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1. Introduction

There are different approaches to construct semicircular elements (e.g., [1-3]) in topological
x-probability spaces (e.g., C*-probability spaces, or W*-probability spaces, or Banach x-probability
spaces, etc.). In [4], we introduced how to construct semicircular elements in certain topological
x-probability spaces. The construction of [4] is highly motivated by that of weighted-semicircular
elements in a Banach *-probability space in the sense of [5,6]. In this paper, we put our semicircular
elements on a fixed W*-probability space, and then consider structure theorems of such Banach
x-probabilistic structures under our actions, and study free-distributional data from the structures.

1.1. Motivation and Background

The main purpose of this paper are (i) to construct (weighted-)semicircular elements from
orthogonal projections, (ii) to act them to von Neumann algebras, and (iii) to study free-distributional
data determined both by these (weighted-)semicircular elements, and free distributions on von
Neumann algebras. In particular, the construction of our (weighted-)semicircular elements are highly
motivated by the constructions of [5,6].

In [7], the author and Gillespie studied free-probabilistic models of certain embedded
sub-structures of Hecke algebras H(G,) generated by the generalized linear groups G, = GL>(Q,) over
p-adic number fields Qp, for fixed primes p. In addition, such a free-probabilistic model is generalized
in [8] fully on H(Gp). Motivated by [7,8], independently, the author mimicked the techniques and
ideas to construct weighted-semicircular elements and corresponding semicircular elements induced
by certain orthogonal projections on Q, in [6]. In [5], as an application of the main results of [6], we
studied free stochastic calculus for the weighted-semicircular laws in the sense of [6].

Our constructions of weighted-semicircular, and semicircular elements in this paper is understood
as a pure operator-theoretic version of those of [5,6].
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1.2. Qverview

Here, we generalize the free probability on free filterizations (which are Banach *-probability
spaces generated by the semicircular elements obtained in [4]). By using these free filterizations
to arbitrarily fixed von Neumann algebras M, we consider M-affiliated free filterizations, and establish
suitable free-probabilistic models on them.

In Section 2, we briefly mention background theories for our proceeding works.

In Section 3, we introduce fundamental free-probabilistic settings from given |Z|-many mutually
orthogonal projections.

In Sections 4 and 5, we construct weighted-semicircular, and semicircular elements induced by
given orthogonal projections.

In Section 5, from the ingredients of Sections 3, 4 and 5, we construct free filterizations as free
product Banach *-probability spaces, and consider fundamental free-distributional data on them.

In Section 7, we act an arbitrarily fixed free filterization to a given von Neumann algebra, and
construct the corresponding von-Neumann-algebra-affiliated free filterizations, and study how our
semicircular elements work on such structures.

In Section 8, from the free-distributional data obtained in Section 7, we construct-and-study
weighted-semicircular, and semicircular elements in affiliated free filterizations. By doing that, one can
see how the freeness on our free filterizations affects the free probability on affiliated structures.

In Section 9, by considering (embedded, or full) freeness conditions on given von Neumann
algebras, free-distributional data on affiliated free filterizations are studied. We show how the freeness
conditions on von Neumann algebras affect the affiliated structures.

In Section 10, an example for the main results of Sections 7, 8 and 9 will be considered. In particular,
we are interested in the case where a fixed von Neumann algebra is given to be a free group factor L(F,)
(e.g., [1]) generated by the free group F, with n-generators.

2. Preliminaries

Readers can check fundamental analytic-and-combinatorial free probability theory from [2,3,9] (and
cited papers therein). Free probability is understood as the noncommutative operator-algebraic version
of classical probability theory and statistics. The classical independence is replaced by the freeness, by
replacing measures on sets to linear functionals on (noncommutative algebraic, or topological x-) algebras.
It has various applications not only in pure mathematics (e.g., [1,2]), but also in related topics (e.g., [8]
through [7]). In particular, we will use combinatorial free-probabilistic approach of Speicher (e.g., [9]).
Free moments andfree cumulantsof operators (representing free-distributional data of operators), or free
probability spaces, or free product of algebras will be considered without introducing detailed concepts.

3. Certain Banach x-Algebras Induced by Orthogonal Projections

Let (A, ¢) be a topological *-probability space (C*-probability space, or W*-probability space, or
Banach x-probability space, etc.) of a topological x-algebra A (C*-algebra, resp., von Neumann algebra,
resp., Banach x-algebra), and a bounded linear functional i on A.

An operator a of A is said to be a free random variable whenever it is regarded as an element of
(A, P). As usual, we say 4 is self-adjoint (as an operator in A), if a* = a in A, where a* is the adjoint of a.

Definition 1. A self-adjoint free random variable a is said to be weighted-semicircular in (A, ¢) with its weight

to € C* = C\ {0}, (or, in short, to-semicircular), if a satisfies the free-cumulant computation,

klp(a a)=ty ifn=2
Wia, ., a)=4{ 2\% ’ 3.1
n(a 7) { 0 otherwise, 1)

foralln € N, where 34 (...) is the free cumulant on A in terms of P, under the Mobius inversion of [9].
If ty = 1in (3.1), the 1-semicircular element a is simply said to be semicircular in (A, ¢),
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By definition, a free random variable a is semicircular in (A, ¢), if a satisfies

v (1 ifn=2,
kn(a . a) = { 0 otherwise, (3.2)

foralln € N.
By the Mobius inversion of [9], one can characterize the weighted-semicircularity (3.1) as follows:
a is tp-semicircular in (A, ), if and only if

c

[=FCE

pa) =wn (t5ey), 3.3)

NI=

where

def ) 1 if n is even,
") o0 if nis odd,

for all n € N, where ¢, are the k-th Catalan numbers,

o1 [ 2k 1 @ k)
T | g ) T BTRR T Rk

for all k € Ny = NU {0}.
By (3.2) and (3.3), a free random variable 4 is semicircular in (4, ), if and only if

p(a") = wn cx, (3.4)

for all n € N, where w,, are in the sense of (3.3).

Thus, one can use the fp-semicircularity (3.1) (respectively, the semicircularity (3.2)), and its
characterization (3.3) (respectively, (3.4)) alternatively.

Recall that, if a free random variable x € (4, ¢) is self-adjoint, then the sequences

(p(x")5y and (K (x, .., x))

provide equivalent free distributions of x.
Indeed, the Mobius inversion (of [9]) satisfies

e}

n=1

pa")= % < IT kyy/(a, ...,a)) ,

mENC(n) \VET

and

K (a, .. a) = I l[J(aV|)) u(m, 1),

meNC(n) (VGG

where NC(n) is the lattice of all noncrossing partitions over {1, ..., n}, and “V € " means “V is a block
of mr,” and where y is the Mobius functional in the incidence algebra over

nLgJN(NC(n) x NC(n))

(see [9)).
Now, let A be a given C*-algebra, and let g; € A be a projection in the sense that:

g =qj=q;in 4,

for all j € Z, where Z s the set of all integers. Moreover, assume that the projections {q;} ez are mutually
orthogonal from each other in the sense that:
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q9i9; = 6;9; in A, foralli, j € Z, (3.5)
where § means the Kronecker delta.

Remark 1. Such mutually orthogonal |Z|-many projections {q;} ez can be found in a C*-algebra A, naturally,
or artificially. One can find such projections naturally as in [3,4].

If {q]-}jli 1 is a finite family of mutually orthogonal projections in a certain C*-algebra Ay, for some N € N,
then one can construct a C*-algebra A,

A:A?‘Z‘:"'@AO@AO@AO@"',

under product topology, and then we obtain the mutually orthogonal |Z|-many projections,

(o (s {ahy, ),

in A, artificially.
Similarly, if N = oo, and {q]-}]?’il forms a family of mutually orthogonal projections in a certain C*-algebra
Ay, then one can construct a C*-algebra A,

A= AQ @D Ao,
with a family of mutually orthogonal | Z|-many projections,

{{ © 43, 42, lh}/ {111, q2, 42, }},

in A, artificially.

