can be regarded as a kind of “zero element”, we can propose the almost
identical concept for elements in F.(R).

Definition 1. Given any d,b € F..(R), we say that & and b are almost identical if and only if there exist
@D, 0@ € Qsuch that & ® @V =b® @@, In this case, we write d = b.

Given any 4, E, € Foe(R)ywitha o b= ¢, we cannot obtain the equality @ = b & ¢ as the usual
sense. As a matter of fact, we can just have 4 a b @ ¢ Indeed, sinceda© b = ¢, by adding b on both
sides, we obtain i ® @ = b @ &, where @ = b& b € Q. This says that 4 a bae.

Proposition 2. The binary relation isan equivalence relation.
Proof. For any i € F.(R), 4 = d implies d a d, which shows the reflexivity. The symmetry is obvious
by the definition of the binary relation 2 Regarding the transitivity, for a 2 pand b 2 ¢ we want to

oI .
claim @ = ¢. By definition, we have

icoV=boo@®andbaeo® =co oW

ivpaVeool® =boa®ea® =coo ea®?,

which shows & 2 ¢, since () is closed under the fuzzy addition as shown in Proposition 1.
This completes the proof. [

According to the equivalence relation 2, for any 4 € Fc.(R), we define the equivalence class

[d}:{Echc(R):ﬁgl}}.
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The family of all classes [d] for @ € F¢.(R) is denoted by [F..(R)]. In this case, the family [F¢.(R)]
is called the quotient set of F..(R). We also have that b € [a] implies [d] = [b]. In other words, the
family of all equivalence classes form a partition of the whole set F..(R). We also remark that the
quotient set [F,.(R)] is still not a vector space. The reason is

(w+ B)la] # afa] © p[a]
fora - B < 0,since (a + B)d # ad @ Ba for d € Fee(R) witha - < 0.
3. Near Metric Space of Fuzzy Numbers

To study the near fixed point in F..(R), we are going to consider the metric d defined on
fcc(R) X fcc(R).

Definition 2. For the nonnegative real-valued function d : Fec(R) x Feo(R) — Ry defined on the product
space Fee(R) x Fee(R), we consider the following conditions:

(i) d(ab)= zfandonlyzfa—bforalla b e Fe(R);
(ii) d(a,b) =d(b,a)forall a,b € Fee(R);
(iii) d(a,b) <d(a,¢)+d(eDb)forall d,b,é € Fee(R);

o Apair (Fee(R),d) is called a near pseudo-metric space of fuzzy numbers if and only if d satisfies
conditions (ii) and (iii).
o Apair (Fe(R),d) is called a near metric space of fuzzy numbers if and only if d satisfies conditions
(), (ii) and (iii).
We say that d satisfies the null equalities if and only if the following condition (iv) is satisfied:
(iv)  forany @V, ®? € Qand a,b € F.(R), the following three equalities are satisfied:

° d
[ ]

o d

i@ “’8 b @_a;;
Z,%a;@é’% = d§

Example 1. Let us define a nonnegative real-valued function d : F(R) X Fee(R) — Ry by

d(a,b) :as;%%] ‘(ﬁﬁ—i—ﬁg) - (E§+E§’)‘. ©)]

Then (Fec(R), d) is not a (conventional) metric space, since d(&,b) = 0 cannot imply & = b. However, we
are going to claim that (F.(R),d) is a near metric space of fuzzy numbers such that d satisfies the null equality.

(i)  Given any fuzzy numbers G and b, we see that % — b < a{ — bk for all « € [0,1]. Therefore

ifa{ — bL < 0 for some a € [0,1], then d(a,b) = ab +all — bt —pY

ac[o1]
Suppose that

0=d(ab)= ab +all — bt — .

4)

a€0,1]

We are going to claim 2 5. From (4), we must have a — bk > 0 for all « € [0,1]. Now we also have
|ak + all — bk — BY| = 0 for all a € [0,1], which also says that d% + a{ = bL + bY forall a € [0,1],
ie., ak + bk — bY =20k — &Y forall « € [0,1]. It is easy to see that ak + bL — b < a4 + bY — bL and
2bk — all < all + bY — bL by using the facts of ak < all, bk < BY tmd al > bL Therefore we can form
two zdentzcal closed intervals

ak + B — B, all + B — Bk = [2Bk — ol all + B — BE). ©)

()(I
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Now the closed intervals [a% + bL — bY, all + bY — bL] and [2b% — &, aY{ + bY — bL] can be written as

[ab + Bk — Y, &l + BY — b = [ak,al) + [BL — B, BY — bL]

and

Then we can form two fuzzy numbers @) and @2 such that

(C:J(l))a = [BL — BY, BY — BL] and (@<2>)a = [BL —aY,aY — BL).

It is clear to we see that (D(l),ca@) € Q). Therefore, from (5)—(7), we obtain & @ oV =hap

shows & 2 b, since @, @? € Q. Conversely, suppose that a 2 b. Then i & @V = b & @
@M, @@ € Q. By the definition of Q) we have
(@M)a = [—(@M), (@MW) and (@2)o = [ (@), (@P)],

where (@Y, (@YY > 0 forall « € [0,1]. Froma ® @) = b @ @@, we obtain

(6)

@)

@2, which

) for some

ael0,1]
= sup |((@M) = (@) + (@)Y = @M))| =0
ae(0,1]
(ii)  We have
d (a,b) = BL — B + By —ak—al| = d (ba)
ael0,1] ae(0,1]
(iti)  Givenany d,b,¢ € F(R), we have
5T\ U _pL_pu AL AU Al A AL U _fL_ U
d(a,b) = ab +al — bt — bt ‘(aa—ka - & —c)—i—(ca%—ca—ba—ba)‘
wel0,1] a€(0,1]
< sup (|ak+all — o —alf| + |ok + el — by — BY|)
ael0,1]
< ak 4 g — ek — &l ek el —pL — b

ac(0,1]
=d(a,¢)+bY (¢,b).

ae(0,1]

(iv) Foranyd,b € Foo(R) and @, 0@ € Q,ie., (@)Y, (@)U > 0, where (0M)E = —(

(@NE = —(@HY we have
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~ L u ~ L . u
d(”@‘v(l)'b@a’(z)) = sup (a@a;ﬂ)) + (ﬁ@w(l)) - (b@w(z)) — (b@a;(z))
ael0,1] & o « «
= sup |at 4+ (@)L +a¥ + (@Y —BL — (@@L — U — (@)U
ael0,1]
- s al — (@MU 1 gl 4 (@MY — L 4 (@)U _ U _ (@)U
ael0,1
=L ~U 7L Tu ~ 7
= sup |(ag+ay)— (BL+0bY)| =d(ab
sup [(a o) - (B +B)| =4 aD)

The verification is complete.

4. Near Normed Space of Fuzzy Numbers

Recall that F..(R) is not a vector space. Therefore we cannot endow a norm to F.(R) in the

conventional way to consider the normed space (Fc(R), || - ||). However, we can propose the so-called
near normed space of fuzzy numbers involving the null set () as follows.

