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Abstract: A Pythagorean fuzzy set (PFS) is a powerful tool for depicting fuzziness and uncertainty.
This model is more flexible and practical as compared to an intuitionistic fuzzy model. This paper
proposes a new graph, called Pythagorean fuzzy graph (PFG). We investigate some properties of
our proposed graphs. We determine the degree and total degree of a vertex of PFGs. Furthermore,
we present the concept of Pythagorean fuzzy preference relations (PFPRs). In particular, we solve
decision-making problems, including evaluation of hospitals, partner selection in supply chain
management, and electronic learning main factors evaluation by using PFGs.
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1. Introduction

Since Zadeh’s seminal work [1], the classical logic has been extended to fuzzy logic, which is
characterized by a membership function in [0, 1] and provides a powerful alternative to probability
theory to characterize imprecision, uncertainty, and obscureness in various fields. Gradually, it has
been discovered that sometimes the membership function of the fuzzy set is not enough to reveal
the characters of things because of the complexity of data and the ambiguity of the human mind.
To overcome this shortcoming of the fuzzy set, Atanassov [2] extended fuzzy set to an intuitionistic
fuzzy set (IFS) by adding a non-membership function and a hesitancy function. An IFS is able to
describe the things from three aspects of superiority, inferiority and hesitation, which are usually
represented by the intuitionistic fuzzy numbers (IFNs) [3]. To capture more useful information under
imprecise and uncertain circumstances, Yager [4-6] recently proposed the concept of Pythagorean
fuzzy set (PFS) as a new evaluation format, which is characterized by the membership and
the non-membership degree satisfying the condition that their square sum is not greater than 1.
Zhang and Xu [7] provided the detailed mathematical expression for PFS and put forward the concept
of Pythagorean fuzzy number (PFN). The PFS is more general than the IFS because the space of
PFS’s membership degree is greater than the space of IFS’s membership degree. For instance,
when a decision-maker gives the evaluation information whose membership degree is 0.4 and
non-membership degree is 0.9, it can be known that the IFN fails to address this issue because
0.4 +0.9 > 1. However, (0.4)> + (0.9)? < 1, that is to say, the PFN is capable of representing this
evaluation information, as shown in Figure 1. For this case, the PFS shows its wider applicability
than the IFS. PFSs as a novel evaluation have been prosperously applied in various fields, such as the
internet stocks investment [8], the service quality of domestic airline [7] and the governor selection of
the Asian Infrastructure Investment Bank [9].
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Figure 1. Comparison of spaces of the intuitionistic fuzzy numbers (IFNs) and the Pythagorean fuzzy
numbers (PENs).

A graph is a convenient way of interpreting information involving the relationship between
objects. Fuzzy graphs are designed to represent structures of relationships between objects such that the
existence of a concrete object (vertex) and relationship between two objects (edge) are matters of degree.
The concept of fuzzy graphs was initiated by Kaufmann [10], based on Zadeh’s fuzzy relations [11].
Later, another elaborated definition of fuzzy graph with fuzzy vertex and fuzzy edges was introduced
by Rosenfeld [12] and obtaining analogs of several graph theoretical concepts such as paths, cycles and
connectedness, etc., he developed the structure of fuzzy graphs. Mordeson and Peng [13] defined
some operations on fuzzy graphs and investigated their properties. Later, the degrees of the vertices of
the resultant graphs, obtained from two given fuzzy graphs using these operations, were determined
in [14,15]. Parvathi and Karunambigai considered intuitionistic fuzzy graphs (IFGs). Later, IFGs
were discussed by Akram and Davvaz [16]. After the inception of IFGs, many researchers [17,18]
generalized the concept of fuzzy graphs to IFGs. Naz et al. [19,20] discussed some basic notions
of single valued neutrosophic graphs along with its application in multi criteria decision-making.
More recently, Akram et al. introduced many new concepts related to m-polar fuzzy graph, fuzzy soft
graph, rough fuzzy graph, neutrosophic graph and their extensions [21-25]. This paper proposes a
new graph, called Pythagorean fuzzy graph (PFG). In particular, we solve decision-making problems,
including evaluation of hospitals, partner selection in supply chain management, electronic learning
main factors evaluation by using PFGs.

2. Pythagorean Fuzzy Graphs
Definition 1. A PFS Q in Z X Z is said to be a Pythagorean fuzzy relation (PFR) in Z, denoted by

Q= {{xy, uo(xy),volxy)) [ xy € Z < Z},

where jig : Z x Z — [0,1] and vg : Z x Z — [0, 1] represent the membership and non-membership function
of Q, respectively, such that 0 < p%(xy) + vy (xy) < 1forallxy € Z x Z.

Definition 2. A PFG on a non-empty set Z is a pair G = (P, Q), where P is a PFS on Z and Q is a PFR on
Z such that

po(xy) < min{pp(x), up(y)}, volxy) > max{vp(x),vp(y)}

and 0 < yzg(xy) + VZQ(X]/) <1forallx,yeZ.
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Remark 1. ¢  We call P and Q the Pythagorean fuzzy vertex set and the Pythagorean fuzzy edge set of
G, respectively.

° If Q is a symmetric on P, then G = (P, Q) is called PFG.

o If Qisnot symmetric on P, then D = (P, 3) is called Pythagorean fuzzy digraph.

o The proposed concept of PFGs is a generalization of the notion of Akram and Davvaz’s IFGs [16].

Example 1. Consider a graph G = (V,E), where V.= {l,m,n,0,p,q,r} and E = {Im,mn,no, nr, pq,qr}. Let P
and Q be the Pythagorean fuzzy vertex set and the Pythagorean fuzzy edge set defined on V and E, respectively:

P _ <<L££L£LL) (LﬂﬁiﬂiL»
0.7"0.6"0.770.8704"05" 06/ \05"07 04”04”08 0.6"0.3 !
_ Im mn no nr pq gqr Im mn no nr pq qr
e = <(@oﬁﬂﬂﬂﬂ)'(@'@ﬁm'@ﬁ»'

By direct calculations, it is easy to see from Figure 2 that G = (P, Q) is a PFG.

p
(0,677’07) (0.4,0.8)

(0.8?044) (0.6,0.3)

Figure 2. Pythagorean fuzzy graph (PFG).

Definition 3. The degree and total degree of a vertex x € V in a PFG G is defined as dg(x) = (d,(x),dy(x))
and tdg (x) = (td,(x), tdy(x)), respectively, where

du(x) = ), polxy), dv(x)= ). wvolxy),

xy#xeV xXy#xeV
tdu(x) = ) wolxy) +pup(x), tdv(x) = ) volxy) +vp(x).
xy#xeV xy#xeV

The degree of a vertex n is dg(n) = (1.3,2.2) and the total degree of a vertex n in Figure 2 is
tdg(n) = (2.0,2.6).

Definition 4. Let G; = (P1,Q1) and Gy = (P2, Q2) be two PFGs of the graphs Gy = (Vi,E;1) and
Gy = (W, Ep), respectively. The direct product of G1 and G, is denoted by G1 x Gy = (P X P, Q1 X Qp)
and defined as:

@ 1 (e X< ppy)(x1,x2) = ppy (1) A ppy (22)
(vp, X vp,)(x1,%2) = vp,(x1) V vp,(x2) forall (x1,x3) € Vi X V3,
iy J (Mo X 10,) (0, 22)(y1,12)) = po, (x1y1) A, (x212)
(vg, x vg,)((x1,x2)(y1,y2)) = vo,(x1y1) V vg,(x2y2) forall x1y1 € Eq, forall xpy, € Eo.

Proposition 1. Let G1 and Gy be the PFGs of the graphs Gy and Gy, respectively. The direct product G x Gy
of Gy and Gy is a PFG of G1 x Ga.
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Definition 5. Let G| = (P1, Q1) and Gy = (P2, Q2) be two PFGs. Then, for any vertex, (x1,x2) € Vi X V3,

(du)g xg,(x1,%2) = Y. (ho, X 1o,)((x1,%2)(¥1,¥2))
(x1,%2)(y1,42) EE1 X Ea

= Z 1o, (x1y1) A pg,(x2y2),

x1y1€E1,%02€E>

Z (VQl X VQz)((xlfo)(ylfyZ))
(x1,%2) (y1,y2) EE1 X E2

= ). vo, (x1y1) V vg,(x2y2)-
xX1Y1€E1,x0y2€E

(dl/)gl x Gy (X], xZ)

Theorem 1. Let G = (P, Q1) and Gy = (P2, Qy) be two PFGs. If pug, > po,, Vo, < Vo,
then dg1><g2 (xlle) = dgl (xl) and if:qu > HQy Vo SV, then dg1><92 (xlle) = dgz (xZ) for all
(xl,xz) e Vi x W

Proof. By definition of vertex degree of G; x G, we have

(dﬂ)glxgz(xLXZ) = Z (VQ1 X :qu)((xlr xz)(}/lfyZ))
(x1,%2)(y1,y2) EE1 X E2
= ) o, (x1y1) A pg, (x2y2)
leleEl,XQyQEEz
= 2 Ho, (xlyl) (Since.qu > ‘qu)
x1y1€E;
= (dy)g1 (x1),
(dv)g, xg,(x1,x2) = Y. (vg, x vg,)((x1,%2)(y1,¥2))

(x1,2%2)(Y1,42) EE1 X Ep
= Y vg, (x1y1) V vg,(x2y2)

x1y1€E1,x002€E;

= Z VQl(xlyl) (since v, < VQl)
x1y1€E

= (dv)g, (x1).