Therefore, from below, we always assume a given C*-algebra A has a family {q;} jez of mutually orthogonal
|Z|-many projections.

Note that we are not interested in operator-algebraic structures or properties of A, but interested in induced
weighted-semicircularity or semicircularity from projections in a C*-algebra A.

Now, we fix a family {g;}cz of mutually orthogonal projections of a fixed C*-algebra A, and we
denote it by Q;

Q={gj:j€Z}in A, (3.6)
satisfying (3.5).
In addition, let Q be the C*-subalgebra of A generated by Q of (3.6),
Q¥ cr(Q)ca (3.7)

Then, it is easy to get the following structure theorem.
Proposition 1. Let Q be a C*-subalgebra (3.7) of a given C*-algebra A, generated by the family Q of (3.6). Then,

Q" @ (C-q;) = C®l, in A, (3.8)
jez
Proof. The structure theorem (3.8) is proven by the mutual-orthogonality (3.5) of the generator set Q
of (3.6)in A. O

Now, assume that we fix a bounded linear functional ¢ on the C*-algebra A, creating the
corresponding C*-probability space (A, ¢). From this fixed C*-probability space (A4, ¢), define now
linear functionals ¢; on Q by

¥; (qi) = 6ij ¥(q;), for all i € Z, (3.9)
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for all j € Z, where 9, on the right-hand side of (3.9), is the restricted linear functional of ¢ on the
C*-subalgebra Q of A. Remark that such linear functionals {;};cz of (3.9) are well-defined on Q
by (3.8).

Therefore, if g € Q, then

qg=Y t]' q; (with t]' e Q),
JEZ
and, hence,
¥i(q) = ¢; (tq;) = t; ¥(q;),

by the definition (3.9) of ¢;, for all j € Z. It shows that the system {¢;} ;<7 of the linear functionals (3.9)
filterize, or sectionize Q free-probabilistically.

Definition 2. The C*-probability spaces (Q, 1p]-) are called the j-th C*-probability spaces of Q in (A, ¢), where
Q is the C*-subalgebra (3.7) of A, and ; are in the sense of (3.9), for all j € Z.

Now, let us define bounded linear transformations ¢ and a “acting on the C*-algebra Q” by

c(9;) = qj+1,and a (q;) = g1, (3.10)

for all j € Z. Then, c and a are indeed well-defined bounded linear operators “on Q,” understood as
elements of the operator space B(Q), consisting of all bounded linear transformations on Q (e.g., [10]).
Without loss of generality, one can regard c and a of (3.10) as Banach-space operators on a Banach space Q.

Definition 3. We call these Banach-space operators ¢ and a of (3.10), the creation, respectively, the annihilation

on Q.
Define now a new Banach-space operator [ in the operator space B(Q) by
I=c+4+aonQ, (3.11)

where c and a are the creation, respectively, the annihilation on Q.
Definition 4. We call the Banach-space operator I of (3.11), the radial operator on Q.

By the definition (3.11), one has

! (.2 tj %‘) = ¥ t (911 +q5-1) -
jEZ j€EZ

Now, define a Banach subspace

d .
sy, (6.12)
of B(Q), generated by the radial operator I, equipped with the operator norm,
ITIl = sup{[[Tqllg : llgllg =1},

on B(Q), where ||.|| is the C*-norm on Q, where X mean the operator-norm closures of subsets X
in B(Q). By the definition (3.12), it is not difficult to see that this Banach-subspace £ forms a Banach
algebra inside B(Q).

On the Banach algebra £ of (3.12), define a unary operation (*) by

(Tosotal™) =L o ta I"in &, (3.13)
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where Z are the conjugates of zin C.
Then, the operation (3.13) is a well-defined adjoint on £, and hence, all elements of £ are
adjointable (in the sense of [10]) in B(Q). Thus, the Banach algebra £ of (3.12) forms a Banach x-algebra.

Definition 5. We call the Banach *-algebra £ of (3.12), the radial (Banach x-)algebra on Q.

Now, let £ be the radial algebra on Q. Construct now the tensor product Banach *-algebra,
£0=£®c Q. (3.14)

Definition 6. We call the tensor product Banach x-algebra £q of (3.14), the radial projection (Banach x-)algebra
on Q.

4. Weighted-Semicircular Elements Induced by Q

Throughout this section, we fix the settings of Section 3, and construct weighted-semicircular
elements induced by the family Q of mutually orthogonal |Z|-many projections in a fixed C*-probability
space (A, ). Let (Q, ¢;) be j-th C*-probability space of Q in (A, i), where ¢; are the linear functionals
(3.9), for all j € Z, and let £( be the radial projection algebra (3.14) on Q.

Remark that, if

uj=1®wgq; € Lqg, forallj ez, 4.1)
then

u;? = (l®q]-)n = l”®q]-,fora11n €N,

since q;? =gj, foralln €N, for j € Z.
Then, one can construct a linear functional ¢; on the radial projection algebra £ by a linear
morphism satisfying that

9 (12a)") =9, ("2q) 2 9, (1"(q)), (42)

forall n € N, for all i, j € Z. Note that such linear functionals ¢; of (4.2) are well-defined by (3.8)
and (3.14).

Definition 7. We call the Banach x-probability spaces,
(Lq, ;) forall j € Z, (4.3)
the j-th (Banach-x*-)probability spaces on Q.

Now, consider the elements I" (g;) in Q, for all n € N, i € Z. Observe first that, if c and a are the
creation, respectively, the annihilation on Q in the sense of (3.10), then

ca=1g =ac, (4.4)
where 1 is the identity operator on Q in the operator space B(Q), satisfying
1g(g) =g, forallg € Q.
Indeed, for any q; € Qin Q,
ca(qj) =c(a(q)) =c(g-1) =101 =495

and

ac (q;) = a(c (q;)) = a (qj1) = 9j11-1 = 4,
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forallj € Z.
By (4.4), one can get that

c"a" =1g =a"c", foralln € N (4.4)
and
c"a" = g"2c", for all nq, np € N.

Furthermore, since the radial algebra £, which is a tensor-factor of £(, is generated by a single
generator [, one has

I"=(c+a)" =i, ( ’Z > ckan=k, (4.5)
in £, forall n € N, by (4.4) and (4.4)’, where

( Z ):k!(rﬂk!),forallkSnENO.

Note that, forany n € N,
2n—1 3

P21 = Ziigl r ckank, (4.6)

by (4.5). Therefore, the formula (4.6) does not contain 1n-terms by (4.4).
Note also that, for any n € N, one has

-y ( 2: ) ckan—k

4.7)
2n
= ( ; ) c"a" + [Rest terms],
by (4.5).
Proposition 2. Let | be the radial operator generating the radial algebra £ on Q. Then,
12"=1 does not contain lo-termsin £, (4.8)
on . 2n .
[ contains Y “1gin L. (4.9)

Proof. The statement (4.8) (resp., (4.9)) is proven by (4.6) (resp., (4.7)) with help of (4.4), (4.4)
and (4.5). O

By (4.1) and (4.2), one can obtain that
9; (18" = (1 (g) =0, (4.10)

forall n € N, by (3.9) and (4.8). Indeed, I*"~! (4;) does not contain gj-terms by (4.8). Therefore, the
formula (4.10) holds.
Similarly, we have