Definition 3. Given the nonnegative real-valued function || - ||: Fe(R) — Ry defined on Fq.(R),

we consider the following conditions:

(i) || Ad||=|A|- || @ || forany G € Fee(R) and A € F;
R)

@) || Aa||=[A]- || & || for any & € Foe(R) and A € F with A # 0.
(i) |[[aeb|<|al|+|0b]foranyabe Fe(R).
(iii) || @ ||= 0 implies @ € Q.
We say that || - || satisfies the null condition when condition (iii) is replaced by || d ||= 0 if and only if
i € Q). Different kinds of near normed space of fuzzy numbers are defined below.
o Wesay that (Fec(R), || - ||) is a near pseudo-seminormed space of fuzzy numbers if and only if conditions
(i') and (ii) are satisfied.
o Wesay that (Fec(R), || - ||) is a near seminormed space of fuzzy numbers if and only if conditions (i) and

(ii) are satisfied.

We say that (Fec(R), || - ||) is a near pseudo-normed space of fuzzy numbers if and only if conditions (i'),
(ii) and (iii) are satisfied.

We say that (Fec(R), || - ||) is a near normed space of fuzzy numbers if and only if conditions (i), (ii) and
(iii) are satisfied.

Now we consider the following definitions:

We say that || - || satisfies the null super-inequality if and only if || @ ® @ || >|| @ || for any 4 € Fe.(R)
and @ € Q.

We say that || - || satisfies the null sub-inequality if and only if | a& @ || <|| @ || for any d € Feo(R) and
w e .

We say that || - || satisfies the null equality if and only if || a® @ ||=|| a || for any d € Fe(R) and
we .

Example 2. Forany i € F¢.(R), we define

|a||= sup ﬁ,,%—!—ﬁ,ﬁl )

ael01]

Then we have the following properties.
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e |[a||=0ifandonlyifa € Q. Indeed, if || @ ||= 0, then |ak + a{| = 0 for all « € [0,1], which also says
that Gk = —aY for all w € [0,1]. This shows that & € Q. For the converse, if & € Q) then dk = —a{ for
all « € [0,1]. This shows that || a ||= 0. Therefore || - || satisfies the null condition.

o  We have

| Ad| = sup ((Aﬁ)g +(Aa)Y] = sup ‘Aag +AaY | (using (1))
x€l0,1] ael0,1]
= A~ sup |ay+a| = Al a].
ae(0,1]
e We have
lawh| = sup |(@b)"+ (aeaE)fj) = sup |ak+BL+aY +BY
ac[0,1] ael0,1]
< sup (a§+a§f + E§+E,§{ ) < sup ﬁk—!—d}f + sup E,,%—H;kl
ac(0,1] ael0,1] ae0,1]
=lal+1ol-
e Foranyw € Q) ie., d)oe = —(Dyfor all w € 10,1], we have
laea@| = sup ((@©@),+@@d)| = sup |ay + @ +ay + @Y
ac0,1] ael0,1]
= sup |at -l +al + @l = sup |at+al|=|a].
ae(0,1] ael0,1]
We conclude that (Fq.(R), || - ||) is a near normed space of fuzzy numbers such that the null condition
and null equality are satisfied.
Proposition 3. Let (Fcc(R),|| - ||) be a near pseudo-seminormed space of fuzzy numbers such that || - ||

satisfies the null super-inequality. For any 4, ¢, b ... plm) ¢ Fee(R), we have
laecli<lacb® ||+ B eb® ||+ + [ BV BV || +---+ | B oc .
Proof. We have

laec| <lae(-0abVea - ab™e (b)) o (-b™) |
(using the null super-inequality for m times)
= [@a® (=) &bV & (=bP)] +- -+ BV @ (=bUr )] + -+ + B & (=) ||
<|aeb® ||+ | BWcb® ||+ + | BV b | 4+ | 5™ o6 ||
(using the triangle inequality).

This completes the proof. [

Proposition 4. According to Definitions 1 and 3, the following statements hold true.

(i) Let (Fee(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers such that || - || satisfies the null
equality. For any d,b € F(R), if d 25, then lal=|b] )
(i) Let (Fec(R), | - ||) be a near pseudo-normed space of fuzzy numbers. For any 4,b € Fe.(R), we have
that | 3© b ||= 0 implies a 25
(iii) Let (Fee(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers such that || - || satisfies the null

super-inequality and null condition. For any ,b € Fec(R), we have that & 25 implies || S b ||= 0.
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Proof. To prove part (i), we see that 7 2 b implies & @) = b& @@ for some @V,@? € Q.
Therefore, using the null equality, we have

lal=laeo ||=|bea® (=t .

To prove part (ii), suppose that | S b ||= 0. Thend ©b € Q,ie,dSb = @) for some @) € Q.
By adding b on both sides, we have @ @ @? = b @ @) for some @ € O, which says that a 25

To prove part (iii), for a a b, we have i @ @V = b ® @@ for some (D(l),cD(Z) € 0. Since () is
closed under the fuzzy addition, it follows that

ichooV =aoaoVob=boo®ob=ab® 8)
for some @) € Q. Using the null super-inequality, null condition and (8), we have
lacbl<lacbea® =] &® |=o.
This completes the proof. [

5. Cauchy Sequences

In this section, we are going to introduce the concepts of Cauchy sequences and completeness in
the near metric space of fuzzy numbers and the near normed space of fuzzy numbers.

5.1. Cauchy Sequences in Near Metric Space of Fuzzy Numbers
We first introduce the concept of limit in the near metric space of fuzzy numbers.

Definition 4. Let (F..(R),d) be a near pseudo-metric space of fuzzy numbers. The sequence {a(") }oo y in
Fee(R) is said to be convergent if and only if

lim d(a™,d) = 0 for some @ € Feo(R).

n—o0

The element @ is called the limit of the sequence {a(") -
Let {a"}%_, be a sequence in (F(R),d). If there exist 4, b € Fee(R) such that

lim d(a™,d) = 0 = lim d(a",b),

n—o00 n—oo
then, by the triangle inequality (iii) in Definition 2, we have

0 <d(ab) <d(@a™)+d@"™,b) - 04+0=0asn — oo, 9)

which says that d(&,5) = 0. By condition (i) in Definition 2, we see that i a b, which also says that b is
in the equivalence class [d].

Proposition 5. Suppose that d satisfies the null equality (iv) in Definition 2. Let {a(") }oo | be a sequence in
Fee(R) satisfying d(a™),a) — 0as n — co. Then d(@™,b) — 0as n — oo for any b € ).

Proof. For b € [d], we have d @ @V = b @ @ for some @1, @) € Q. Using the null equality,
we obtain
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This completes the proof. [

Inspired by the above result, we propose the following definition.
Definition 5. If {a(")}*_, is a sequence in F.c(R) satisfying

lim d(a"™,a) =0

n—oo

for some & € Fee(R), then the equivalence class [] is called the class limit of {a")}%_,. We also write

lim ™ = [a] or 2" — [a].
n—o0

Proposition 6. The class limit in the near metric space of fuzzy numbers (Fec(R),d) is unique.