Hence, dg, «g,(x1,%2) = dg,(x1). Similarly, it is easy to show that, if ug, > po,, vo, < vg,,
then dgl xGa (x1, XQ) = dg2 (X2). O]

Definition 6. Let Gy = (P, Q1) and Gy = (P,, Q) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdu)g,xg, (¥1,x2) = )y (1o, * 1a,)((x1,%2) (y1,y2)) + (wp, X 1, ) (x1,%2)
(x1,%2) (y1,y2) €E1 X Ex

Y o, (x1y1) Ao, (xay2) + pp, (x1) A pip, (x2),
x1y1€E1,x212€E2

(th)nggZ(xllxz) = Z (Vgl X VQz)((xlfxz)(]/l,yz)) +( vp, X VPZ)(xlzxz)
(x1,%2) (y1,42) EE1 X Ez

= ) vg, (x1y1) V v, (x2y2) + vp, (x1) V vp,(x2).
x1y1€E1,%212€E>

Theorem 2. Let G = (Py, Q1) and Gy = (P2, Q2) be two PFGs. If

(@ po, > po, then (tdy)g, «g,(x1,x2) = (dy)g, (x1) + pp, (x1) A pp, (x2);
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(i) vo, < vo,, then (tdy)g xg,(x1,%2) = (dv)g, (x1) + vp, (x1) V vp,(x2);
(i) po, = po,, then (tdy)g «g,(x1,%2) = (dy)g, (x2) + pp, (x1) A pp, (x2);
i) vg, < v, then (td,)g, xg,(x1,x2) = (dv)g,(x2) + vp, (x1) V vp,(x2)

forall (x1,x2) € Vi x V.
Proof. The proof is straightforward using Definition 6 and Theorem 1. O

Example 2. Consider two PFGs G; = (Py, Q1) and Gy = (P, Qz) on Vi = {l,m,n} and V, = {o,p},
respectively, as shown in Figure 3. Their direct product G1 x G, is shown in Figure 4.

G, . (0.4,0.7) _ (0.6,0.8) .
1 m n
(0.8.0.5) (0.9,0.4) (0.7,0.5)
G ~ (0.7,0.6)
2 L4  J
(0.7,0.4) (0;0.6)

Figure 3. PFGs.

1,9
o

.9

o 0.6)

Figure 4. Direct product of two PFGs.

Since jg, > po,, Vo, < Vg, 50, by Theorem 1, we have

Therefore, dg, «g,(m, p) = (1.0,1.5).
In addition, by Theorem 2, we have

(td}l)gl ng(m' p) = (dﬂ)(_h (m) =+ Hp, (m) A sz(p> =1
(tdy)g, g, (m, p) = (dv)g, (m) + vp (m) V vp,(p) = 2.1.

Therefore, tdg, «g,(m, p) = (1.8,2.1).
Similarly, it is easy to find the degree and total degree of all the vertices in Gy x Gj.

Definition 7. Let G; = (Pl, Q]) and Gy, = (Pz, Qz) be two PFGs of G1 = (Vl, El) and G, = (Vz, Ez),
respectively. The Cartesian product of Gy and G, is denoted by G1 O Gp = (Py O Pp, Q1 O Qy) and defined as:
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(p, O pp,) (x1,x2) = pp (x1) A pip, (x2)
(vp, O vp))(x1,x2) = vp, (x1) V vp,(x2) forall (x1,x2) € Vi x Vp,

Gy J (Mo B 10,) (. x2)(x,12)) = pip, (x) A g, (1242)
(vo, B vo,)((x,x2)(x,y2)) = vp,(x) V vo,(x2y2) forall x € V4, forall xoy5 € Ey,
(
(

poy O po,)((x1,2)(y1,2)) = po, (x1y1) A ip, (2)
vo, O vg,)((x1,2)(y1,2)) = vo,(x1y1) V vp,(z) forallz € Vy, forall x1y; € E;.

Proposition 2. Let G1 and Gy be the PFGs of the graphs Gy and G, respectively. The Cartesian product
G1 0 Gy of Gy and Gy is a PFG of G O Ga.

Definition 8. Let G1 = (Py, Q1) and Gy = (P2, Q) be two PFGs. For any vertex (x1,x2) € V1 x V,

(du)g o g (x1,x2) = Y (1o, B o, ((x1,%2)(y1,¥2))
(x1,%2) (y1,42)€E1 O E,

Yoo up (x1) Apg, (xay2) + Y. pp(x2) Apg, (i),

X1=Y1,X2Y2¢E, Xo=Y2,X1y1E€E1

(dv)g o g (x1,x2) = ) (vg, O vg,)((x1,x2)(y1,¥2))
(x1,%2)(y1,42)€E1 O E,

= Y, vp(x) Vg (xaya)+ )] vp, (x2) V vo, (x1y1)-
X1=Y1,X2Y2¢E, Xo=Y2,x1y1€E;
Theorem 3. Let G; = (Py, Q1) and Gy = (Pp, Q2) be two PFGs. If up, > po,, vp, < vg, and
Hp, > 1o, vp, < vo,. Thendg, o g,(x1,x2) = dg,(x1) +dg,(x2) forall (x1,x2) € Vi x V2.

Proof. By definition of vertex degree of G; O G, we have

(du)g, o g, (x1,x2) = Y (o, O pg,)((x1,x2)(y1,y2))
(%1,%2)(y1,¥2)€E1 O Ea

= Yo up () Apg,(ay2)+ Y, pp,(x2) Ao, (xiy1)

X1=Y1,X2Y2¢E, X2=Y2,x1Y1€E;
= ) po(ay)t+ Y wo(uy)
X2Y2¢E, x1y1€E

(by using pp, > po, and pp, > po,)
= (d#)gl(xl) + (dy)gz (x2)/

(dv)g og (%) = D (vg, B vg,)((x1,%2)(y1,¥2))
(x1,%2) (y1,y2)€EL O Er

= Y., vp(x)Vog(nay)+ ) vp, (x2) V vo, (*1y1)

X1=Y1,X2Y2¢E, Xo=Y2,x1y1€E1
= Y volay)+ Y, wvo(xiy)
X2Y2¢E, xy1€E;

(by using vp, < vg, and vp, < vg,)

= (dv)g, (x1) + (dv)g,(x2)-

Hence, dg, o g, (x1,%2) = dg, (x1) +dg,(x2). O
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Definition 9. Let Gy = (P, Q1) and Gy = (P, Q) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdu)g, o g, (x1,x2) = Y (Ho, O pg,)((x1,x2)(y1,y2)) + (up, B up,)(x1,X2)
(x1,%2)(y1,42)€E1 O E,

= Y. up (1) Apg, (xay2) + Y. pp,(x2) Apg, (x1y1)

X1=Y1,X2Y2¢E, X2=Y2,X1y1€E1

+up, (1) A pp, (x2),

(th)g1 ] gz(X1,xZ) = Z ( Vo, o VQz)((xLXZ)(yl/yZ)) + ( vp, U sz)(xllxz)
(x1,%2)(y1,42)€E1 O Ea

= Y. vp(x1)V vg,(xou0) + Y vp, (x2) V vg, (x1y1)

X1=Y1,X2Y2¢E, X2=Yy2,x1y1 €E1

+vp, (x1) V vp,(x2).
Theorem 4. Let G = (Py, Q1) and Gy = (P2, Q2) be two PFGs. If

@ pp, > po, and up, > pg,, then (tdy)g og,(x1,x2) = (tdy)g, (x1) + (tdy)g,(x2) — pp, (x1) V

p, (x2);
(i) vp, < vg, and vp, < vg,, then (tdy,)g, o g,(x1,x2) = (tdy)g, (x1) + (tdy)g, (x2)

— vp, (x1) A vp, (x2)
forall (x1,x2) € Vi x V5.
Proof. By definition of vertex total degree of Gy O G,
() Ifpp, > pg, tp, = Ho,
(tdy)g, o g, (x1,%2) = Y wup(x)Apg(xaya) + ). pp,(x2) Ao, (x1y1)
1=y, %2y, X2=y2,x1y1€E1