?j (M]z") = ;i (I (q7)) = ¥ <( 2:: ) q; + [Rest teimrs] (q]-)>

= ( 2 )%’ (a) = ( o >l/f (97) (411)

by (4.7)

by (3.9), forall n € N.
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Theorem 1. Fix j € Z, and let u; = | ® q; be the corresponding generating operator of the j-th probability
space (£q, ¢;j). Then,

o (W) =wn (3+1) ¥ (9)) e, #12)
where wy, are in the sense of (3.3), and Cy are the (%)—th Catalan numbers, for all n € N.
Proof. Observe that
P (u?”fl) =0, foralln €N,
by (4.10). In addition, one has that

by (4.11), foralln € N. [

Motivated by the free-distributional data (4.12) of the generating operator u; = | ® g; of the radial
projection algebra £ of (3.14), we define the following morphism

E]‘,Q : £Q — SQ

by a linear transformation satisfying that

‘p( J')YHI ul
ury ) (B

ifi =j,
(4.13)

0 Lo the zero operator of £ otherwise,

foralln € N, i, j € Z, where [5] means the minimal integer greater than or equal to 5, for example,
31=2=14)

The linear transformations E; o of (4.13) are well-defined linear transformations on £g because of
the construction (3.14) of £5 = £ ®¢ Q, and by the structure theorem (3.8) of the radial algebra £.
Define now a new linear functional 7; on £g by

d
7Y 9o Egon £o, forallj € Z, (4.14)

where ¢; are in the sense of (4.2).
By the linearity of ¢; and E; 5, the above morphisms 7; are indeed well-defined linear functionals
on £, forallj € Z.

Definition 8. The well-defined Banach x-probability spaces

£0(j) “2 (20, 7)) (4.15)
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are called the j-th filtered (Banach-x-)probability spaces of the radial projection algebra Lo on Q, for all j € Z.

On the j-th filtered probability space £ (j) of (4.15), one can obtain that

() =oi(Ee(v))

T,
o (1 () - el )

i.e., we can get that

T (u;l) = wutp (q;)" cx (4.16)
foralln € N, for j € Z, by (4.12).

Theorem 2. Let £q(j) = (£q, Tj) be the j-th filtered probability space of the radial projection algebra £ on Q,
for an arbitrarily fixed j € Z. Then,

7 (uf) = 6i, (wmp (‘7]‘)” c%), (4.17)
foralln € N, for all i € Z, where wy, are in the sense of (3.3).

Proof. If i = j in Z, then the free momental data (4.17) holds true by (4.16), for all n € N.
If i # j in Z, then, by the very definition (4.13) of the j-th filterization E;, and also by the
definition (4.2) of ¢,

7 (u}) =0, foralln € N.
Therefore, the above formula (4.17) holds, foralli € Z. O

The following corollary is a direct consequence of the above free distribution (4.17).

Corollary 1. Let £q(j) be the j-th filtered probability space of £q, for a fixed j € Z, and let u; = 1 © q; be the
j-th generating operator of £g. Then, u; is l,b(qj)z—semicircular in £o(j).

Proof. First, remark that the j-th generating operator u; of £5(j) is self-adjoint in £g because
ui =(logq) =I'eq =1®q;=u;

The lp(qj)z—semicircularity of u; is proven by the above self-adjointness, the free-moment
computation (4.17), and the weighted-semicircularity characterization (3.3). [

Readers can check that the j-th generating operator u; satisfies the free-cumulant formula

- N2 ifn=2,
Ky (1, oy 117) = { g)(q] ) e, (4.18)
for all n € N, by the Mobius inversion of [9], where kﬁ() is the free cumulant on £q in terms of T;, for
all j € Z. Thus, by the definition (3.1), the free random variables u; are lp(qj)Z—semicircular in the j-th
filtered probability spaces £4(j) = (£q, Tj), forall j € Z.

Remark that, the k-th generating operators u of the j-th filtered probability space £,(j) have
zero-free distributions, whenever k # j in Z, also, by (4.17). Therefore, in summary, we have the
following theorem.
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Theorem 3. Let uy = 1 ® qi be the generating operators of the j-th filtered probability space £q(j), for all
k € Z, for a fixed j € Z. Then,

the j-th generating operator u; is lp(qj)z—semicircular in £5(j), (4.19)
the k-th generating operators uy have zero-free distributions, for all k # j in Z. (4.20)

Proof. The proof of the statement (4.19) is done by (4.17) and (4.18). The statement (4.20) is also shown
by (4.17). Indeed, if k # jin Z, then

T (uf) =0, foralln €N,

by (4.17). Thus, the free distributions of these self-adjoint operators u; of £5(j), where k # jin Z,
are characterized by the following free-moment sequences:

()™, =(0,0,0,0,..).
Therefore, the free distributions of uy are the zero-free distribution in £¢(j), whenever k # jin Z. [

The above two statements (4.19) and (4.20) fully characterize the free distributions of all generating
operators i of the j-th filtered probability spaces £ (j), for all k, j € Z.

5. Semicircular Elements Induced by Q

As in Section 4, we keep working on the j-th filtered probability spaces, £0(j) = (£o, 1)), for j € Z.
The main results of Section 4 show that, for a fixed j € Z, the j-th generating operator u; = ® g; of £g
is 1p(q]-)2—semicircular in £5(j), by (4.19) (and (4.20)), satisfying that

T (u?) = wnw(q]-)”c%, (5.1)
equivalently,
Fn (u] sl ) { 0 otherwise,
foralln € N.

Recall now that we assumed for convenience that
P(q;) € C* =C\ {0}, forallj € Z,

in Section 3.
Under our assumption, the generating operators u; of the projection-radial algebra £, induce the
operators Uy,
U = gy e € Lo (i), (52)

. ¥(4x)
forallk, j € Z.

Theorem 4. Let Uy = m uy. be free random variables (5.2) of the j-th filtered probability space £4(j), for all

k € Z, for a fixed j € Z.
If(q;) € R* =R\ {0} in C, then U; is semicircular in £q(j). (5.3)

The operators Uy have zero-free distributions in £q(j), whenever k # j in Z. (5.4)
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Proof. Note first that the k-th generating operators 1, have zero-free distributions in the j-th filtered
probability space £4(j), whenever k # j in Z, by (4.20). Since the corresponding operators U of (5.2)
are the scalar-multiplies of uy, if k # j in Z, then the operators Uy also have zero-free distributions in
£5(j). It shows that the statement (5.4) holds.

Assume now that Uj is in the sense of (5.2) in £¢g(j), for j € Z, and suppose ¢(q;) € R* in C.
Since 1(g;) € R*, the corresponding operator U; is not only well-defined in £4, but also self-adjoint
in £0(j) by the self-adjointness of u;. Therefore, this operator U is self-adjoint in £¢(j), if ¥(q;) € R*.

Under self-adjointness of U;, observe that

7 (U]”) =1 (4;(3;)"74}1) = w(;j)nfj(u?) (55)
5.5

by the ¢(g;)?-semicircularity (5.1) of u;, for all n € N.
Therefore, by the semicircularity characterization (3.4), this operator U; is semicircular in £¢(j),
whenever (q;) € R*. Therefore, the statement (5.3) holds. [

The above theorem shows that the operators U; of (5.2), generated by our ¢(q j)z—semicircular
elements u;, are semicircular in the j-th filtered probability spaces £g(j), for all j € Z, whenever

¥(q;) € R
Assumption 5.1 (in short, A 5.1, from below) If there is no confusion, then we automatically assume
¥(9;)) € R*inC, forall j € Z,

forallg; € Q. U

The above assumption, A 5.1, will guarantee that, if we have the lp(qj)z—semicircular elements
uj in the j-th filtered probability space £5(j), we also have the corresponding semicircular element
Uj = g5y in £q(f) forall j € Z.

j

6. The Free Product Banach x-Probability Space é(ZSQ ()
]

A family {a, }nea in an arbitrary (topological or pure-algebraic) free probability space (B, ¢)
is said to be a free family, if all elements a, of the family are mutually free from each other in (B, ¢),
where A is a countable (finite or infinite) index set. For such a free family {a, },ea, if every element
a, is weighted-semicircular (or semicircular), then we call the free family, free weighted-semicircular
(respectively, semicircular) family in (B, ¢).