Proof. Suppose that the sequence {a("}® , is convergent with the class limits [7] and [B].

Then we have

lim d(a",d) = 0and lim d(a"™,b) =0,

n—oo n—00
which says that d(&,b) = 0 by referring to (9). Therefore we obtain b € [d], i.e., [4] = [b]. This completes
the proof. O

Definition 6. Let (F.(R),d) be a near metric space of fuzzy numbers.

o Asequence {a }oo 1 in Fee(R) is called a Cauchy sequence if and only if, given any € > 0, there exists
N € N such that d(a™,a™)) < e forall n > N and m > N.

o Asubset M of Fe(R) is said to be complete if and only if every Cauchy sequence in M is convergent to
some element in M.

The following result is not hard to prove.
Proposition 7. Every convergent sequence in a near metric space of fuzzy numbers is a Cauchy sequence.

Example 3. Continued from Example 1, we see that d satisfies the null equality, where the metric d is defined
in (3). Now we want to show that this space is also complete. Suppose that {a") }oo 4 is a Cauchy sequence in
the near metric space of fuzzy numbers (Fec(R),d). For convenience, the end-points of a-level closed interval of
a) is written by

Then we have

d (a,am) = sup |(a +al™) — (a" +al"D)| < e (10)

for sufficiently large n and m. For each fixed « € [0,1], we define

(n) n,L

¢ — gl ~(n,U) (m) m,L

) + d, and ¢, ' = iy almt)

) gl

Let fu(a) = c&n), Then we can consider a sequence of continuous functions { f(«) }5°_; on [0, 1]. Then (10)

shows that the sequence of functions { f,(x)}$>_; satisfies the Cauchy condition for uniform convergence by
referring to Apostol ([20], Theorem 9.3). This also says that { f,(«)}$°_ converges uniformly to a limit function
f(a) = cy on [0,1]. Therefore, for sufficiently large n, we have

(n)

Cy ' —Cq

< gfor all « € [0,1]. (11)
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Since each fy is continuous on [0, 1], Apostol ([20], Theorem 9.2) also says that the limit function f(a) = cq
is continuous on [0, 1]. The continuity of cy on [0, 1] allows us to find a fuzzy number & such that ak + d{ = c,.
Therefore, using (16), we have

d (a<">,ﬁ> = sup ’( A\ +a§”’u)) - (a )

a€0,1]

)

_ClX

< ¢ <e€
a€0,1] 2

for sufficiently large n. This shows that the sequence {a")}* | is convergent, i.., the space (F.c(R),d)
is complete.

5.2. Cauchy Sequences in Near Normed Space of Fuzzy Numbers
Let (F(R),| - ||) be a near pseudo seminormed space of fuzzy numbers. Given a sequence

{ﬁ(”) = 1in Fee(R), it is clear that || " oa|=||aoa™ ||. The concept of limit is defined below.

Definition 7. Let (F.(R), | - ||) be a near pseudo-seminormed space of fuzzy numbers. A sequence {a(") o
in Fee(R) is said to converge to i € Feo(R) if and only if

lim || 2" o ||=o.
n—o0

We have the following interesting results.

Proposition 8. Let (Fc:(R),|| - ||) be a near pseudo-normed space of fuzzy numbers with the null set (),
and let {a")}%_, be a sequence in (Foc(R), || - ||).

(i)  If the sequence {a\"™ }*_, converges to a and b simultancously, then [ ] =[8].
(i)  Suppose that || - || satzsﬁes the null equality. If the sequence {a\")}%°_, converges to @, then, give any
b € [a], the sequence {a")}%°_, converges to b.

Proof. To prove the first case of part (i), we have
lim || 64" |= lim | a™ eb|=0
n—o00 n—o0
By Proposition 3, we have
o<lach|<|aca™ |+ ameb|—0+0=0, (12)
which says that || © b ||= 0. By Definition 3, we see that 7 © b € Q, i.e., i,
is in the equivalence class [4].

To prove part (ii), for any b € [, i.e, a® @) = b ® @@ for some @), ®? € O, using the null
equality, we have

which also says that b

o<la® b= bea™ |=| 0P eboa™ |=| oW eaca™ ||=||aca™ |- o.
This completes the proof. [

Inspired by part (ii) of Proposition 8, we propose the following concept of limit.

Definition 8. Let (F..(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers. If the sequence
{am1e in Foo(R) converges to some & € Fee(R), then the equivalence class [a] is called the class limit of
{am1e . We also write

lim " = [a] or 2" — [a].
n—oo
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We need to remark that if [4] is a class limit and b € [4] then it is not necessarily that the sequence
{at }%_, converges to b unless || - || satisfies the null equality. In other words, for the class limit [a],
if || - || satisfies the null equality, then part (ii) of Proposition 8 says that sequence {4(")}*_, converges
to b for any b € [a].

Proposition 9. Let (Fe.(R), || - ||) be a near pseudo-normed space of fuzzy numbers such that || - || satisfies
the null super-inequality. Then the class limit is unique.

[e9)

* | is convergent with the class limits [a] and [b].

Proof. Suppose that the sequence {a("}
Then, by definition, we have

lim |[a0a™ ||= lim |a" 6= lim | bea™ ||= lim || a™ &b ||=0,
n—00 n—00 n—00 n—00

o]

which implies || #© b ||= 0by referring to (12). By part (ii) of Proposition 4, we have & = b, i.e., [d] = [b].

This shows the uniqueness in the sense of class limit. [

Definition 9. Let (F..(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers.

o Asequence {a™ Yooy in Fee(R) is called a Cauchy sequence if and only if, given any € > 0, there exists
N € N such that
| a™ ea™ ||=| a™ ea™ |<e

for m,n > N withm # n.
o Asubset M of Fec(R) is said to be complete if and only if every Cauchy sequence in M is convergent to
some element in M.

Proposition 10. Let (F(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers such that || - ||
satisfies the null super-inequality. Then every convergent sequence is a Cauchy sequence.