+pp, (x1) A pip, (x2)
= Y po(ay)+ Y wo (xiyr) + pp, (x1) + pp, (x2)

X2Y2¢E, x1y16E1
—pp, (x1) V pp, (x2)
= Z 1o, (x2y2) + pp, (x2) + Z no, (x1y1) + pp, (x1)

X2Y2¢E, X1Y1 €E;
—pp, (x1) V pp, (x2)
= (tdy)g (x1) + (tdy)g,(x2) — pp, (x1) V pip, (x2),

Gi) If vp, < vg,, vp, < Vg,
(tdv)g, 0 g,(x1,%2) = Yo vp () Vg (o) + Y vp,(x2) V vo, (x1y1)
X1=Y1,X2Y2¢E, xX2=Y2,x1¥1€E1
+vp, (1) V vp,(x2)
= ) vo,(ay)+ Y, wvo (xiyi)+ vp (x1) + vp,(x2)

XZ}/ZEEZ X1Y1 EEl
— vp, (x1) A vy (x2)

= (tdy)g, (x1) + (tdy)g, (x2) — vp, (x1) A vp,(x2).
O

Example 3. Consider two PFGs Gy and Gy as in Example 2, where yp, > pg,, vp, < vg, and
Up, > 1o, vp, < vo,. Their Cartesian product Gy O Gy is shown in Figure 5.
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Qﬂ)\ B
wﬁ_\)_b\

Figure 5. Cartesian product of two PFGs.

Then, by Theorem 3, we have

(du)g, 0, (L0) = (du)g, (1) + (du)g,(0) =
(dv)g1 0 G (l,O) = (dl/)g1 (l) + (dv)gz(o) =

Therefore, dg, o g,(1,0) = (1.1,1.3).
In addition, by Theorem 4, we have

(tdu)g, o g,(1,0) = (tdy)g, (1) + (tdy) g, (0) — pp (1) V ppy (0) =
(tdv)g, 0 (1, 0) = (tdv)g, (I) + (tdv)g,(0) — vp, (I) A vp,(0) =

Therefore, tdg, o g,(l,0) = (1.8,1.8).
Similarly, we can find the degree and total degree of all the vertices in G1 O Gj.

Definition 10. Let G; = (Py, Q1) and G, = (P, Q) be two PFGs of the graphs Gy = (V4,E;) and
Gy = (Vp, Ey), respectively. The semi-strong product of Gy and G,, denoted by G @ Gy = (P @ Py, Q1 0 Qy),
is defined as:

up, @ ip,) (X1, X2) = pip, (x1) A i, (x2)
vp, ® Up,)(x1,x2) = vp, (x1)V vp,(x2) forall (x1,x3) € Vi x V3,

(
(

iy I (Mo o 10,) (6, x2)(x,12)) = ppy (x) A g, (x21/2)
(vg, ® vo,)((x,x2)(x,y2)) = vp,(x) V vo,(x2y2) forall x € Vi, forall xoy5 € Ea,
(
(

1oy @ 10,) ((x1,%2) (y1,y2)) = oy (¥1y1) A B, (¥2y2)
vo, ® vo,)((x1,x2)(y1,y2)) = vp, (x1y1) V vo,(x2y2) for all x1y1 € Ey, forall xpy> € Eo.

Proposition 3. Let Gy and G, be the PFGs of the graphs Gy and Gy, respectively. The semi-strong product
gl ° g2 Ofgl and gz isa PFG OfGl ° Gz.

Definition 11. Let Gy = (P, Q1) and G = (P2, Qz) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(dﬂ)gﬂgz(xl’xz) = Z (yQ1 .ng)((xlle)(ylryZ))
(x1,2%2)(y1,y2) EE1E>

= Yoo pp(x1) Apg,(x2y2) + Y o, (x1y1) A po, (xay2),

X1=Y1,X2Y2¢E, x1y1€E1,x02€E>

(dv)gl’gz (Xl,XQ) = Z ( VQl ° UQz)((xll Xz)(%/}/z))
(x1,22)(y1,y2) EE10Ex

= Y. vp, (x1) V vo,(x2y2) + Y vo, (x1y1) V vg,(x2y2).

X1=Y1,X2Y2¢E, x1y1€E1,0202€E>
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Theorem 5. Let Gy = (P, Q1) and Gy = (P, Q2) be two PFGs. If up, > po,, vp, < Vo, 1o, < KO,
v, > vo,. Then, dg,eg,(x1,X2) = dg, (x1) +dg,(x2) for all (x1,x) € Vi x V3.

Proof. By definition of vertex degree of G; @ G», we have

(dﬂ)gﬂgz (xlr xZ)

Z (VQ1 ’VQz)((xerZ)(yleZ))
(x1,%2) (y1,42) EE10E2

Yoo up (x1) Mg, (x2y2) + Y po, (x1y1) A pro, (x2y2)

X1=Y1,X2Y2¢E, x1y1€E1,x012€E,
Z VQZ(XZyZ) + Z ]’lQ1(x1y1)
X2Y2cE, x1y1€E1

(Since pp, 2 po, and pg, < 1o,)
(d)g, (x2) + (dy)g, (x1)-

Analogously, it is easy to show that (dy)g,eg,(x1,%2) = (dv)g, (x1) + (dv)g,(x2). Hence,
dgl.gz(xl,xZ) = dgl (Xl) + dgz (xz). O

Definition 12. Let Gy = (P, Q1) and Gy = (P2, Qy) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdy)g eg, (x1,%2) =

(tdv)g eg, (¥1,Xx2) =

Y (1o, @ 1,)((x1,22)(y1,v2)) + (up, ® pp,)(x1, x2)
(x1,%2) (y1,y2) EE10E>

Z Hpy (xl) /\ng(xzyz) + Z ﬂQ1(x1yl) /\I’lgz(XZyZ)

X1=Y1,X2Y2¢E, x1y1€E1,x002€E>
+I’l7)1 (xl) /\ I’lpz (xz)’

( Vo, ® VQz)((xLXZ)(yl/]/Z)) + ( Vp, ® sz)(xl,xz)
(x1,%2)(y1,y2) EE10Ex

Y, vp (1) V ovg, (xap) + D vg, (x1y1) V Vg, (x2y2)
X1=Y1,X2Y2¢E, x1y1€E1,x042€E>

+vp, (x1) V vp, (x2).

Theorem 6. Let G = (P1, Q1) and Gy = (P2, Q2) be two PFGs. If

Q) pp, > po, to, < Ho,

then (tdy)g eg, (X1, X2) = (tdy)g, (x1) + (tdu)g, (x2) — pp, (x1) V pp, (x2);

(i) vp, < v, v, = Vg, then (tdy)g eg,(x1,x2) = (tdv)g, (x1) + (tdy)g,(x2) — vp, (x1) A vp,(x2)

forall (x1,x2) € V4 x V5.

Proof. By definition of vertex total degree of G; ® Gy,

@ Ifpp, = po, o, <o,

(tdﬂ)gl'gz (xlr x2)

= Yoo up (v1) Apg, (xay2) + Y 1o, (x1y1) A po, (x2y2)
X1=Y1,X2Y2¢E, x1y1€E1,x02€E>
+pp, (x1) A pp, (x2)

= Y no,(xay2)+ Y o, (x1y1) + pp, (x1) + pp, (x2)

X2Y2¢E, x1y1 €E;
—pup, (x1) V pp, (x2)
= (tdy)g, (x1) + (tdu)g, (x2) — pp, (x1) V pp, (x2).

Analogously, we can prove (ii). O

Example 4. Consider two PFGs Gy and Gy as given in Example 2, where pup, > po,, vp, < vQ,, o, < HQ,,
Vg, > Vg,, and their semi-strong product G1 e G, is shown in Figure 6.

Thus, by Theorem 5, we have
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(du)gyeg, (m, p) = (dy)g, (m) + (dy)g, (p) =1
(dV)gl°g2 (m, p) = (dv)gl (m) + (du)gz(p) =21

Therefore, dg, o, (m, p) = (1.7,2.1).

In addition, by Theorem 6, we have
(tdu)g eg, (m, p) = (tdy)g, (m) + (tdy)g,(p) — pp, (m) V up,(p) = 2.5,
(tdy)gyeg, (m, p) = (tdy)g, (m) + (tdv)g,(p) — vp,(m) A vp,(p) =2.7.

Therefore, tdg, g, (m, p) = (2.5,2.7).
Similarly, we can find the degree and total degree of all the vertices in G1 @ Gy.

1.0 )
o1

Figure 6. Semi-strong product of two PFGs.