Recall that, for a fixed C*-probability space (A, @), if there exists a mutually-orthogonal
projections {g;}jcz, then one can construct (g;)*-semicircular elements u; = I @ g; in the j-th
filtered probability spaces £ (j) = (£, Tj), for all j € Z, with

Tj (u}’) = wu (9(q;))" cx, 6.1)

where w, are in the sense of (3.3), equivalently,

k{1 (uj, ey u]) = { lp(‘l])z ifn= 2,

0 otherwise,

foralln € N, for all j € Z, by (4.16) and (4.17).
Moreover, one can construct corresponding semicircular elements
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R 1 ] .
u= en) ujin £0(), (6.2)
forall j € Z, by (5.3), under A 5.1.
Now, we will construct the free product Banach *-probability space (£¢(Z), T), by

def .
(Lo(z), T) = ].gZSQ(])
6.3)

= Lo, * T,
<jEZ ez ’)
satisfying

*go ( )*|Z|

£9 ,and T = * T,

Lo(Z)= % £
o(Z) P P2

where (%) means free product (over C) in the sense of [3,9].
Note that the free product of [3,9] is different from a pure-algebraic free product. It is totally
depending on given linear functionals.

Definition 9. The free product Banach -probability space (£q(Z), T) of (6.3) is called the free filterization
of Q. Sometimes, the Banach *-algebra £q(7Z) is also said to be the free filterization of Q.

By the very construction (6.3) of the free filterization (£g(Z), T) of Q, we obtain the following
proposition immediately.

Proposition 3. Let (£q(Z), T) be the free filterization (6.3), and let u; and U; be in the sense of (6.1) and
(6.2), respectively, for all j € Z.

The family {u; € £q(j) }jez is a free weighted-semicircular family in Lq(Z). (6.4)
The family {U; € £q(j) }jez is a free semicircular family in £q(Z), under A 5.1. (6.5)

Proof. By the very definition (6.3) of free filterizations, u;s are free from each other in (£o(Z), ), for
all j € Z. Indeed, each u; is taken from the free block £¢(j) of (£¢(Z), 7). Therefore, the family
{uj € £¢(j)}jez forms a free family in £(Z). Since each u; is $(g;)*-semicircular in £¢(f), it is
1 (g;)-semicircular in (£¢(Z) T) because

v (1) =5 (1) = wnptay)ey,

foralln € N, for all j € Z. Thus, this family is a free weighted-semicircular family in £¢(Z). Therefore,
statement (6.4) holds.

Similarly, one can conclude the family {U; € £g(j) }jez is a free semicircular family in £¢(Z),
showing that the statement (6.5) holds. O

7. Weighted-Semicircularity on Affiliated Free Filterizations

Let (A, ) be a fixed C*-probability space, and let Q = {g;}jcz be a family in A, consisting of
all mutually orthogonal projections. Let Q be the C*-subalgebra C*(Q) of A generated by Q, and £,
the corresponding radial projection algebra on Q, inducing the corresponding j-th filtered probability
spaces £o(j) = (£, 7)), forall j € Z. Remember that, by A 5.1,

P(gq;) € R*inC, forallj € Z.

Let
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£0(Z) "2 (24(2), T) of Q,

be the free filterization (6.3), and let

def i
Ws = {uj € £o(j) }jez (7.1)
and
def .
S ={Uu;= ﬁqj)”j € Zq(j) Yjez
be the free weighted-semicircular family (6.4), respectively, the free semicircular family (6.5).
Now, we fix j € Z, and focus on the free block £¢(j) = (£q, Tj) of the free filterization £ (Z).
In addition, consider the compressed C*-subalgebra Aj,

Aj o gjAq;j, forallj € Z, (7.2)

be C*-subalgebras of A.

Remark 2. Remark that if the C*-algebra A is *-isomorphic to Q = C*(Q), then each C*-subalgebra A; of
(7.2) is *-isomorphic to C - q;, for j € Z, which is not so interesting. However, if A is x-isomorphic to M Qc Q,
for a certain non-trivial C*-algebra M, then every C*-subalgebra A;j of (7.2) is -isomorphicto M - q; = M,
for j € Z, which are interested.

Motivated by the above remark, we now fix an arbitrary unital tracial W*-probability space
(M, tr), consisting of the von Neumann algebra M, and a bounded linear functional tr on M; i.e.,

tr(1pr) = 1, for the identity operator 1y of M,

and

tr(mymy) = tr(mamy), for all my, my € M.

Remark 3. There are no typical reasons why we take a unital tracial W*-probability space (M, tr). One
may / can regard (M, tr) as a unital tracial C*-probability space. However, on the von Neumann algebra M,
trace-depending operator theory, and operator algebra theory work well, and have been widely studied (as in 114,
11, I11,-factor theories, etc.), and such structures have lots of interesting applications not only in operator
theory but also in related science fields like quantum physics (under W*-topological settings).

One of the possible reasons would be from the main results of [1]. We want to mimic the constructions,
and apply the main results of [1] here, as applications of our results in Sections 4—7. In addition, we want to
allow a variety of topological settings in our Banach x-probability structures, as generalizations of the results in
previous sections.

Now, for our j-th filtered probability space £o(j) = (£, T7j), a free block of the free
filterization £¢(Z), for j € Z, construct the tensor product Banach *-algebra,

def
oM = M ®c £, (7.3)

and define a linear functional ‘r]M on 21(‘24 , by a linear morphism,

def
M %€ M
T = tr @ tjon £Q , (7.4)

in the sense that
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T]M (m ® u?) %f T (tr(m)u;.’)

= tr(m)T; (u;’) ,

for all n € N, for all m € (M, tr), for all generators u; = | ® g; of the radial projection algebra £¢.
Then, one has well-defined Banach *-probability spaces (26’1, T]M ) ,forallj € Z.

Definition 10. The Banach *-algebra Eg of (7.3) is called the M(-affiliated)-radial projection algebra.
The Banach *-probability spaces (i‘/g, T]M ) of the M-radial projection algebra Sg, and the linear functionals
TJM of (7.4) are said to be the j-th M(-affiliated)-filtered probability spaces, for all j € 7. For convenience, we
denote our j-th M-filtered probability spaces (SM, T]M) by Sg (), ie.,

Q
.\ denot .
M (j) Tt (sg, r]M) forall j € 7. (7.5)
Now, let £](‘24 ()= (£](‘24, T]M ) be our j-th M-filtered probability space (7.5), for all j € Z. Construct
the free-product Banach *-probability space (Sg (z), ™ ) by
denot def .
ef@) " (eg@), M) =+ 2P )
(7.6)
— M M
N <ng£9 ’ jéz i ) '
Definition 11. The free-product Banach x-probability space
e (z) = (e¥(z), ™)
of (7.6) is called the M(-affiliated)-free filterization of Q = W*(Q).
It is not difficult to check that the elements
1M Quj € Sg(Z), forallj € Z,

are 1p(q;)?-semicircular elements in the M-free filterization Sg (z) = (26’ (z), ™ ) .

Proposition 4. Let ,Qg(Z) be an M-free filterization (7.6) of Q, where (M, tr) is a fixed unital tracial
W*-probability space.