Proof. If the sequence {a") n1 converges to 4, then, given any € > 0,
|a™eoa|=|aca™ |<e/2
for sufficiently large n. Therefore, by Proposition 3, we have

|a" ea® = am ea < ameal +|aca <45 =e

[e9)

for sufficiently large n and m, which says that {a(") 1

the proof. O

is a Cauchy sequence. This completes

Definition 10. Different kinds of near Banach spaces of fuzzy numbers are defined below.

o Let (Fee(R), || - ||) be a near pseudo-seminormed space of fuzzy numbers. If F..(R) is complete, then it is
called a near pseudo-semi-Banach space of fuzzy numbers.

o Let (Fee(R), || - ||) be a seminormed space of fuzzy numbers. If Fcc(R) is complete, then it is called a near
semi-Banach space of fuzzy numbers.

o Let (Fee(R), || - ||) be a near pseudo-normed space of fuzzy numbers. If Fec(R) is complete, then it is
called a near pseudo-Banach space of fuzzy numbers.

o Let (Fee(R), || - ||) be a near normed space of fuzzy numbers. If Fe.(R) is complete, then it is called a
near Banach space of fuzzy numbers.
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Example 4. Continued from Example 2, we want to show that the near normed space of fuzzy numbers
(]—'CC( ), || ||) is complete. Suppose that {a" };1”:1 is a Cauchy sequence in (F(R), || - ||). Then we have

| @ o a™ ||< e for m,n > N with m # n, ie.

e>|a™oam = asel[lopl] (ﬁ(”) @ﬁ(’")>: + (a(") @a(m)):l
= sup [al" — a4 alt — gl
ae(0,1]
—;‘;gzm ) o ) e

For each fixed a € [0, 1], we define

C&n) _ ﬁlxn,L)

U) g o) mL) | HmlD).

+ d,(xn’ and ¢, ' = iy + d,
By referring to Example 3, we can find a fuzzy number & such that, for sufficiently large n,

~L ~U n
Ay +d, Cx ' —Ca

< %foralla € [0,1].

Therefore, for sufficiently large n, we have

L L
laWeal = sup |(a"ed) + (i ea) | = sup |a" —a +a" —af
2€[0,1] « « a€(0,1]
= sup ’( L) +a,§”'”)) — (ﬁk—l—ﬁg) = sup cf{” —c| £ =<e€
a€l0,1] a€l0,1]
This shows that the sequence {1} is convergent, i.e., (Fec(R),| - ||) is a near Banach space of

fuzzy numbers.

6. Near Fixed Point Theorems in Near Metric Space of Fuzzy Numbers

Let T : Foe(R) = Fee(R) be a fuzzy-number-valued function from F.(R) into itself. We say that
i € Fec(R) is a fixed point of T if and only if T(&) = a. The well-known Banach contraction principle
presents the fixed point of function T when (Fc(R),d) is taken to be a metric space. Since (F(R),d)
presented in Example 1 is not a metric space (it is a near metric space), we cannot study the Banach
contraction principle on this space (F(R),d). In other words, we cannot study the fixed point of
contractive mappings defined on (F..(R),d) into itself in the conventional way. However, we can
investigate the so-called near fixed point defined below.

Definition 11. Let T : Foo(R) — Foe(R) be a fuzzy-number-valued function defined on Fee(R) into itself.
A point & € Fee(R) is called a near fixed point of T if and only if T(a) 2

a

By definition, we see that T(@) = 4 if and only if there exist @1, @?) € Q such that one of the

following equalities is satisfied:

1)

o T@oaW =gz
o T =daoaW;
e T@eoaol= i0o®.

We also see that if T(4) = 4 then T(a) oy

a® 1y =a.

, since the crisp number 1;q;, with value 0 is in ) and
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Definition 12. A fuzzy-number-valued function T : (Fue(R),d) — (Fue(R),d) is called a metric contraction
on Fec(R) if and only if there is a real number 0 < A < 1 such that

d(T(a), T(b)) < A-d(a,b)
for any a,b € Fe(R).

Given any initial element 4?) € F.(R), we define the iterative sequence {a(")}*_, using the
fuzzy-number-valued function T as follows:

A — T(g(o)), 7@ — T(,;(l)) - T2(a~(0)),. oA = Tn(g(O)), o (14)

Under some suitable conditions, we are going to show that the sequence {a(") }o°_, can converge
to a near fixed point. If the near metric space of fuzzy numbers (F.(R),d) is complete, then it is also
called a complete near metric space of fuzzy numbers.

Theorem 1. (Near Fixed Point Theorem) Let (Fcc(R), d) be a complete near metric space of fuzzy numbers such
that d satisfies the null equality. Suppose that the fuzzy-number-valued function T : (Fee(R),d) — (Fee(R),d)

is a metric contraction on F.(R). Then T has a near fixed point & € F.(R) satisfying T(a) 2 4. Moreover,
the near fixed point i is obtained by the limit

d (ﬁ(”),ﬁ> —0asn — co

in which the sequence {a")}%°_, is generated according to (14). We also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [i] such that any d° ¢ [a] cannot be
a near fixed point.
Each point @° € [a] is also a near fixed point of T satisfying T(a°) 2 5 and [a°] = [a].
If a° is a near fixed point of T, then @° € [d], i.e., [3°] = [4]. Equivalently, if  and a° are the near fixed

points of T, then & 25

Proof. Given any initial element 4(®) € F.(R), we have the iterative sequence {(")}%_, according
to (14). We are going to show that {a(") }o° , is a Cauchy sequence. Since T is a metric contraction on
Fee(R), we have

<A-d (ﬁ“”),a('"*l))
—A-d (T(a<m 1>),T(a<m—2>))
<A2.d Z1—(14171),[1(14172))

For n < m, using the triangle inequality, we obtain
d (ﬁ(m),ﬁ(n)) <d (’a‘(m),ﬁ(m_l)) +d <ﬁ(m_1),ﬁ(m_2)) 444 (g(”'*‘l),g(”))
< (A’"*l A2 A”) d (a(1>,a<0))

_an. % 4 (ﬁu),ﬁ(m)
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Since 0 < A < 1, we have 1 — A*~" < 1 in the numerator, which says that
(m) ~(n) A" (1) 5(0)
. . < (A1) A ‘
d(a L0 )_17A d(a , >—>0asn—>oo

This proves that {a(") }oo ; is a Cauchy sequence. Since the near metric space of fuzzy numbers
Fe(R) is complete, there exists & € F.(R) such that d(a™,a) — 0, i.e., " — [4] according to
Definition 5 and Proposition 6.

We are going to show that any point @° € [i] is a near fixed point. Now we have

ooV =iea® for some @V, w? € Q. (15)
Therefore we obtain

d (ﬁo, T(ﬁo)) = (ﬁo oo, T(ﬁo)) (since d satisfies the null equality)

s (2),ﬁ(m)) +A-d (ﬁ(’”*l),d @ cb(z)) (using (15))

=d (ﬁ, ﬁ(m)) +A-d (ﬁ<m*l), d) (since d satisfies the null equality),

which implies d(a°, T(3°)) = 0 as m — oo, i.e., T(a°) 2 7 for any point ° € [d].
Now we assume that there is another near fixed point ° of T with 4° ¢ [d], i.e.,

e =T@)ea® andaeo® = T(@) e o®

forsome w; € O,i=1,---,4. Since T is a metric contraction on Fee(R) and d satisfies the null equality,
we obtain

Since 0 < A < 1, we must have d(a°,4) = 0, i.e., @° Q i, which contradicts @° ¢ [d]. Therefore,

any @° ¢ [d] cannot be a near fixed point. Equivalently, if 4° is a near fixed point of T, then d° € [].
This completes the proof. [

Example 5. Continued from Example 3, the near metric space of fuzzy numbers (Fe.(R),d) is complete.
Given a real number 0 < A < 1, we consider the fuzzy-number-valued function

T(a) = T{A} ® d, where i{,\} is a crisp number with value A.