Definition 13. Let G; = (Pl, Ql) and G, = (732, Qz) be two PFGs of G| = (Vl, El) and Gy = (Vz, Ez),
respectively. The strong product of these two PFGs is denoted by Gy R G, = (P X Py, Q1 K Qy) and defined as:

pwp, B, ) (x1,x2) = pp, (x1) A i, (x2)
vp, B vp, ) (x1,x2) = vp (x1) V vp,(x2)  forall (x1,x2) € Vi x Vp,

(

(

(no, Mpo,)((x,x2)(x,y2)) = pp, (x) A o, (x2y2)

(v, W vg,))((x, x2)(x,y2)) = vp,(x)V vo,(x2y2) forall x € V4, forall xoy> € E,
(iii) (‘uQ1 X VQZ)((xLZ) (yllz)) =Hg (xlyl) A pp, (Z)

(vo, M vg,)((x1,2)(y1,2)) = vg,(x1y1) V vp,(2z) forallz € Vs, forall x1y; € Ey,

(

(

po, Mug,)((x1,x2)(y1,42)) = po, (x1y1) A g, (x2y2)
vo, X vo,)((x1,x2)(y1,¥2)) = vo,(x1y1) V vo,(x2y2) forall xqy1 € Eq, for all xpy, € Ej.

Proposition 4. Let Gy and Gy be the PFGs of the graphs Gy and Gy, respectively. The strong product Gy X G
of G and G, is a PFG of G1 X G,.

Definition 14. Let Gy = (P, Q1) and Gy = (P2, Q2 ) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(du)gmg, (x1,%2) = Y (o, B po,)((x1,%2) (y1,v2))
(x1,%2) (y1,y2) EE1XE,

= Yo up (1) Apg, (xay2) + Yo up(x2) Apg, (xavr)

X1=Y1,X2Y2¢E, X2=Y2,x1y1€E

+ Y. ro, (x1y1) Ao, (x2y2),

x1y1€E1,%202€E>
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(dv)g,mg, (x1,%2)

11 0f 28

(vg, ® vg,)((x1,x2)(y1,y2))
(x1,22) (y1,y2) EE1XE,

Y vp(x) Vg (ay)+ ) vp, (x2) V vo, (x191)

X1=Y1,X2Y2¢E, x2=12,X1y1€E;

+ Y. vg, (x151) V v, (x2¥2).
x1y1€E1,x00,€E

Theorem 7. Let G; = (Py1, Q1) and Gy = (P, Qo) be two PFGs. If up, > po,, vp, < Vo,, ip, > Ho,
vp, < Vo, o, < MQ, Vg, = Vo, Then, forall (x1,x2) € Vi x V3, dg,mg,(x1,X2) = padg, (x1) +

dg, (x2), where py = |V3|.

Proof. By definition of vertex degree of G; X G,, we have

(du)gixg, (x1,x2)

(ho, ®pg,)((x1,%2)(y1,42))
(x1,%2) (y1,y2) EE1NEy

Yoo wup () Apo,(y2)+ Y, ppy(x2) Apg, (xavh)

X1=Y1,X2Y2¢E, X2=12,X1y1€E1

+ Z o, (x1y1) A po, (x2y2)

x1y1€E1,x012€E,

Yo oo, (xy2)+ Y, mo (i) + Y, o, (x1m1)

X2Y2eE, x1y1€E x1y1€E;
(Since Hpy 2 1Oy WP, 2 Ky and Ho, < ]’le)
p2(dy)g, (x1) + (dy) g, (x2)-

Analogously, it is easy to show that (dy)gxg, (x1,%2) = pa(dv)g, (1) + (dv)g,(x2).
Hence, dg,=g, (x1,x2) = padg, (x1) +dg,(x2). O

Definition 15. Let Gy = (P, Q1) and G = (P2, Qy) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdy)g,mg, (x1,x2)

(tdv)glggz (xlf Xz)

(no, ®pg,)((x1,%2)(y1,¥2)) + (up, R pp,) (x1, x2)
(x1,%2) (y1,42) EE1XE,

Yoo up () Apg,(xay2)+ Y. pp,(x2) Ao, (xiy1)

X1=Y1,X2Y2¢E, X2=Y2,x1y1€E;

+ Y. po (i) Apg, (x2y2) + pp, (x1) Ap, (x2),
X1Y1 EEl,XzyzeEz

(vg, X vg,)((x1,%2)(y1,¥2)) + (vp, B vp,)(x1,x2)
(x1,%2) (y1,y2) EE1XEy

Y. vp(x1)V vg,(xou0) + Y vp, (x2) V vo, (*1y1)

X1=Y1,X2Y2¢E, X2=Y2, X141 €E1

+ Y vg, (x1y1) V vo, (x2y2) + vp, (x1) V vp,(x2).
X1Y1 €k ,XzyzEEz

Theorem 8. Let Gy = (Py, Q1) and Gy = (P2, Qz) be two PFGs. If

G) pp, = Mo, WP, =

1o, Mo, < Mo, then (td y)gxg, (x1,%2) = (tdy)g,(x2) + pa(tdy)g, (x1) —

(p2 = Dpp, (x1) — pp (x1) V pip, (x2);
() vp, < vg, vp, < Vo, HQ = Mo, then (tdy)gwmg, (x1,%2) = (tdy)g,(x2) + pa(tdy)g, (x1) —
(p2 = 1) vp, (x1) — vp, (x1) A vp,(x2)

forall (x1,x2) € Vi x V5.

Proof. For any vertex (x1,xp) € V4 x V3,
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G If HPy 2 1Oy WPy = Oy Oy < HOQ,
(tdu)gmg, (x1,x2) = Yoo wp () Apg,(vaya) + Y, ppy(x2) Ao, (x11)
X1=Y1,X2Y2¢E, X2=Y2,x1Y1€E]

+ Y o, (x1y1) Ao, (x2y2) + pp, (x1) A pp, (x2)
x1y1€E1,x212€E2

= ) uo,(ay)+ Y, mo(xivi)+ Y, mo,(xiv1)

X2Y2¢E, xiy1€E; xiy1€E;
+pp, (x1) + pp, (x2) — pp, (x1) V pp, (x2)
= Y po(xy2) +up,(x2)+p2 Y, po (x1y1) + pp (x1)

X2Y2¢E, xiy1€E;
—pp, (x1) V pp, (x2)
= ) Ho,(xy2) + pp, (x2) + p2 < Y mo (xayr) + pp, (x1)>
X2l2¢E, x1y1€E
—(p2 = Dup, (x1) — pp, (x1) V pp, (x2)
= (tdu)g,(x2) + pa(tdy)g, (x1) — (p2 — Dpp, (x1) — pp, (x1) V pip, (x2).

Analogously, we can prove (ii). O

Example 5. Consider two PFGs Gy and Gy as in Example 2, where up, > pg,, vp, < Vg, hp, > HQ,,
vp, < Vg, Ho, < Mo, Vg, = Vg, and their strong product G X G, is shown in Figure 7.

0 '?

K(I«O

Figure 7. Strong product of two PFGs.

Then, by Theorem 7, we must have

(du)g,zg, (m,0) = pa(dy)g, (m) + (dy)g,(0) =
(dv)g,&g,(m,0) = pa(dy)g, (m) + (dv)g,(0) =

Therefore, dg, g, (m, p) = (2.7,3.6).

In addition, by Theorem 8, we must have
(tdu)gymg, (m,0) = pa(tdy)g, (m) + (tdyu)g,(0) — (p2 — Vpp, (m) — pp (m) V pp,(0) =
(tdv)gmg, (m,0) = pa(tdy)g, (m) + (tdy)g,(0) — (p2 — 1) vp, (m) — vp (m) A vp,(0) =

Therefore, tdg,xg, (m,0) = (3.4,4.0).
Similarly, we can find the degree and total degree of all the vertices in G1 X G,.
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Definition 16. Let G| = (P1, Q1) and Gy = (P, Q) be two PFGs of G; = (V4,Eq) and Gy, = (V,, Ep),
respectively. The lexicographic product of these two PFGs is denoted by Gy 0 Gy = (P10 P2, Q1 0 Q) and

defined as follows:

py © 1p,) (X1, X2) = pp (1) A i, (x2)
vp, 0 vp,)(x1,x2) = vp (x1) V vp,(x2)  forall (x1,x2) € Vi XV,

oy © 1) ((x,x2)(x,y2)) = p, (x) A g, (x2y2)
vg, © VQZ)((X, X2)(x,y2)) = Vvp (x) V Vg, (X2]/2) f01’ all x € V7, fOI’ all xy2 € Ey,

o, 0 1o, ((x1,2)(y1,2)) = po, (x1y1) A pip, (2)
vo, © vo,)((x1,2)(y1,2)) = vo,(x1y1) V vp,(2) forall z € V,, forall x1y; € Eq,

1o, 0 1o, ) ((x1,x2)(Y1,y2)) = wp,(x2) Aup,(y2) A pg, (x191)
vg, © vg,)((x1,x2)(y1,¥2)) = vp,(x2) V vp,(y2) V v, (x1y1) for all x1y1 € E1,x2 # y2.