Letuf =1p Quj € 31(\2/1(]) in Sg(Z), where 1py is the identity element of M, and u; = 1 ® q; € L£g(j),

forall j € Z. Then, u3 are P (q;)*-semicircular in the M-free filterization Sg (Z). (7.7)
Let U =1y @ Uj € Qg(]) in Sg(Z), where U; = 1/;%‘7,-) u;j € £q(j), under A 5.1, for all j € 7. Then,
Uy are semicircular in Sg (Z). (7.8)

Proof. Letu? =1y Qu;j € 21(‘24 (j) in Qg(Z), for j € Z. Since u7 is contained in the j-th block ,Sg ()
of the M-free filterization Slg (Z), one obtains that
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™ ((u;’)n> =M (lM ® u;’) =tr(ly) T (u;‘)
= tr(1y) Tj (u;?) (7.9)

=1 (wap(q))"cy ) = watp(a;)"ey,

by (7.5) and (7.6), for all n € N. Therefore, by (7.9), (3.1) and (3.3), the free random variables u;.’ are
1 (q;)*-semicircular in the M-free filterization 2151 (Z), for all j € Z, i.e., the statement (7.7) holds.
Similarly, since U7 is in the free block Sg (7) of Sg (Z), one obtains that

n
™ ((u;) ) = tr(1m) T (u;') =wucy, (7.10)
for all n € N. Therefore, by (7.10), (3.2) and (3.4), the free random variables U]f’ are semicircular
in £8/(Z). O

By (7.7) and (7.8), we obtain the following corollary immediately.

Corollary 2. Let 21(‘2’1 (Z) be M-free filterization (7.6) of Q and (M, tr), and suppose 21(\2/1 (j) are the free
blocks (7.5) ongI(Z),for all j € Z.

The family {1y @ u; € 21(\2/1 (7) }jez is a free weighted-semicircular family in 21(‘24 (z). (7.11)
The family {1y @ U; € 25’ (7) }jez is a free semicircular family in i‘:g (Z2). (7.12)

Proof. By (7.7) and (7.8), the operators
u =1y @u; € £y ()

are 1 (q;)*-semicircular in the M-free filterization L‘,g (Z), and the operators
Uy =1u @ U; € £¢(j)

are semicircular in £ (Z), respectively.

Moreover, since all elements u;? (or LI]?' ) are contained in the mutually-distinct free blocks ,8](\24 ()
of Sg (Z), for all j € Z, the free random variables u]? (resp., U]f’) are mutually free from each other
in £ (Z). Therefore, the statements (7.11) and (7.12) hold. [J

Now, we take

def

o< {u;? =1y Quj € slg(j)} (7.13)

jez’
and

def _ e aM(;
o (u —ou e S0}
in the M-free filterization 21(‘2’1 (Z) of Q and (M, tr).
By (7.11) and (7.12), the family Q (resp., X) of (7.13) is a free weighted-semicircular (Respectively,
semicircular) family in Sg (Z).
From the free families @ and X of (7.13), let us construct families,

{m;®@u; € £ (j)}jez (7.14)
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and

{m; @ U; € £¢/(j) }jez,
where m; are elements of M, satisfying

m; # Opp, and mj # 1y,

where 0pr means the zero element of M, for all j € Z.
Note that, by (7.6), the families (7.14) are free families in 25’ (Z). Now, consider certain type of
free families (7.14).

Theorem 5. Let m € (M, tr) be nonzero, and assume that (i) m is self-adjoint, and (ii) there exists tg € C*,
such that

tr(m") = t§, foralln € N.

The family {m ® U; € L (j) }jez in the sense of (7.14) is a free tg-semicircular family in L8 (Z).  (7.15)
The family {m @ u; € 21(‘2’1 (7) }jez in the sense of (7.14) is a free weighted-semicircular family in 21(‘2’1 (Z).
In particular, each element m @ uj is (totp(q]-))z-semicircular in Sg(Z),for all j € Z. (7.16)

Proof. For convenience, let us denote the two families of (7.15) and (7.16) by
mX, respectively, mQ,

where Q and X are in the sense of (7.13), where m € (M, tr) is given as above.
First of all, by the self-adjointness of x € Q U X, since m is assumed to be self-adjoint in M,
all elements

mQ@uj, mQ U eEmX UmQ
are self-adjoint in Eg (Z).
All elements m ® U]f’ € mAX are contained in the mutually-distinct free blocks,
ey () = (%4, T,M) = (M®c Lo, tr® 7)),

for all j € Z, these operators m @ U; are mutually free from each other in Sg (Z), forallj € Z.
Observe now that

™ (m® Uj)") =M <m" R U]”) = T]M (m" R U]")

=tr (m") T]() (U]”) = tg Wy Cg = Wy tg C%I

for all n € N, by the assumption that tr(m") = t§, for all n € N, for some ty € C*.
It shows that the self-adjoint free random variables m ® U; € m X are t3-semicircular in the M-free
filterization Sg (Z), by (3.3). Therefore, the family m X is a free t3-semicircular family in 215[ (Z).

Similarly, since uf = ¢ (q;)Uy € ,Cg (j) in Sg (Z), for all j € Z, the family mQ is a free family
in Sg (Z) because mX is. By A 5.1, and by the condition m is self-adjoint, all entries m ® u; of m@
are self-adjoint in £¢(Z).

In addition, one has that
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M (m@uy)") = tr () 7 (u)
=1t (w,,zp(q]-)"c
= wy (toyp(q5))"

)

4

A N

2
foralln € N.

Therefore, by (3.4), each entry m @ u; of the family is (tgtp(q]-))z—semicircular in Sg’(Z),
for all j € Z, and, hence, the family mQ is a free weighted-semicircular family in the M-free
filterization ,Q]g (z). O

Let’s denote the families
{m;®U; € gg’(j)}jez, and {m; ® u; € £]g(]')}jez
of (7.14), by
X, respectively, O,

formj € (M, tr), forall j € Z.
Under A 5.1, every semicircular element U; (which is a tensor-factor of m; ® U; € X)) is
well-defined as the scalar-product ﬁ u; of the 1 (g;)*-semicircular element u; in the free block
]

£0(j) of the free filterization £ (Z) of Q (which is a tensor-factor of Sg (Z)), for all j € Z. Thus, one
can understand u; as (g;) U}, and, hence,

mj@uj = m;® (¢(4,)U))
= $(qj) (m; ® Uj)
= (¢(q))m;) @ U,
in 21(‘2’1 (Z), forallj € Z.
It means that the family Qs (or Xpg) is generated by the family Xy (resp., Qap). Therefore,

in the following, we concentrate on studying properties of the operators of 26’[ (Z) induced by Xy
(covering the properties of those induced by Qs in the above senses).

8. Free Distributions on Affiliated Free Filterizations

In this section, we fix a M-free filterization Sg (z) = (Sg (Z), ™) in the sense of (7.6) for a
fixed unital tracial W*-probability space (M, tr), and study free-distributional data of certain free
random variables of 2,]5[ (Z).

Let X = {1y Q U, € Sg (7) }jez be a free semicircular family of (7.12) in Sg(Z), where Sg ()
are the free blocks of ,C]g (Z), for all j € Z. Now, we construct free random variables T of Sg’ (Z)
induced by M and X,

T=1Y m® u;‘f, (8.1)
jEZ

with m; € (M, tr), and k; € N, where the summands of (8.1) satisfy
kj kj ’
mj®U]. = (mj®12Q(Z))(1M®Uj ), (8.1)

where 1y ® U; € X, forall j € Z.
For an operator T of (8.1), define the support of T, denoted by Supp(T), by

Supp(T) ={j € Z:mj # 0y} in Z. (8.2)

Proposition 5. Let T be a free random variable (8.1) in the M-free filterization ng (Z). Then,
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™(T)= ¥ wy tr(m)cs

» (83)
jESupp(T) z

where wy, are in the sense of (3.3), for all k € N, and Supp(T) is the support (8.2) of T in Z.