It is clear to see that

(T@)E =A-akand (T(a){ = A - fora € [0,1]. (16)



Mathematics 2018, 6, 108 16 of 27

Then, using (16) and (3), we have

AT@, ) = sup |((T@)s + (@) - (
- mp - i) - ()] -2 a0,

which says that T is a metric contraction. Theorem 1 says that T has a near fixed point. It is clear to see that the
crisp number 1 {0y with value 0 is a near fixed point, since

T(1gy) = Ty @ 10y = 10y

Now, given any @ € (), we see that 1 m® @ € O. It is not hard to show that there exists another

@) € Q such that

iheo=a0aaW.

In this case, we have
T@) =1 eo=0eaW,

which shows that & is a near fixed point. Therefore, we obtain the unique equivalence class
[Tjoy] = [w] = O
for w € Q, which illustrates the first property of Theorem 1.

Definition 13. A fuzzy-number-valued function T : (Fee(R),d) — (Fue(R),d) is called a weakly strict
metric contraction on Fec(R) if and only if the following conditions are satisfied:

b)) =0;
(B)) < d(a,b).

o 20, ie, [a] = [b] implies d(T(a), T(
e % b, i.e., [a] # [b] implies d(T(a), T

Itis clear that if T is a metric contraction on F¢.(R), then it is also a weakly strict metric contraction
on Feo(R).

Theorem 2. (Near Fixed Point Theorem) Let (Fcc(R),d) be a complete near metric space of fuzzy numbers.
Suppose that the fuzzy-number-valued function T : (Fee(R),d) — (Fee(R),d) is a weakly strict metric
contraction on Feo(R). If {T"(a©)) % | forms a Cauchy sequence for some 3®) € F,c(R), then T has a near

fixed point @ € Fec(R) satisfying T(a) 2 4. Moreover, the near fixed point d is obtained by the limit
d (T”(ﬁ(o)),ﬁ) — 0asn — oo,

Assume further that d satisfies the null equality. Then we also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [a] such that any d° ¢ [a] cannot be
a near fixed point.

Each point 3° € [a] is also a near fixed point of T satisfying T(a°) 2 5 and [a°] = [a].
e Ifa° is a near fixed point of T, then @° € [da], i.e., [3°] = [d]. Equivalently, if  and a° are the near fixed

points of T, then i 2 e,

Proof. Since {T"(a(?))}%_, is a Cauchy sequence, the completeness says that there exists 4 € Fc(R)
such that d(T"(a(9),) — 0,1i.e., T"(a(?)) — [a] according to Definition 5 and Proposition 6. Therefore,
given any € > 0, there exists an integer N such that d(T"(a(?)), ) < e for n > N. Since T is a weakly
strict metric contraction on F..(R), we consider the following two cases.



Mathematics 2018, 6, 108 17 of 27

e Suppose that T"(7(?)

~ Q
e Suppose that T" (7)) # &. Then

which says that d(T (), d) = 0, i.e., T(@) 2 4. This shows that 7 is a near fixed point.

Assume further that d satisfies the null equality. We are going to claim that each point 7° € [i]
is also a near fixed point of T. Since #° a i, we have 3° & @V = a0 @@ for some @V, @2 € Q.
Then, using the null equality for d, we obtain

d (Tn(ﬁ(o))’ﬁo) — g (Tn(ﬁ(o))lﬁo @ @(1)) -4 (Tn(ﬁ(o)),ﬁ @ a;(z))

=d (T”(ﬁ(o)),ﬁ) — 0asn — oo,

We can similarly obtain d(T"1(a(?)), T(2°)) — 0 as n — co. Using the triangle inequality,
we have
d(fj@ﬂ)gd@ﬁﬁ“@®»+ﬁ(ﬁ“wm»7m%)%Omn—ma

which says that d(4°, T(d°)) = 0. Therefore we conclude that T(a°) 2 7 for any a° € [d].
Suppose that 3° ¢ [d] is another near fixed point of T. Then T(&°) 2 7 and [@°] # [4], ie.,
a % d°. Then
T@ oo =i @® and T(@°) ®0® = a° @ @

for some @; € Q) fori = 1,2,3,4. Therefore we obtain
d(aa’)=d (ﬁ ow0?,5 e cZJ(4)) (since d satisfies the null equality)
=d (T(ﬁ) oo, T(@°) & cb(3)) =d (T(d), T(ﬁo)) (since d satisfies the null equality)
< d(a,a°) (sinced % @° and T is a weakly strict metric contraction).

This contradiction says that #° cannot be a near fixed point of T. Equivalently, if 4° is a near fixed
point of T, then @° € [4]. This completes the proof. [J

Now we consider another fixed point theorem based on the weakly uniformly strict metric
contraction which was proposed by Meir and Keeler [21]. Under the near metric space of fuzzy

numbers (F.(R),d), we have d(d,b) = 0 for a 2 b, Therefore we propose the following
different definition.

Definition 14. A fuzzy-number-valued function T : (Feo(R),d) — (Fee(R),d) is called a weakly uniformly
strict metric contraction on Fc(R) if and only if the following conditions are satisfied:

o foraZb ie, [a] =B, d(T(a), (b)) =0;
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o fora 7@ b, i.e., [d] # [b], given any € > 0, there exists § > 0 such that

€ <d(a,b) <e+6impliesd (T(ﬁ), T(f?)) <e.

Remark 1. We observe that if T is a weakly uniformly strict metric contraction on Fe.(R), then T is also a
weakly strict metric contraction on F,.(R) by taking € = d(a,b).

Lemma 1. Let T : (Fee(R),d) — (Fue(R),d) be a weakly uniformly strict metric contraction on Fee(R).

Then the sequence
{a(T"@), T @)}

is decreasing to zero for any i € Feo(R).

[e9)

n=1

Proof. For convenience, we write T"(d) = (") for all . Let 17, = d(a™,a("+1).

e Suppose that [a("~1)] # [a(")]. By Remark 1, since T is also a weakly strict metric contraction on
Fee(R), we have

e Suppose that [7("~1)] = [a(")]. Then, by the first condition of Definition 14, we have
o =d <T”(ﬁ), Tﬂ“(a)) =d (T(a<"—1>),f(a<">)) =0 < 1.

The above two cases say that the sequence {7, };_; is decreasing. We consider the following cases.

o  Letm be the first index in the sequence {4 }*_, such that [a"~1] = [a™)]. Then we want to

f(m—1) &

claim -1 = m = Y41 = = 0. Since i = (M we have

Mm-1=4d (ﬁ(m_l),ﬁ(m)) —o.