Proposition 5. The lexicographic product G1[G,] of two PFGs of Gy and G is a PFG of G1[G3].

Definition 17. Let Gy = (P, Q1) and Gy = (P2, Q2) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(d?‘)g1[g2](x1’x2) = Z (VQl Osz)((x1/x2)(y1/y2))
(x1,%2)(y1,y2) EE10En
Yo wp () Apg(xay2)+ ). Epy(x2) Ao, (xiy1)

X1=Y1,X2Y2¢E, Xo=Y2,x1y1€E1

+ Z sz(yZ) /\‘upz(xZ) /\VQ1 (xlyl)/
X2#Y2, X191 €E,

(dv)gl[QZ](xl’xz) = Z ( Vg, © VQz)((x1/x2)(y1ry2))
(x1,%2) (y1,y2) EE10E>

= ) vp, (x1) V v, (x2y2) + Y vp, (x2) V vo, (x1y1)

X1=Y1,X2Y2¢E, Xo=Yr,x1y1€E1

+ ) vp, (y2) V vp, (x2) V vg, (x191)-
X2#Y2,X1y1€E,

Theorem 9. Let G = (P1, Q1) and Go = (P2, Qz) be two PFGs. If up, > po,, vp, < vg, and
Hp, > 1o, vp, < vg,. Then, dG1[Gz] (x1,X2) = padg, (x1) +dg, (x2) forall (x1,x2) € Vi X V2.

Proof. For any vertex (x1,x2) € V3 x V3,

(du)g (g, (x1,x2) = Y. (na, o po,)((x1,%2)(y1,¥2))
(x1,%2) (y1,y2) EE10E>

= Yo up (x1) Apg, (xay2) + Yo pup,(x2) Apg, (x1y1)

X1=Y1,X2Y2¢E, Xo=Y2,x1y1€E1

+ Y e, (y2) Aup,(x2) Apo, (x1y1)
X27Y2,X1Y1€E

= Y wolxy)+ Y poay))+ Y. mo,(xiv1)

X2Y2¢E, x1y1€E x1y1€E6
(Since pp, > pg, and pp, > g, )
= (d,ll)gz(x2)+p2(dﬂ)g1(x1)'

Analogously, we can show that (dv)g g, (x1,x2) = (dv)g,(x2) + p2(dv)g, (x1)-
Hence, dgl[gz] (x1,%2) = dg2 (x2) + Pzdgl (x1). O
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Definition 18. Let Gy = (P, Q1) and Gy = (P2, Q2) be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdy)g, (g, (x1,%2) = )y (1o, o 1o, ((x1,%2) (Y1, ¥2)) + (ip, © pp,)(x1,Xx2)
(x1,%2) (y1,42) EE10E,

Yo pp (x1) Apo, (x2y2) + Y. up(x2) Apg, (xavh)

X1=Y1,X2Y2¢E, X2=Y2,X1y1€E1

+ Y e, (2) Aup, (x2) Apg, (xayr) + pp, (1) A pp, (x2),
X2 7#Y2, X191 €E

(tdv)g,(g,) (x1,%2) = Y. (vo, © vg,)((x1,%2)(y1,¥2)) + (vp, © vp,)(x1,x2)
(x1,%2)(y1,y2) EE10E>

= ). vp, (x1) V vo,(x2y2) + ). vp, (x2) V vo, (¥1y1)

X1=Y1,X2Y2¢E, Xa=Yy2,X1y1€E1
+ Z vp, (yZ) \ vp, (XZ) Vv Vo, (xlyl) + 1'/7>1 (xl) \ VPZ(XZ)'
X2 #Y2,x1y1€E1

Theorem 10. Let Gy = (P, Q1) and Gy = (P,, Q3) be two PFGs. If

@ wp, > po, and pp, > po,, then (tdy)g g, (x1,x2) = (tdy)g,(x2) + pa(tdy)g, (x1) — (p2 —
Dup, (x1) — pp, (x1) V pip, (x2);

Gi) vp, < wvg, and vp, < wg,, then (tdy)g g, (x1,%2) = (tdy)g,(x2) + pa(tdy)g, (x1) — (p2 —
1) vp, (x1) = vp, (x1) A vp,(x2)

forall (x1,x2) € Vi X V5.

Proof. For any vertex (x1,xp) € Vq x V3,
(@) Ifpp, 2 po, ip, 2 po,

(tdu)g,(g,) (x1,x2) = Y. wp(x)Aug(xay)+ ), pp,(x2) Apg, (x1y1)

X1=Y1,X2Y2¢E, Xo=Yy2,x1%1€E1

+ Y wp(y2) App, (x2) Mg, (xiya) + pp, (x1) A i, (x2)
X2FY2, X191 €E1

= ) no(ay)+ Y, po,(aiy)+ Y, mo (xiy1)

X2l2ek, x1y1€E x1y1€E;
+up, (x1) + pp, (x2) — pp, (x1) V up, (x2)

= (tdu)g,(x2) + p2(tdy)g, (x1) — (p2 — Dpp, (x1)
—pp, (x1) V p, (x2).

Analogously, we can prove (ii). O

Example 6. Consider two PFGs Gy and G, as in Example 2, where Wp, = Hg, Vp, < Vo, and up, > Ho,,
vp, < vg, and their lexicographic product Gy o Gy is shown in Figure 8.
Then, by Theorem 9, we must have
(1) G006, (m, p) = pa(dy)g, (m) + (dy)g,(p) = 2.7,
(dv)g]ogz (m, P) = P2(dv)91 (m) + (dl/)gz(p) = 36

Therefore, dg,og,(m, p) = (2.7,3.6).

In addition, by Theorem 10, we must have
(tdu)g o6, (m, p) = pa(tdy)g, (m) + (tdy)g,(p) — (p2 — Vpp, (m) — pp, (m) V pp,(p) =
(tdv)g o6, (m, p) = pa(tdy)g, (m) + (tdv)g,(p) — (p2 — 1) vp,(m) — vp (m) A vp,(p) =

Therefore, dg,og,(m, p) = (3.5,4.2).
Similarly, we can find the degree and total degree of all the vertices in Gy o Gy.
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O

©)

Figure 8. Lexicographic product of two PFGs.

Definition 19. The union G1 U Gy = (P U P,, Q1 U Qy) of fwo PFGs G = (P, Q1) and Gy = (P2, Q2)
of the graphs G = (V1, Eq) and Gy = (V,, Ey), respectively, is defined as follows:

pp, (x) ifx e Vi —V,,
@ (:upl U :upz)(x) = up, (x) ifxeV,-V1,
ppy (x) Viup,(x) if x €VINVy,
vp, (%) ifxeVi—Vy,
) (vp, U vp)(x) =14 vp,(x) ifx € Vp— Vg,
vp, (x) Avp,(x) ifxeVinNVy,
1o (xy) if xy € E1 — By,
(i) (no, Uno,)(xy) = Ho,(xy) if xy € E» — Ey,
roy (xy) Vo, (xy) if xy € E1NEy,
vo, (¥y) if xy € Ey — Ea,
(iv) (vg, U vo,)(xy) =4 vo,(xy) if xy € Bz — Ey,
vg, (xy) A vo,(xy) if xy € EyNEs.

Theorem 11. The union G1 U Gy of G1 and G, is a PFG of G1 U Gg if and only if G1 and G, are PFGs of Gy and
Gy, respectively, where Py, P2, Q1 and Qy are the Pythagorean fuzzy subsets of V1, Vo, E1 and E,, respectively
and V1NV, = @.

Definition 20. Let Gy = (P, Q1) and Gy = (P2, Q2) be two PFGs. For any vertex x € Vi U Vy, there are
three cases to consider.

Case 1: Either x € V1 — Vp or x € V, — Vy. Then, no edge incident at x lies in Ey N Ey. Thus, for x € V3 — Vs,

(d}l)g1U92(x) = Z;E :uQ] (xy) = (dﬂ)g1(x)/ (dV)g1ng(x) = ZE VQ1 (x]/) = (dl/)g1 (x)/
xy€Eq XYyeLty

(tdﬂ)glu(Jz (x) = (tdﬂ)% (x)/ (tdv)g1ugz (x) = (tdv)g1 (x)

Forx € V, — V4,

(dﬂ)glugz(x) = ZE :qu(xy) = (dﬂ)gz(x)/ (dV)g1ng(x) = ZE VQz(xy) = (di/)gz(x)'
xycEy XY€EE2

(tdﬂ)glugz (X) = (tdﬂ)gz (X), (th)Qlugz (X) = (tdi/)gz (X)
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Case 2: x € V1 NV, but no edge incident at x lies in Ey N Ey. Then, any edge incident at x is either in E; — Ep
orin E; — Eq.