Proof. Observe that

MT)= ¥ ™ (m;@U’
(M) = g (m Uy

= Y, tr(m)) r(u}‘f') = L tr(m)) 7 (Ufj)

JEZ JEZ
by (8.1)
= Y tr (m;) <ijij) ,
JEZ 2
by (8.1)

= Y tr(m)) (wkjckj) .

jESupp(T)

Therefore the formula (8.3) holds. O

Observe first that if T is in the sense of (8.1) in the M-free filterization Qg(Z), then each
summand m; ® U;(j , such that m; # 0y, equivalently, with j € Supp(T), are contained in a free

block Slg(]) = (Sg, T]M) , for all j € Supp(T), in Sg(Z). Therefore, one can conclude the
following result.

Proposition 6. Let T be in the sense of (8.1) induced by a fixed W*-probability space (M, tr), and the free
semicircular family X of (7.12) in 2](‘2’1 (Z). Then, all nonzero summands m; @ U;'j of T are free from each other
in the M-free filterization 2](‘2’1 (Z), for all j € Supp(T). Equivalently, this operator T is a free sum in 2](‘2’1 (z).

Proof. The proof is straightforward from the very construction (8.1) of the operator T in ng (Z), as
we discussed in the very above paragraph. 0O

Now, we concentrate on studying the free distribution of a free sums T of (8.1). Consider first that

n
rM(T"):TM<< )y m]-®ufj>>
jESupp(T)

n ki
=M Y ( (m; ®U.]’)>>,
((il ,,,,, in) ESupp(T)" =1 ! Ji

where

Supp(T)" = Supp(T) X --- X Supp(T),

n-times

the Cartesian product of n-copies of Supp(T)
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n ks
= L ™ (lgl(mjl ® Uj,”))

(71/2erjn) ESupp(T)"

(jl ----- 'n)ESupp(T)n =1 1=1 Ji
by (7.6),
(j1rfin) ESupp(T)™ I=1 =1

Lemma 1. Let T be a free sum (8.1) in the M-free filterization Sg (Z). Then,

1 no ks
™(T") = tr(l'[mjl> T(“”;,”)r 8.5)
(j1seerjn) ESupp(T)* I=1 I=1

forall n € N, where T is the trace of (6.3) on the free filterization £qo(Z) of Q.

Proof. The proof of (8.5) is done by (8.4). O

The above formula (8.5) shows that computing free moments of the free sum T of (8.1) is reduced
to compute the joint free moments of semicircular elements

{U; € £q(j) }jez

of the free filterization £¢(Z) of Q.

Lemma 2. Let Xo = {U; € £q(j) }jez be the free semicircular family (6.5) in the free filterization £q(Z)
of Q, and let

LI
u= lglujl’ € L£9(Z), fork; €N, (8.6)
where ji, ..., ju € Z, forn € N.
If j1 = ... = ju = j in Z, then the operator U of (8.6) satisfies that
T(U) =t(U*) = wNey, with N =Y, k;in N. (8.7)

If the sequence (j1, ..., ju) is alternating in Z, in the sense that

A F j2 2 F 3 fu—1 F JuinZ, (8.8)
then
n
(U)=t(U*) = 1511(0”’0%'
Proof. Let U be an operator (8.6) in the free filterization £o(Z) of Q.If j1 = ... = j, = jin Z, then

w(u) =7 (uft..uf) = (uy)

withN =37,k inN
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= T]' (UN> = WNCN,
] 2

by the semicircularity (6.5) of U; in £g(Z).
Similarly, by the self-adjointness of Uj, one can get that

s (17k1 g7ka\* _ grkngpkn—1 qoki -
u* = (uj iy ) = ufu ..U in 20(Z),
and, hence,
* _ kn kn—l kl P N P
(U*) =t (uj u.u ) =1 (u,. ) = wney,
with N = Y7 ; k; as above in N.

Thus, the statement (8.7) holds.

Assume now that the sequence (ji, ..., jx) is alternating in Z. Then, by the freeness (6.5) of the
family Xg in £4(Z), one obtains that

Tt(U)=r1 nu) =1 (U"’)— i
=T \= ) T i) TS
by the semicircularity on Xg in £ (Z). In addition, one can get that

* 7 Ml —n+41 i
Tt(U*)=<( I1U. =17,

Nl_n41\ __
[=1 Jn—i41 j=1 Jn—i+1 (U ) = 7).

j n—I+1
Therefore, the statement (8.8) holds. O

The above results (8.7) and (8.8) in fact characterize the free distributions of the product operators
of £5(Z) in X because of the freeness on the free semicircular family Xg. Indeed, every product T
in Xg has its unique form,

n
T = I U in £0(Z),

where (1, ..., ju) is alternating in Z. The resulted unique forms under product are said to be the free
reduced words of £g(Z) in Xg.
For instance, if X is a product,

X =U_1U_1UU_1UsUyly € L£4(Z) in Xy,
then it is in fact
X = U? UgU_1U3 in £¢(Z),
satisfying

U2, € £o(—1), U € £¢(0),
U_1 € £o(—1),and U € £¢(4)

in £9(Z), where £ (j) are the j-th filtered probability spaces, the free blocks of £5(Z). In other
words, this product operator X in the free family Xy is the free reduced word U? ;UpU—_1U} in £4(Z).
Therefore, indeed, the above lemma characterizes the full free-distributional data obtained from
the free semicircular family Xg of (6.5) in £¢o(Z).
However, more precisely, we may refine the above results as follows. First, observe that if (j1,
.., Ju) 1s an alternating n-tuple in Z, and if there exists a unique partition of the n-tuple (j1, ..., j») with
N-many noncrossing blocks

(s wworjing)r Gnatts s fngtma)s or Ging oy a415 +oos Jgbontny _14nn)) 5
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where
1= e = juy,
Jit1 = o = Juytnas
v
Jmitetny_1+1 = o = gty
satisfying
7 # Jna+1s Jug+1 # Jratna+1s s Jrgfotny_4 7 Jm ety 141

in Z.

Then, we call such maximal partition of (j1, ..., ju ), the alternating partition.
For example, in the very above product operator X, one can induce the corresponding
integer-sequence,

(—1,—-1,0,—1,4,4,4),
with its alternating partition,
(=1, =1), (0), (=1), (4 4 4)).
It is trivial that if an integer-sequence (j1, ..., ) is alternating in Z, then its alternating partition is
(1), (j2), (ja)s - (Gn)) -
Now, let W = (ju, ..., j) be a finite integer sequence regarded as its unique alternating partition,
W = ([l - [igIn),
where [j1,], ..., [ji,] are the blocks of the alternating partition of W, with N < n in N, satisfying
liils = Gir jior -0 1) in W,
foralls =1, ..., N, with
lin) = Gl

We say that the cardinality N of blocks in W the (alternating-)partition size of W. One can define
the following quantities | [j; ]| for a fixed size-N alternating partition of the sequence W

|lj1,]s| = the cardinality of [ji,]s in W

forall I =1, ..., N. We call these quantities |[j;,]s| the block-sizes of W, for all s =1, ..., N.
For example, if the product operator X is a free reduced word, U% ;UpU—_1U} of £4(Z) is as
above inducing the size-4 alternating partition of its integer-sequence,

([=1]1, [0]2, [-1]5, [4]a) = ((=1, —1), (0), (—1), (4, 4 4)),
then
[[=1]1] =2, |[0]2] =1 = |[-1]3],
and

|[4a] = 3.
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We can realize that the block-sizes are identical to the powers of free-factors of X.

Example 1. Let Xg = {U; € £(j) }jez be the free semicircular family (6.5) in the free filterization £q(7Z)
of Q, and let

X =U_1U_{UU_1UUyly € £o(Z)
be a product operator of £q(Z) in Xq. Then, this operator X is identical to the free reduced word
X = U2, UU_1U3 in £¢(Z),
inducing the size-4 alternating partition of the corresponding integer-sequence,
([=11, [0]2, [—1]s, [4]4),
with
[—1]1 = (=1, =1), [0]> = (0), [-1]s = (=1),
and
[4]a = (4,4, 4),
having the block-sizes
2,1,1,and 3,
respectively.