Using the first condition of Definition 14, we also have

0=d (T(@"),T@")) =d (T(T" (), T(T" (%))
—d (T’”(a), Fmtl (ﬁ)) —d (ﬁ<m>,a<'”+1>) _——
which says that a(") Q 50m+1) e, [a™)] = [a(m+1)]. Using the similar argument, we can obtain
Mmi1 = 0and [a0" 1] = [a("+2)]. Therefore the sequence {17,}%_, is decreasmg to zero.
e Suppose that [a"1)] 2 [a(™)] for all m > 1. Since the sequence {7, }%_, is decreasing, we assume
thaty, | € > 0,ie, 1, > € > 0 for all n. Then there exists § > 0 such thate < 7, < e+ ¢ for

some m, i.e.,
e <d(@™,amy < e+4.

By the second condition of Definition 14, we have
Nna1 = d( (m+l) ﬁ(erZ)) =d (Terl( ) Tm+2( ))
—d (T(a<m>),T(a(m+l>)) <e

which contradicts #,,,+1 > €. Therefore we must have 7, | 0.



Mathematics 2018, 6, 108 19 of 27

This completes the proof. [

Theorem 3. (Near Fixed Point Theorem) Let (Fe.(R),d) be a complete near metric space of fuzzy numbers
with the null set Q, and let T : (Fee(R),d) — (Fee(R),d) be a weakly uniformly strict metric contraction on
Fee(R). Then T has a near fixed point satisfying T (@) 2

the limit

d. Moreover, the near fixed point G is obtained by

d (T”(ﬁ(o)),ﬁ) — 0as 1 — oo for some a©).
Assume further that d satisfies the null equality. Then we also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [a] such that any ° ¢ [a] cannot be
a near fixed point.
Each point a° € [a] is also a near fixed point of T satisfying T (a°) 2 5 and [@°] = [a].

e Ifd is a near fixed point of T, then &° € [d], i.e., [3°] = [4]. Equivalently, if & and a° are the near fixed

points of T, then & 25

Proof. According to Theorem 2 and Remark 1, we just need to claim that if T is a weakly uniformly
strict metric contraction, then {T"(a(0)}* | = {ﬁ(”)}ff:l is a Cauchy sequence for 40 € F.(R).

Suppose that {a(") n—p is not a Cauchy sequence. Then there exists € > 0 such that, given any

N, there exist m,n > N satisfying d(d('"),d(”)) > 2¢. Since T is a weakly uniformly strict metric
contraction on F..(R), for @ 7(2 b, there exists § > 0 such that

€ <d(a,b) <e+dimpliesd (T(ﬁ), T(E)) <e.
Let ¢’ = min{4,e}. For a % b, we are going to claim
e <d(a,b) < e+ implies d (T(ﬁ), T(E)) <e. (17)

Indeed, if &' = 4, then it is done, and if &’ = ¢, i.e., € < 6, then € + ¢’ = € + € < € + 4. This proves
the statement (17).

Let 17, = d(a"),a"+1)). Since the sequence {17, }*_, is decreasing to zero by Lemma 1, we can
find N such that yy < ¢'/3. Forn > m > N, we have

d (a<m>,a<n>) >2e>e+d, (18)

which says that (") % @™, Since the sequence {1, o2, is decreasing by Lemma 1 again, we obtain

!/

d (a(’”),a“”“)) = <N < % < g <e (19)

For j with m < j < n, using the triangle inequality, we also have
d (g(m),g(]"i'l)) <d (g(m),g(]')) +d (g(]')’g(f'ﬂ)) . (20)
We want to show that there exists j with m < j < n such that (") 7% al) and

25 ;
el a(m) 70 !
€+ 3 <d(u , 0 )<6+5. (21)
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Lety; = d(@™,a) for j=m+1,--- ,n. Then (18) and (19) says that 7,,.q < € and 7, > € + .
Let jo be an index such that

) . 26
jo=max<sje [m+1,n] :'nge—ﬁ—? .

Then we see that jo < n, since v, > € + ¢'. By the definition of jy, we also see that jo +1 < n and

!

Vo1 > €+ 5, (22)
which also says that am) 7‘2 aUot1): otherwise, Yj,+1 = 0 that is a contradiction. Therefore, from (22),

expression (21) will be sound if we can show that ;41 < € 4 ¢'. Suppose that this is not true, i.e.,
Yjo+1 = €+ 0'. We also see that v, < e+ 27‘5,. Since {7, };_; is decreasing, from (19) and (20), we have
5 200 &

_ ~(jo) #(o+1 _
§>77N277]0—d(ﬂ(]0),ﬂ(]0 )) Z’Y]O“rl_ryjo 2€+5/_€_7_§

This contradiction says that (21) is sound. Since alm % al), using (17), we see that (21) implies
d (ﬁ(’"“),ﬁ(f“)) =d (T(a<m)), T(a(f))) <e (23)

Therefore, using the triangle inequality, we obtain

<d (ﬁ(M)’ﬁ(WH-l)) +d (ﬁ(m-l-l),ﬁ(j—&-l)) +d (ﬁ(j—kl),ﬁ(]’))

< im + € + 1 (by (23))
5/ 5/
<+ e€+1m < §+e+§(by(19))
20"
3/

which contradicts (21). This contradiction says that every sequence {T"(a)}* , = {a("}®  isa

Cauchy sequence. This completes the proof. [

7. Near Fixed Point Theorems in Near Banach Space of Fuzzy Numbers
Let (Fec(R), || - ||) be a near Banach space of fuzzy numbers. In this section, we shall study the

near fixed point in (Fe(R), || - ||)-

Definition 15. Let (Fe(R),|| - ||) be a mnear pseudo-seminormed space of fuzzy numbers.
A fuzzy-number-valued function T : (Foe(R), || - ||) = (Fee(R),| - ||) is called a norm contraction on
Fee(R) if and only if there is a real number 0 < a < 1 such that

IT@eT®) [<aflach]|
forany a,b € Fee(R).

Theorem 4. Let (Fec(R),|| - ||) be a near Banach space of fuzzy numbers with the null set Q) such that || - ||
satisfies the null equality. Suppose that the fuzzy-number-valued function T : (Foc(R), || - ||) = (Fee(R), | - 1)

is a norm contraction on Fee(R). Then T has a near fixed point & € Feoc(R) satisfying T(a) 2 4. Moreover, the
near fixed point i is obtained by the limit
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|aca™ ||=| a™ ca||— 0asn — oo

in which the sequence {a"}%°_, is generated according to (14). We also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [a] such that any ° ¢ [a] cannot be
a near fixed point.

Each point 4° € [a] is also a near fixed point ofT satisfying T (& ) = a°and [a°] = [a].
e Ifd is a near fixed point of T, then &° € [d], i.e., [3°] = [4]. Equivalently, if & and a° are the near fixed

points of T, then & 25

Proof. Given any initial element #?) € F..(R), we are going to show that {@(")}*_, is a Cauchy
sequence. Since T is a norm contraction on F,.(R), we have
|am eat™ | =|| T@™ GT(ﬁ(”’ D<aameatm
=a | T@" D)o T@"?) < | a" D oam2 |
<-<aflaWea? |

For n < m, using Proposition 3, we obtain

|2t eat | < a® eat V| + | am T o a4 A o al |
S(ﬂé +am+1+...+a>.”ﬁ(1)@a~(o) [
1—am "

IR S RTIN () W)
R e LiEr

Since 0 < &« < 1, we have 1 — a™~" < 1 in the numerator, which says that

| ea < 2 |2V 0a® |- 0asn - o

This proves that {a(") }o° , is a Cauchy sequence. Since F¢.(R) is complete, there exists & € F¢:(R)

such that
|aea™ |=||a™ ca|— 0asn — co.