(dﬂ)glng<x) = 2 (‘uQ1 U.qu)(xy>
xyeEq1UEy

Y wo(xy)+ Y o, (xy)

xy€kE; xy€Ey
= (du)g, (%) + (du)g, (x).

Similarly, (dv)g,ug,(x) = (dv)g, (x) + (dv)g,(x),

(tdy)gug,(x) = 3} (ro,Upo,)(xy) +up (%) V pip, (%)
xycE{UEy

(dp)g, (%) + (du)g, (x) + pp, (x) V pip, (x)
= (tdu)g, (x) + (tdy)g, (x) — pp, (¥) A pip, (%)

Similarly, (tdy)g, 6, (x) = ()G, (x) + (td)g (3) — vp, (x) V vpy(x).
Case 3: x € V1 NV, and some edges incident at x are in E1 N E.

(du)gug, (x) = Y. (ro,Ung,)(xy)

xyeEq1UEy
Yo ono )+ Y po,(y)+ Y o, (xy) Vo, (xy)
xy€E1—Ep xy€Ey—Eq xy€E1NEy

= ( Yo omo () + Y mo,(xy)+ ) po (xy) Vo, (xy)
xyc€E1—Ey xyc€Ey—Eq xyc€E1NEy
+ ) ugl(xy)AuQZ(xy)>— Yo na (xy) Apg,(xy)
xy€E1NEy xy€E1NEy

= ) po )+ Y mo,(xy) = Y. mo,(xy) Aug,(xy)
xy€k; xy€kp xy€E1NE;

= (du)g,(x) + (du)g,(x) = Y. po, (xy) Apg,(xy).

xy€EiNEy

Similarly, (dy)g,ug, (%) = (dv)g, (x) + (dv)g,(x) = L vo,(xy)V vo,(xy). In addition,

xyEElﬂEz

(tdu)gug, (x) = (tdy)g, (x) + (tdu)g, (x) — ; Hen (xy) A g, (xy) — wp, (x) A pp, (x),
xy€E1NE;

(tdl/)g1ugz(x) = (th)gl(x) + (tdv)gz(x) - EZ . VQ1(X.1/) v VQz(x]/) - Hp (x) \% 1/732(36).
xy€E1NE;

Example 7. Consider two PFGs G = (P, Q1) and Gy = (P2, Q) on Vq = {j, k,1,m} and V, = {j, k,1},
respectively, as shown in Figure 9.

(0.7,0.5) (0.7,0.4) (0.6,0.7) (0.5,0.6)
J (0.5,0.8) k j (0.3.0.8) k

(0.6,0.7)
(L0'c0)

h (0.4,0.8) "

l
(0.9,0.2) (0.8,0.5) (0.8,0.4)

Gi [

Figure 9. PFGs.
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In addition, their union Gy U G, is shown in Figure 10.

(0.7,0.5) (0.7,0.4)
J (0.5,0.8) k

- ) S

; 5,9 ot

< Ny e

=) =
! (0.4,0.8) m

(0.9,0.2) (0.8,0.5)

Figure 10. Union of two PFGs.
Since m € Vq \ Wy, thus,
(d)g,ug, (m) = (dy)g, (m) = 0.9, (dv)g,ug, (m) = (dv)g, (m) = 1.5.
Therefore, dg, g,(m) = dg, (m) = (0.9,1.5).
(tdu)g,ug, (m) = (tdy)g, (m) = 1.7, (tdy ) g,ug, (m) = (tdy)g, (m) = 2.0.

Therefore, tdg, g, (m) = tdg, (m) = (1.7,2.0).
Since l € V1 NV, but no edge incident at [ lies in E1 N Ep,

(dﬂ)glng (l) = (dﬂ)g1 (l) + (d}l)gz (l) =14,
(dv)g,ug, (1) = (dv)g, (1) + (dv)g,(I) = 2.4.

Therefore, dg, g, (1) = dg, (1) +dg,(I) = (1.4,2.4),

(td)g,06, (1) = (tdy)g, (1) + (tdy)g, (1) — pp, (1) A ppy (1) = 2.3,
(tdv)Gyug, (1) = (tdv)g, (1) + (tdv)g, () = vp () V vp, (1) = 2.6.

Therefore, tdg, g, (1) = (2.3,2.6).
Since k € V1 NV, and jk € E1 N Ey, thus,

(d)gug, (k) = (du)g, (k) + (dy)g, (k) — po, (jk) A po, (jk) = 1.4,
(dv)gug, (k) = (dv)g, (k) + (dv)g, (k) —vg, (jk) V vg,(jk) = 24.

Therefore, dg, g, (k) = (1.4,2.4) :

(td)giug, (k) = (tdyu)g, (k) + (tdy) g, (k) — po, (k) A i, (k) — ppy (k) A pip, (K)
= 17+12-03-05=21,

(tdv)gug, (k) = (tdy)g, (k) + (tdv)g, (k) —vg, (jk) Vv, (jk) — vp, (k) V vp,(k)
= 194+23—-08—-0.6=28.

Therefore, tdg, g, (k) = (2.1,2.8).

Definition 21. The ring-sum G1 ® Gy = (P1 @ P2, Q1 @ Qz) of two PFGs Gy = (P1,Q1) and
Gy = (P2, Q2) of the graphs Gy = (V4, E1) and Gy = (V3, Ey), respectively, is defined as follows:

(p, ® ppy) (x) = (pp, Upip,) (x), (vp, © vp,)(x) = (vp, U vp,)(x) if x € V1UV,
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wo,(xy) if xy € Ey — Ey,
(no, ®ug,)(xy) = no,(xy) if xy € Ex —Ey,
0 if xy € E1NEy.
vo,(xy) if xy € Ey — E,
(vg, ® vg,)(xy) = vo,(xy) if xy € Ey — Ey,
0 if xy € E;NE;y.

Proposition 6. If G; = (P1, Q1) and Gy = (P2, Qz) are the PFGs, then Gy & G, is the PFG.

Definition 22. Let Gy = (Py, Q1) and Gy = (Pa, Q) be two PFGs. For any vertex x € Vi & V,, there are
two cases to consider.
Case 1: If either x € V1 — Vo orx € V, — V7.
Case 2: If x € V1 N V. Then, any edge incident at x is either in Ey — Ep or in Ey — Ej.
In both cases:

(du)g 6, (¥) = (du)g,ug, (%), (dv)g e, (x) = (dv)g,ug, (¥),

(tdu)geg, (x) = (tdu)g,ug, (x), (tdv) g ag, (x) = (tdv)g,ug, (%)
Definition 23. Let G| = (P, Q1) and Gy = (P, Q) be two PFGs of G; = (V4,Eq) and G, = (Va, Ep),
respectively. The join of G1 and Gy, denoted by G + G = (P1 + P2, Q1 + Q2), is defined as:
wp, + pp,)(x) = (pp, U pp,)(x)

“’{ vp, + vpy) () = (vp, U vpy)(x

(

( )
(ii) (;qu + VQZ)(X]/) = (le U .qu)(xy)

(vo, + vo,)(xy) = (vo, U vo,)(xy) if xy € E{UE,
111 ( )
(ii ){ (

Moy +Ho,) (xy) = pp, (x) A pp, (y
where E is the set of all edges joining the vertices of Vi and Vo, Vi NV, = @.

forallx e ViU V,,

v, + vg,)(xy) = vp, (x) V vp,(y) ifxy € E,

Theorem 12. The join Gy + Gy of G1 and G is a PFG of G1 + G, if and only if Gy and G, are PFGs of Gy and
Gy, respectively, where Py, Py, Q1 and Qy are the Pythagorean fuzzy subsets of Vq, V,, Eq and Ey, respectively,
and Vi NV, = @.

Definition 24. Let Gy = (P, Q1) and Gy = (P2, Qy) be two PFGs. For any vertex x € Vi + V3,

[d)g+a,(x) = 3 (ro,Upo)(xy) + Yo pp (x) App,(y),
xyGEluEz xyGE
(dl/)gﬁ-gz (x) = 2 ( Vo, U UQz)(xy) =+ 2 vp, (x> 4 vp, (y)
xye€E UEy xyeE/
(tdﬂ)glJrgz (X) = Z (VQ1 U ]’{Qz Z ]’17)1 /\ Hp, (3/) + V’Pl (x) \ Hp, (y)'
JC]/EE]UEZ XyEE
(tdy)gl+g2(x) = Z (VQI U UQz)(xy) + Z vp, (x) \ V’Pz(y) + vp, (x) A vp, (]/)
xy€E1UE,y xycE’

3. Applications to Decision-Making

Decision making is a common activity in daily life, aiming to select the best alternative from a
given finite set of alternatives. In actual decision-making problems, decision makers usually rely on
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their intuition and prior expertise to make decisions. Owing to the complexity of decision-making
problems, the precondition is to represent the fuzzy and vague information appropriately in the
process of decision-making. To express the decision makers’ or experts’ preferences over the given
alternatives (criteria), preference relation is one of the useful techniques by which the ranking of criteria
can be obtained. For a set of criteria X = {x1,xp,...,x,}, the experts compare each pair of criteria
and construct preference relations, respectively. If every element in the preference relations is a PFN,
then the concept of the Pythagorean fuzzy preference relation (PFPR) can be put forward as follows:

Definition 25. A PFPR on the set X = {x1,xy,...,Xn} is represented by a matrix R = (rij)nxn, where

rij = (xixj, p(xixj),v(x;x;)) for all i,j = 1,2,...,n. For convenience, let r;; = (p;j, v;j) where p;; indicates

the degree to which the object x; is preferred to the object x;, v;; denotes the degree to which the object x; is not

preferred to the object x;, and 7;; = | /1 — ylzj - vizj is interpreted as a hesitancy degree, with the conditions:
Hij, Vij € [0,1], 7/112]‘ +Vl'2]' <1, wij =vji, wii =v;; =05, foralli,j=1,2,...,n.