Based on the above new concepts we discussed, let’s refine the computations (8.7) and (8.8).

n
Lemma 3. Let U = lI:'IIU]-l be a product operator of £ (Z) in the free semicircular family Xg of (6.5), for

n € N. Assume that U induces the size-N alternating-partition ([ji, 1, .., [jiy]N) of its integer-partition
(f1, -s fn), with the block-sizes

|lj1.]s| = Ns, foralls =1, ..., N,
with
n:N1+N2+...+NNinN,

for some N < n in N. Then, this product U is the free reduced word,
N oL
u= srzllu].ls € £9(Z), (8.9)

satisfying N
T =10 (wyey ) =T (W) (810)

Proof. Let U be given as above in the free filterization £¢(Z) of Q. Then, by the very above discussion,

N
this product operator U in X is the free reduced word HllI}:]S in £¢(Z), where N; are the block-sizes
s= s

of the size-N alternating partition of (ji, ..., j») in Z. Thus, the product U is identified with the free
reduced word of (8.9) in £ (Z).
By (8.9), (8.7) and (8.8), the free-moment computation (8.10) holds. O
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By the above three lemmas, we obtain the following free-distributional data of the free sum T in
the sense of (8.1) in the M-free filterization £¢) (Z).

Theorem 6. Let T= Y (m; ® U;(j ) be the free sum (8.1) in the M-free filterization Sg (Z).Then,
jeSupp(T)
n n o k.
™(T") = tr ( I mjl) T ( 11 ujl">, (8.11)
(jtrmsfin) €Supp(T)n \I=1 =1

for all n € N. In particular, for any fixed (j1, ..., ja) € Supp(T)", one has the corresponding integer-sequence

M/jl,...,jn = jll seeey jlr er ooy j2/ eeey jnl [y jn
—_—— —_——— S——_——
k k; ki

1 2 Jn

Then, the integer-sequence Wj, .. i has its unique alternative-partition,
Wi = ([jh]ll e [le]N) ’
with
|lj1.]s| = Ns, foralls =1, ..., N,

such that YN N = Y0_, kj, in N, inducing the free reduced word,

MU = U™ in eo(Z 8.12
ey T TR o(Z), (8.12)

satisfying
n kj N
T(Hu- l) = H(UNSC&.
=1 I 5

s=1

Proof. The formula (8.11) is proven by (8.5). The computation (8.12) is shown by (8.9) and (8.10). O

The following corollary is a direct consequence of the above theorem.

Corollary 3. Let T be the free sum (8.1) in the M-free filterization 21(‘2” (Z). Then,

M ((T*)1) = » tr < I m*-‘) . <lﬁ uf‘”), (8.13)

. . - 71 ud,
(]1/-~-r]n)esupp(T)" =1 =1

where T (llflluzj’> satisfy (8.12), for all (j1, ..., ju) € Supp(T)", foralln € N.

Proof. SinceT= } (m;® U;(j ) is a free sum in Sg (Z), one can get that
j€Supp(T)
= ¥ (me u;‘f) in £4(2),
jESupp(T)

by the self-adjointness of the semicircular elements Uj in the free filterization £g(Z) (under A 5.1), for
allj € Z.
Therefore, similar to (8.11) and (8.12), the formula (8.13) holds. [

The following result is immediately obtained by (8.12) and (8.13).
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Corollary 4. Let T be the free sum (8.1) in ng(Z). Assume that m; € (M, tr) are self-adjoint in M,
for all j € Supp(T) in Z. Then, the free distribution of T is characterized by the free-moment sequence,
(TM(T™)):_,, whose entries are determined by (8.12).

Proof. Under hypothesis, the free sum T is self-adjoint in ng (Z) in the sense that T* = T. Thus, by
(8.12) and (8.13), this corollary is proven. [

Now, we generalize the free-distributional data (8.12) and (8.13).
Let ZN = {(jx)N_, : jx € Z}, forall N € N. Define a subset Alt (ZN) of ZN by

Alt (ZN) o {(jk)kN:1 ezN ‘ (jk)N_, is alternating }, (8.14)

forall N € N.
For an arbitrarily fixed N-tuple W = (jy, ..., jn) in ZV, let X be an ordered N-tuple

X = (mjl, veey ij),

whose entries are from (M, tr),ie., mj € (M, tr), forallk =1, ..., N.
In addition, for the N-tuple W, let

n= (1’1"1, ceey an)

be an N-tuple of natural numbers, n;, € N, for all k =1, ..., Ni, where jj, ..., jy are the entries of W.

For such N-tuples W, X and #, define an operator Tv}\(/’” by

N

TN = i (mk®ll;:€k> I (m,®u]’?f), (8.15)

- jew

in the M-free filterization Sg (2),forallk =1, ..., n.
Now, let a fixed N-tuple W is taken from Alt (ZN) of (8.14), and let

X _ ) 1
n'= 1, (m, ® U, ) (8.16)

be in the sense of (8.15), contained in the Banach *-subalgebra
%Cv £ (j) of £/ (Z)
(again, see [2,3,9]).
Remark 4. If W is not an alternating N-tuple in ZN, for some N € N, equivalently, if
W e zZN \ Alt (ZN),
then one can decide the maximal partition of W, whose blocks consist only of same integers. For instance, if
W=(-1,-1,23,3,—1) € Z° \ W ¢ Alt (2°),
then one has the partitioned sequence,
Wo = ((=1, =1), (2), 3,3), (=1)),

and give reduction on (8.8) for each block of W, i.e.,



Mathematics 2017, 5, 74 25 of 37

Tv)\(flrl £ (m—l ® Uf_ll) (m'_l ® Ui‘f)
® (Mm@ Uj?) @ (ms @ Uy?) (m} @ U3°)
® <m’_’1 ® UZ—;) ,
and, hence,
X <m_1m'_ . ® uﬁ”"l) ® (my @ U}?)

® (mams @ U @ <m'_'1 ® Uf'—})
in the free block
2H(—D®c £2(2) B LY (3) ®c £ (—1),
in £g’ (Z), which is identified with

’
n_1+n_,

Tv)\(/'” = (m—lm,—l QU_4 ) (m2 @ Uy?)
/ "
. (m3m§ ® U:3+n3> (m'_'1 ® Ui_ll)
in Eg(Z).
As we considered above, if W € ZN, then there exists a unique W' € Alt (ZN), such that

1
Iy =Ty € e¥(2),

as a free reduced word.
It shows that, without loss of generality, one can reduce his interests in alternating sequences (instead of all
sequences in ZN) in Alt(ZN), for N € N.

Consider free distributions of free random variables Tv}\(,’” of (8.16), for W € Alt (ZN ) .

Theorem 7. Let W € Alt (ZN), for some N € N, and let T‘f,’” be the operator (8.16) in the M-free filterization
£ (Z). Then,

M (pXa\ _ .
T (TW ) —jEHW Wn; €1 tr (m;), (8.17)
and
M X1 * _ *
(1)) = 1, (wneytr (m) ).
Moreover, if the fixed alternating N-tuple W = (j1, ..., jN) satisfies
i F#jNinZ,
then
M ((pXm\") = v tr(m))
T ((Tw ) )_]_gw (wn’.cz,tr(m])> , (8.18)

and



Mathematics 2017, 5, 74 26 of 37

i (<(T"}‘(’”))n> = <w"fc"2f”(m7))n,
foralln € N.