We are going to show that any point ° € [d] is a near fixed point. Now we have #° @ @1 = a @ @®
for some @1, @2 € Q. Using the triangle inequality and the fact of norm contraction on Fec(R),
we have

| @ e T@) || =| (@ oo )@ T(a@) || (since || - || satisfies the null equality)
<| @ eoM)yeat | + | a @T(~°) | (using Proposition 3)
=l @ eaM)oa™ | + | T@" V) o T@) |
<|| (@ &) eﬁ(’"’ | +a | a" Ve |
=l @ eoM)oa™ | ta|d" Ve e (-al) |
(since —@(M € Qand || - || satisfies the null equality)

= (@ooM)oa™ | +a | a" Ve (@ o@W) | (using Proposition 1)
at || +a H i Vo @oa?) |

(using —@?) € Q, the null equality and Proposition 1),
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) 2

which implies || @° © T(a°) ||= 0 as m — co. We conclude that T(a°) = 4° for any point #° € [a] by

part (ii) of Proposition 4.

Now assume that there is another near fixed point ° of T with @° ¢ [d], i.e., &° a T(a°). Then
PaeoV) =T@)eo? andiso® = T@@) e o®
for some @; € Q,i =1,---,4. Since T is a norm contraction on Fee(R) and || - || satisfies the null

equality, we obtain
laoa| =]l @eo")o@oa) |
(using —@® € O, the null equality and Proposition 1)
=| (T@) ea?) & (T@eaW) |=| T@) e T@) |
(using —@®*) € O, the null equality and Proposition 1)
<alacoal.

Since 0 < a < 1, we conclude that || 4° ©4 ||= 0, i.e., #° 2 4, which contradicts &° 3 [@]. Therefore,

any 4° ¢ [d] cannot be the near fixed point. Equlvalently, if 4° is a near fixed point of T, then 4° € [a].
This completes the proof. [

Definition 16. Let (F(R), | - ||) be a near pseudo-normed space of fuzzy numbers. A fuzzy-number-valued
function T : (Fee(R), || - |I) = (Fee(R), || - ||) is called a weakly strict norm contraction on Fo(R) if and
only if the following conditions are satisfied:

ie., [d] = [l?] implies || T(ﬁ) o 7:(12) I|I=o.
i, a] # [ implies | T(a) & T(5) | < a0 .

N

N
Ho 11D

~

S SN

By part (ii) of Proposition 4, we see that if 7% b, then || 0 b ||# 0, which says that the
weakly strict norm contraction is well-defined. In other words, (Fc(R), || - ||) should be assumed to
be a near pseudo-normed space of fuzzy numbers rather than pseudo-seminormed space of fuzzy
numbers. We further assume that || - || satisfies the null super-inequality and null condition. Part (iii)
of Proposition 4 says that if T is a norm contraction on F.(R), then it is also a weakly strict norm
contraction on F.(R).

Theorem 5. Let (Fec(R),|| - ||) be a near Banach space of fuzzy numbers with the null set Q). Suppose that
| - || satisfies the null super-inequality and null condition, and that the fuzzy-number- valued function
T: (FoeR), || - 1) = (Fee(R), || - ||) is a weakly strict norm contraction on Feo(R). If {T"(a®)) ®_ forms

a Cauchy sequence for some @0) € F,.(R), then T has a near fixed point & € F..(R) satisfying T () 25
Moreover, the near fixed point @ is obtained by the limit

| (@) ed |=||ae T @) |— 0as n — o.

Assume further that || - || satisfies the null equality. Then we also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [a] such that any d° ¢ [i] cannot be
a near fixed point.

e Eachpoint d° € [d] is also a near fixed point of T satisfying T(a°) 2 5 and [a°] = [a].
If a° is a near fixed point of T, then @° € [d], i.e., [4°] = [4]. Equivalently, if  and a° are the near fixed

points of T, then & Q5.
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Proof. Since {T"(3(?))}%_, is a Cauchy sequence, the completeness says that there exists 7 € Fyc(R)
such that
IT"@") ea =] aeT"@Y) |- o.

Therefore, given any € > 0, there exists an integer N such that || T"(a(?)) © @ ||< € for n > N.
We consider the following two cases.

e Suppose that T"(a(")) 2 7. Since Tis a weakly strict norm contraction on F.(R), it follows that
| T 1(a®) e T@@) |=0<e.

by part (iii) of Proposition 4.

~ Q ~
e Suppose that T (")) # . Since T is a weakly strict norm contraction on F.(R), we have

| T @) e T@) ||<|| T"(@9)ed||< e forn > N.

The above two cases say that || 7" (2(0)) & T(a) || 0. Using Proposition 3, we obtain

laoT() ||<||ao T+ (a®) || + | T @) e T(a) |- 0as n — oo,

which says that || @© T(a) ||= 0, i.e., T(d) 2 by part (ii) of Proposition 4. This shows that 7 is a near
fixed point.
Assume that || - || satisfies the null equality. We are going to claim that each point @° € [] is also

a near fixed point of T. Since #° a i, we have d° @ @ = a® @@ for some oW, @@ e Q. Then,
using the null equality for || - ||, we obtain

IT" @) ea | = e T"@?) =] @° e o) e T"@") |=| @eo®) e T"@) |

=l aeT"@?) |- 0asn — co.

Using the above argument, we can also obtain | T"t1(a(?) & T(2°) |- 0 as n — oo.
Using Proposition 3, we have

la°eT@) |<| e T @®) | + | T @) e T(@°) | 0asn — o,

which says that || ° © T(d°) ||= 0. Therefore we conclude that T(a°) 2
part (ii) of Proposition 4.

Suppose that @° ¢ [d] is another near fixed point of T. Then T(&°) 2 4 and [@°] # [a], e, d 7(% a.
Then T(a) ® @V = 7@ @? and T(3°) ® @) = a° ® @*), where @; € Q for i = 1,2,3,4. Therefore
we obtain

° for any point 4° € [d] by

laea || =l @e o) e @ oa®) |
(using —@®) € Q, the null equality and Proposition 1)
= (T(@) @) & (T(@°) & @) ||=| T(a) & T(@°) |
(using —@®) € O, the null equality and Proposition 1)
<||@aea° | (sincea Q a°and Tisa weakly strict norm contraction).