3.1. Evaluation of Hospitals

For a decision-making problem involving the evaluation of five hospitals x;, i = 1,2,...,5 of a city,
assume that the decision maker compares the hospital x; with all the other hospitals x;, i = 2,3,4,5

under the criterion ‘facilities’, and provides the judgements by using a directed network of the PFPR
whose vertices represent the hospitals as shown in Figure 11.

\“"”“N e

° 07,0,

(0.6,0.8)

Figure 11. Directed network of the Pythagorean fuzzy preference relation (PFPR).

The corresponding adjacent matrix R is as follows:

(0.5,05) (0.8,03) (0.7,06) (0.9,04) (0.8,0.6)

(0.3,08) (0.5,05) (0.3,06) (0.6,0.5) (0.5,0.8)

R=(rj)sxs = | (0.6,0.7) (0.6,0.3) (0505) (05,08) (04,0.7)
(04,09) (05,06) (0.8,05) (0505) (0.3,09)

(0.6,0.8) (0.8,05) (0.7,04) (0.9,03) (0.5,0.5)

Using Pythagorean fuzzy weighted averaging (PFWA) operator [6],

1/n 1/n
n n
Ti:PFWA(Til,l’iz,...,rm): 1-— (I—[ (1—#5)) ; (HVU) ; i_l, 2, 3,...,1/1,
p j=1

=1
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we aggregate all r;;,j = 1,2,...,5 corresponding to the hospital x;, and then get the complex PFN 7; of
the hospital x;, over all the other hospitals:

r1 = (0.7788,0.4644),r, = (0.4637,0.6258), 3 = (0.5292,0.5674),
ry = (0.5580,0.6560), r5 = (0.7475,0.4743).

Utilize the score function s(r;) = ;412 — 1/1-2 [7] in order to calculate the scoresof r;, i = 1,2,...,5:
s(r1) = 0.3909, s(rp) = —0.1766, s(r3) = —0.0419, s(r4) = —0.1190, s(r5) = 0.3338.
According to s(;), i = 1,2,...,5, we get the ranking of the hospitals x;, i = 1,2,...,5 as:
X1 > X5 > X3 > X4 > X (Where “ > ” represents “be superior to”).

Therefore, the best hospital is xy.
Now, using Pythagorean fuzzy weighted geometric (PFWG) operator [6],

1/n 1/n
n n
ri = PFWG(rit, iz, Tin) = (HM‘) , 1(1‘[(11/,.2].)) . i=1,23...n
j=1

we aggregate all 7;,j = 1,2,...,5 corresponding to the hospital x;, and then get the complex PFN 7; of
the hospital x;, over all the other hospitals:

r1 = (0.7259,0.5016), r, = (0.4227,0.6770), 75 = (0.5144,0.6505),
ry = (0.4743,0.7619), r5 = (0.6853,0.5580).

Utilize the score function to calculate the scores s(7;), i =1,2,...,50fr;, i =1,2,...,5:
s(r1) = 0.2753, s(rp) = —0.2797, s(r3) = —0.1585, s(r4) = —0.3555, s(r5) = 0.1583.
According to s(;), i = 1,2,...,5, we get the ranking of the hospitals x;, i = 1,2,...,5 as:
X1 > X5 > X3 > Xp > X4.
Therefore, the best hospital is x; again.

3.2. Partner Selection in Supply Chain Management

Consider a problem regarding the selection of critical factors used to assess the potential partners
of a company. Supply chain management depends on strategic relationships between companies
related to a supply chain. By effective coordination, companies benefit from lower cost, lower inventory
levels, information sharing and thus stronger competitive edge. Many factors may impact the
coordination of companies. Among them, the following is the list of four critical factors [26]:

C; : Response time and supply capacity;
C; : Quality and technical skills;

C3 : Price and cost;

Cy : Service level.

In order to rank the above four factors C; (i =1, 2, 3, 4), a committee of three decision makers
ex(k=1, 2, 3) is invited. The decision makers compare each pair of these factors and provide

Pythagorean fuzzy preferences contained in the PFPRs Ry = (ri(jk)) axa(k =1, 2, 3), respectively:
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PFWA(r!]’

@)

i e

T

(s)
ij )

[y

(0.6,0.5
(0.5,0.5
(0.8,0.3
(0.5,0.8

(0.3,0.9
(0.5,0.5
(0.4,0.7
(0.7,0.1

(0.4,0.9
(0.5,0.5
(0.3,0.7
(0.6,0.2

)
)
)
)
)
)
)
)

) )
) (0.7,0.3)
) )
) )

0.9,0.3)
0.3,0.8)
0.5,0.5)
0.9,0.1)

o~ o~ —

0.7,0.6)
0.7,0.4)
0.5,0.5)
0.6,0.3)

o~~~ —

0.6,0.5

05,05
04,08

we can aggregate three PFPRs into group one:
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(0.84,0.42
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)
)
)
)

(0.46,0.74
(0.50,0.50
(0.59,0.53
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)
)
)
)

(0.77,0.45
(0.62,0.46
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)
)
)
)

(
(
(
(

1/s s 1/s
(1 - (ﬂ?j)(k))) , (H(Vij)(k)> ,

k=1

0.65,0.50)
0.55,0.59)
0.56,0.60)
0.50,0.50)

21 of 28

Draw a directed network (shown in Figure 12) corresponding to a collective PFPR above.
Then, under the condition uij = 0.5 (i,j = 1, 2, 3, 4), a partial diagram is drawn, as shown in

Figure 13.

Figure 12. Directed network of the fused PFPR.
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Figure 13. Partial directed network of the fused PFPR.

Calculate the out-degrees out-d(C;) (i = 1, 2, 3, 4) of all criteria in a partial directed network
as follows:

out-d(Cy) = (1.42,0.95), out-d(C,) = (2.01,1.47),
out-d(C3) = (1.15,1.13), out-d(Cy) = (1.95,1.17).
According to membership degrees of out-d(C;) (i = 1, 2, 3, 4), we get the ranking of the factors

Ci(i=1,234) as
Cy = Cyq = Cq > Ca.

Therefore, the most influential factor is quality and technical skills Cy.
Now, utilizing the PFWG operator,

k=1 k=1

s 1/s s 1/s
PEWG(r, i, ) = (H(yij)(k)> ,$1 - (H (1- (vfj)<k>)> ,

we can aggregate three PFPRs into group one:

(0.50,0.50) (0.42,0.84) (0.72,0.49) (0.63,0.61)
g | (074046) (050,050) (053,0.59) (0.25,0.61)
(0.45,0.77) (0.46,0.62) (0.50,0.50) (0.29,0.73)
(0.50,0.65) (0.59,0.55) (0.60,0.56) (0.50,0.50)

According to the fused PFPR above, draw the directed network as shown in Figure 14. We select
those PFNs whose membership degrees uij > 0.5 (i,j = 1, 2, 3, 4) (see Figure 15). Calculate the
out-degrees out-d(C;) of all criteria as follows:

out-d(Cy) = (1.35,1.1), out-d(C,) = (1.27,1.05), out-d(C3) = (0,0), out-d(Cy) = (1.69,1.76).

According to membership degrees of out-d(C;) (i = 1, 2, 3, 4), we get the ranking of the factors
Ci(i=1,234) as
Cy > Cy > Cy > Cs.
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Therefore, the service level is the most influential factor.

(0.72, 0.19)

Figure 15. Partial directed network of the fused PFPR.