This contradiction says that #° cannot be a near fixed point of T. Equivalently, if 4° is a near fixed
point of T, then @° € [4]. This completes the proof. [

Now we consider another fixed point theorem based on the concept of weakly uniformly strict
norm contraction which was proposed by Meir and Keeler [21].
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Definition 17. Let (Fcc(R),|| - ||) be a near pseudo-normed space of fuzzy numbers with the null set Q).
A fuzzy-number-valued function T : (Foe(R), || - ||) — (Fee(R), || - ||) is called a weakly uniformly strict
norm contraction on Fe(R) if and only if the following conditions are satisfied:

o foraZbie,(a] =B, | T@ o T®) =0
o fora ~e~,[]
I T@) o T@) |<e

[b], given any € > O, there exists 6 > 0 such that e <|| @b ||< € + & implies

By part (ii) of Proposition 4, we see that if 7 % b, then | @b ||# 0, which says that the
weakly uniformly strict norm contraction is well-defined. In other words, (F(R), || - ||) should be
assumed to be a near pseudo-normed space of fuzzy numbers rather than pseudo-seminormed space
of fuzzy numbers.

Remark 2. We observe that if T is a weakly uniformly strict norm contraction on F.(R), then T is also a
weakly strict norm contraction on Fec(R).

Lemma 2. Let (Fee(R), | - ||) be a near pseudo-normed space of fuzzy numbers with the null set O3, and let
T: (Fee(R), |- 1) = (Fee(R), || - [I) be a weakly uniformly strict norm contraction on Fec(R). Then the
sequence {|| T"(@) © T"+1(a) ||}, is decreasing to zero for any & € Fec(R).

Proof. For convenience, we write T"(4) = ") for all n. Let ¢, =|| ) o at*+1) |.
e Suppose that [("~1)] # [a")]. By Remark 2, we have

ew =l a" oa" V) ||=|| T (@) o T @) | <) T" M@)o T(a) ||=] a" D ©a® ||= cy1.
e Suppose that [("~1)] = [a(")]. Then, by the first condition of Definition 17,

en =|| T"(@) 0 T"(a) ||=[| T@" V) © T(@") [|= 0 < ¢y-1.

The above two cases say that the sequence {c,, }°_; is decreasing. We consider the following cases.

o Let m be the first index in the sequence {7} such that [a"~1)] = [3™)]. Then we want to

s(m-1) Q

claimcy,, 1 =cm =cpa1 = = 0. Since i ™), we have

e =| a" Ve a™ ||=0

Using the first condition of Definition 17, we also have
0=| T@"Y)yseT@™m) |=| T"(@) e T @) |=| a™ ea™V) |=cu,

am+1),je., [a™M] = [a(m+1)]. Using the similar arguments, we can obtain
¢my1 = 0and [am+D) ’"*2)] Therefore the sequence {c, }$°; is decreasing to zero.

e Suppose that [a("+1)] +£ [a ( ™)] for all m > 1. Since the sequence {cn} >, is decreasing, we assume
thatc, | € > 0,1ie,¢c; > € > 0 for all n. There exists § > 0 such thate < ¢;; < €+ for
some m, i.e.,

which says that alm 2
)] =

e<||a™ o amt ||< e+4.
By the second condition of Definition 17, we have
cma1 =] a" TV 02 ||=|| T (@) © T (a) ||=|| T(a™) o T(a" ) [|<e,

which contradicts ¢, 11 > €. Therefore we must have € = 0.
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This completes the proof. [

Theorem 6. Let (Fe(R), || - ||) be a near Banach space of fuzzy numbers with the null set ). Suppose that
|| - || satisfies the null super-inequality, and that the fuzzy-number-valued function T : (Fec(R), || - ||) —
(Fee(R), || - ||) is a weakly uniformly strict norm contraction on Fo-(R). Then T has a near fixed point

satisfying T(a) £ 4. Moreover, the near fixed point i is obtained by the limit
| T"@ ) ea|=||ae T (@) |- 0asn — co.
Assume further that || - || satisfies the null equality. Then we also have the following properties.

e The uniqueness is in the sense that there is a unique equivalence class [a] such that any d° ¢ [i] cannot be
a near fixed point.
Each point @° € [a] is also a near fixed point of T satisfying T (a°) 2 30 and [a°] = [a].

e Ifa° is a near fixed point of T, then @° € [d], i.e., [3°] = [d4]. Equivalently, if  and a° are the near fixed
points of T, then & Q5.

Proof. According to Theorem 5 and Remark 2, we just need to claim that if T is a weakly uniformly
strict norm contraction, then {T"(3(?))}® = {a("}*  forms a Cauchy sequence. Suppose that
{at }o> , is not a Cauchy sequence. Then there exists 2¢ > 0 such that, given any N, there exist
n > m > N satisfying || ™) ©a(") ||> 2e. Since T is a weakly uniformly strict norm contraction on

Fee(R), for a 7% b, there exists § > 0 such that
e<||aob||<e+dimplies | T(d) ©T(b) |<e.
Let &' = min{J,€}. For a 2 b, we are going to claim
e<||aohb|<e+d implies || T(a) o T(h) |<e. (24)

Indeed, if & = ¢ then it is done, and if &’ = ¢,i.e.,e < J,thene+ 6 =e+e < e+ 4.
Let ¢, =|| 4 ©a("*1) ||. Since the sequence {c,}*_, is decreasing to zero by Lemma 2, we can
find N such that cjy < 8’ /3. For n > m > N, we have

| a™ ca™ |>2e > e+ 6, (25)

which implicitly says that (") % ("), Since the sequence {cn}s is decreasing by Lemma 2 again,

we obtain )

1)
| & & atmtD) ||= ¢, < oy < 3 < g <e. (26)

For j with m < j < n, using Proposition 3, we have
[ am g g0+ 1<l am o 50 |+ | i) o U+ . (27)

We want to show that there exists j with m < j < n such that a(") % @) and
2
€+ —

5 <l i el ||<e+6. (28)

Lety; =] a™ o al) || forj=m+1,---,n. Then (25) and (26) says that 7,41 < eand 7, > e+’
Let jo be an index such that

. . 26/
jo =max<j€ [m+1,n] :’y]-§€+? )
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Then we see that jo < n, since v, > € + ¢'. By the definition of jy, we also see that jo +1 < n and

Yjo+1 > €+ 27‘5/, which also says that a(m) % alio+1), Therefore expression (28) will be sound if we can

show that .

!
€+?<’Y]‘0+1<€+(5.

Suppose that this is not true, i.e., ¥ 11 > € + ¢'. From (27), we have

i 20 & lio+) P L
§>CNZC]'0:H‘10@‘10 ||27j0+1_7j02€+5_€_?:§-

This contradiction says that (28) is sound. Since alm 7‘2 al), using (24), we see that (28) implies
|a+ D e al*h) =) T@™) e T@W) ||<e. (29)
Therefore we obtain

|2 oal | <[ a™ catm) | + || a0 al*) | + || ai*D o al) || (by Proposition 3)
< com+e€+cj(by (29)
s s 26'

<§+€+§:€+?,

which contradicts (28). This contradiction says that the sequence {T"(7)}%_, = {a("}%_, is a Cauchy
sequence, and the proof is complete. [
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