3.3. Electronic Learning Main Factors Evaluation

The electronic learning (e-learning) not only can provide expediency for learners to study courses
and professional knowledge without the constraint of time and space especially in an asynchronous
distance e-learning system, but also may save internal training cost for some enterprises” organizations
in a long-term strategy. The e-learning becomes more and more popular along with the advancement
of information technology and has played an important role in teaching and learning not only in
different levels of schools but also in various commercial or industrial companies. Many schools and
businesses invest manpower and money in e-learning to enhance their hardware facilities and software
contents. Thus, it is meaningful and urgent to determine which is the most important among the main
factors that influence the e-learning effectiveness. There are five key factors (or criteria) to evaluate the
effectiveness of an e-learning system [27]:

C; : he synchronous learning;

C; : the e-learning material;

C; : he quality of web learning platform;
C4 : e-learning course flexibility;

Cs : the self-learning.
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In order to rank the above five factors, a committee comprising four decision makers
ex(k=1, 2, 3, 4) (whose weight vector is w = (}I, %, %, %)) is founded. Based on their experiences,

the decision makers compare each pair of factors (or criteria) C;(i = 1, 2, 3, 4, 5) and give individual
judgments using the following PFPRs Ry = (rfjk)) 55 (k=1,2,3,4):

(0.5,0.5) (0.8,0.6) (0.7,05) (0.4,0.7) (0.1,0.8)
(0.6,0.8) (0.5,0.5) (0.4,05) (0.5,0.6) (0.3,0.5)
Ry = | (0507) (0504) (0505) (0.7,06) (0.6,07) |,
(0.7,04) (0.6,05) (0.6,07) (0.5,05) (0.4,0.8)
(0.8,0.1) (0.5,0.3) (0.7,06) (0.8,04) (0.5,0.5)
(05,05) (02,07) (0.4,08) (0.6,0.7) (0.3,0.7) |
(0.7,02) (0.5,05) (0.7,05) (0.3,0.8) (0.4,0.5)
Ry = | (0.8,04) (0507) (0505) (0.604) (0.607) |,
(0.7,0.6) (0.8,0.3) (0.4,06) (0.505) (0.3,0.5)
(0.7,03) (0.5,04) (0.7,06) (0.5,0.3) (0.5,0.5)
(05,05) (0.7,0.6) (0.3,08) (0.4,0.6) (0.2,07) ]
(0.6,0.7) (0.5,05) (0.4,07) (0.8,0.1) (0.6,0.5)
Ry= | (0.8,03) (0.7,04) (0505) (0.7,05) (04,07) |,
(0.6,04) (0.1,0.8) (0.5,07) (0.5,05) (0.3,0.5)
(0.7,02) (0.5,0.6) (0.7,04) (0.5,0.3) (0.5,0.5)
(05,05) (0.6,0.8) (0.1,07) (0.3,08) (0.7,04) |
(0.8,0.6) (0.5,0.5) (0.3,05) (0.3,04) (0.6,0.7)
Ry= | (0.7,0.1) (05,03) (0505) (02,09) (0.3,05)
(0.8,03) (0.4,03) (09,02) (0.5,05) (0.4,0.8)
(0.4,0.7) (0.7,0.6) (0.5,03) (0.8,04) (0.5,0.5)

Utilize the aggregation operator to fuse all the individual PFPRs Ry = (rg() )sx5 (k=1,2,3,4)

into the collective PFPR R = (r;;)5x5. Here, we apply the PFWA operator to fuse the individual PFPR.
Thus, we have

s 1/s s 1/s
PRWA(ri}), ¥, rfe)) = \j (H(l—y” )) ,<H(v,-]-)(k)> ,

k=1 k=1
(0.50,0.50) (0.65,0.67) (0.46,0.69) (0.45,0.70) (0.43,0.63)
(0.69,0.51) (0.50,0.50) (0.49,0.54) (0.56,0.37) (0.50,0.54)
R=| (0.73,0.30) (0.56,043) (0.50,0.50) (0.61,0.57) (0.50,0.64)
(0.71,0.41) (0.58,0.44) (0.69,0.49) (0.50,0.50) (0.35,0.63)
(0.69,0.25) (0.56,0.46) (0.66,0.46) (0.69,0.35) (0.50,0.50)

Draw a directed network corresponding to a collective PFPR above, as shown in Figure 16.
Then, under the condition Hij = 05 (i,j =1, 2, 3, 4, 5), a partial diagram is drawn, as shown in
Figure 17.
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(26°0°950)

(0.69,0.25)
7 (€9°0°¢r0)

3
5

Figure 17. Partial directed network of the fused PFPR.

Calculate the out-degrees out-d(C;) (i =1, 2, 3, 4, 5) of all criteria in a partial directed network
as follows:

out-d(C;) = (0.65,0.67), out-d(Cy) = (1.75,1.42), out-d(C3) = (2.4,1.94),

out-d(Cy) = (1.98,1.34), out-d(Cs) = (2.6,1.52).

According to membership degrees of out-d(C;) (i = 1, 2, 3, 4, 5), we get the ranking of the
factorsC; (i =1, 2, 3, 4, 5) as:

Cs5>-C3 > Cq>=Cy > Cq.

Therefore, the self-learning is the most influential factor.
Now, utilizing the PFWG operator,

- s 1/s s 1/s
PEWG(r o)) = (H(M“) : 1—<H<1—(V5>‘k>)> ‘

we can aggregate four PFPRs into group one:

(0.50,0.50) (0.51,0.69) (0.30,0.73) (0.41,0.71) (0.25,0.69)
(0.67,0.65) (0.50,0.50) (0.43,0.56) (0.44,0.58) (0.46,0.56)
R=| (0.69,0.46) (0.54,049) (0.50,0.50) (0.49,0.69) (0.46,0.66)
(0.70,045) (0.37,0.56) (0.57,0.61) (0.50,0.50) (0.35,0.69)
(0.63,0.43) (0.54,0.50) (0.64,0.50) (0.63,0.35) (0.50,0.50)
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According to the fused PFPR above, draw the directed network as shown in Figure 18. We select
those PFNs whose membership degrees Hij > 05(i,j=1,2, 3, 4, 5) (see Figure 19).

(0.63,0.43)

(0.63,0.43)

Figure 19. Partial directed network of the fused PFPR.

Calculate the out-degrees out-d(C;) of all criteria as follows:

out-d(Cy) = (0.51,0.69), out-d(Cy) = (0.67,0.65), out-d(C3) = (1.23,0.95),
out-d(Cy) = (1.27,1.06), out-d(Cs) = (2.44,1.78).
According to membership degrees of out-d(C;) (i = 1, 2, 3, 4, 5), we get the ranking of the
factorsC; (i =1, 2, 3, 4, 5) as:
C5 > Cyq = C3>Cy > Cq.

Therefore, the self-learning is the most influential factor.



Mathematics 2018, 6, 95

3.4. Comparison with IFSs

In this sub-section, the application example concerning the evaluation of hospitals is compared

with IFSs, in order to present the novelty of the introduced approach.

To present a comparison with IFS methods, firstly, we check the constraint condition 0 < pry + v, <1

for the decision matrix of preference relations, as shown in Table 1.

Table 1. Checking intuitionistic fuzzy sets (IFSs) requirement to address the problem.

R X1 X2 X3 X4 X5

x3 05+05=1 08+03>1 07+06>1 09+04>1 08+06>1
x 03+08>1 05+05=1 03+06<1 06+05>1 05+08>1
x3 06+07>1 06+03<1 05+05=1 05+08>1 04+07>1
x4 04+09>1 05+06>1 08+05>1 05+05=1 03+09>1
x5 06+08>1 08+05>1 07+04>1 09+03>1 05+05=1

The bold values represent values that do not satisfy the mentioned constraint. From Table 1, it can
be observed that the space in which a number can be defined in IFSs is reduced in comparison with
PFSs. Since the values of experts’ judgments are not in the space of IFS, it is not possible to use the
exact values to IFSs methods. Therefore, it is concluded that using PFS increases the flexibility and
power of the experts in expressing their judgments and, while considering the limited space of IFSs
in comparison with PFSs, it is not possible to solve the case presented in this paper by using IFSs.
Similarly, the other application examples concerning the partner selection in supply chain management
and the electronic learning main factors evaluation can be compared with IFSs to show the superiorities
of the introduced approach.

4. Conclusions

A fuzzy graph can well describe the uncertainty of all kinds of networks. Pythagorean fuzzy
models give more precision, flexibility and compatibility to the system as compared to the classical,
fuzzy and intuitionistic fuzzy models. In this paper, we have introduced a new concept of PFGs. We
have developed a series of operational laws of PFGs and investigated their desirable properties in
detail. We have determined the degree and total degree of a vertex in PFGs formed by these operations
in terms of the degree of vertices in the given PFGs in some particular cases. We have proposed the
concept of PFPRs. Finally, applications of PFG theory in decision-making based on PFPRs are presented
to illustrate the applicability of the proposed generalization of fuzzy graph theory. We are extending
our research work to (1) Interval-valued Pythagorean fuzzy graphs; (2) Simplified interval-valued
Pythagorean fuzzy graphs; and (3) Hesitant Pythagorean fuzzy graphs.
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