Proof. By the alternating-ness of W, the operator Tv)\(,””forms a free reduced word in Ezg (Z), by (7.6).
Therefore, one can get that

M (X1 _ M . nj
T (TW )_jgwrf (m]®llj )

=1 (tr(m;)) (Ti (an]»

= jé‘[w Wn; € tr (m;),

by the semicircularity of U;’s in £g(Z). Similarly,
M XI” * _ M * nj
(7)) =85 (e uy)

= II wy.cnjtr (m*)
jew 4 J

Thus, the free-distributional data (8.17) are obtained.
Assume now that a fixed alternating N-tuple W = (jy, ..., jn) satisfies

j1 ;é]N in Z.

Under this additional condition, one can realize that the nN-tuples

wWr=|w, w, ., W| ezN
N—————
n-times

satisfy
W™ € Alt (Z"N),foralln €N,

n
i.e.,, W" are alternating in Z, for all n € N. It guarantees that the operators ( Tv)\(,’”) form free reduced
words in Qg (Z), for all n € N. Therefore,

n
TM ((T‘f\(/’”) ) — TM Ti\(/,q ... .Tv}\(/”
n-times
M (X \" "
= (M (5)" = (Wmentrm))

and, similarly,
™ (((Tv’f]q) *)") _ (jewwnjcnzjtr (m;k) > n
foralln € N, by (8.17).

Therefore, the free-probabilistic information (8.18) is obtained. [
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As we have seen above, our main results of Section 8, the free-distributional data induced by the
free semicircular family X, are affected by the freeness (6.3) on the free filterization £g(Z) of Q in
the M-free filterization 26’1 (Z).In Section 9, let us consider freeness conditions and corresponding
free-distributional information on Sg (Z) affected by the freeness on (M, tr).

9. Certain Freeness Conditions on (Qg (z), ™ )

In this section, we consider freeness conditions on our M-free filterization
e¥(z) = (M (z), ™),

affected by the freeness on a fixed unital tracial W*-probability space (M, tr).

Since £g(Z) is defined to be the free product of j-th filtered probability spaces { £q(j) }jcz, the
freeness (6.3) on the free filterization £4(Z) of Q affects the free-distributional information on Sg’ (Z)
canonically (see Section §; e.g., (8.12), (8.13), (8.17) and (8.18)), and it affects the freeness on Sg (Z2)

(see Section 7; e.g., (7.11), (7.12), (7.15) and (7.16)).Therefore, it is natural to ask how the freeness on the
other tensor-factor (M, tr) affects the freeness on the M-free filterization 26" (Z).

Assume that a fixed W*-probability space (M, tr) satisfies

(M, tl") = (M] * My, tr1 % trz)

= (Mll trl) * (MZ, tl"z). (91)

Then, the free blocks Sg (j) of the M-free filterization ng (Z) satisfies that
.\ def .
LY (j) = M ®c Lo(j),
where £ (j) are the j-th filtered probability spaces, the free blocks of the free filterization £g(Z) of Q
= (M1 x Mz) Qc £¢(j)
by (9.1)

= (My*x M) ®c (£ Rc Q)

because, as a Banach x-algebra, £ (j) = £q, the projection radial algebra (for each j € Z), where £
is the radial algebra (3.12), by (3.14)

L (M + M) @ (£ ®c CO)

by (3.8)
*-is0 (Ml*MZ) Rc (£@|Z|)
*-is0 ((Ml *MZ) Rc £:)69|Z|
®|Z|
((Ml*MZ) Qc C[{l}]” ”)
by (3.12)

= (v )

where M[{I}] means the polynomial-algebra in I with M-coefficients, and where Y means the
norm-topology-closure under the product topology for the W*-topology for My x M, (or that for

M) and the Banach-topology for C[{1}] M n the sense of (3.12)
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= (T rm)

— (M« Ml (])

*-1S0

0 (M1 ®¢ £) *x (My ®¢ £)) 8

*-1SO

= (M1 ®c £)®7 « (M ®c £)®17 (9.2)

*-1SO

= (My ®@c £9171) x (My @c 29171

*-1S0 (

M1 Q¢ £¢) * (M2 Q¢ £¢)
= (M1 ®c £0(7)) * (M2 ®c £0(f))
= £51() * £ (),
where EZI’ (j) are in the sense of (7.3), equipped with their linear functionals

T;VII =tr QT (9.3)

in the sense of (7.4), foralll =1, 2, forall j € Z.
By (9.2) and (9.3), we obtain the following structure theorems.

Theorem 8. Let j € 7 be arbitrarily fixed, and let Sgl (j) be the corresponding free block of the M-free

iliterization £M(Z) of Q. Assume that a fixed unital tracial W*-probability space (M, tr) satisfies the
Q 4 Y sp
freeness (9.1). Then,

M (j) = ey (j) "= 2 () * 252 (), 9.4)
where
M, . M, _M
’Q’Ql(]) - (’SQII T]' l) = (M ®(C SQ! tr ®Ti)l
foralll =1,2.

Proof. The structure theorem (9.4) is proven by (9.2), where Sg’ (j) are the Banach x-algebras Sg’ in
the sense of (7.3) equipped with their linear functionals T]Ml of (9.3)asin (7.4). O

By (9.4), one can get the following corollary immediately.
Corollary 5. Suppose a given W*-probability space (M, tr) is the free product W*-probability space,
(M, tr) = Sé(A(MS, trs), 9.5)
for an countable (finite or infinite) index set A (under suitable product topology). Then, the free blocks Qg’ (j) of
the M-free filterization 21(‘3’1 (Z) of Q satisfy that

N () = 2200, forall j €2, 9.6)
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where
£ () = (2f = M. ®c £0(j), T = tr® 1),
forall s € A.

Proof. The structure theorem (9.6) is obtained by the induction on (9.4), where (M, tr) satisfies the
freeness (9.5). O

By (9.4) and (9.6), one can get the following structure theorem for our M-free filterization Sg (2)
in terms of the freeness on (M, tr).

Corollary 6. Let (M, tr) = éA(MS’ trs), and let Sg (Z) be the M-free filterization of Q, where A is a
S

(finite, or infinite) countable index set. Then,

M7 :*_:iso M ( = M . 7
£¢(2) &z (sgASQ (])> seA (ngSQ (])) ©.7)

Proof. Observe that

M@y Y o« eMG) = % QSE*AMS(')
Q e @V = & \~e Y

*ﬁo MS s p— S ;s
= & (sgAEQ (])> = A (jézgg (]))’

by (9.6). Thus, the *-isomorphic relation (9.7) holds. O

The above structure theorem (9.7) characterizes the freeness on the M-free filterization f:g (Z) by
the freeness on (M, tr). In fact, it shows how the freeness both on (M, tr) and on the free filterization
£0(Z) of Q affect the free structure of Sg (Z).

In addition, the structure theorem (9.4), and its generalization (9.6) shows the following results
as well.

Theorem 9. Let y1, y» be free random variables in a fixed W*-probability space (M, tr), and suppose they are
free in (M, tr). Then, the corresponding operators

yij = y1 @ U and yy% =y @ U;* 9.8)

are éree in the M-free filterization i‘:]g (Z) of Q, for any arbitrarily fixed j € Z, for all n1, ny € N. i.e., for all j
€ Z,

y1and ys are free in (M, tr) = y;'; and yj are free in £y (7). 9.9)
Proof. Now, let y?j € Sg (Z) be in the sense of (9.8), for all I = 1, 2, where the tensor-factors y; of
them are free in (M, tr). Now, construct W*-subalgebras My, of M by
My, =W* ({y;, yf}), foralll =1,2,
and consider the restricted linear functionals
tr; = tr |My1’ foralll =1, 2.

Then, it is not difficult to check that the W*-subalgebra
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My, = W* ({y1, Y7, y2, ¥5 })

satisfies
My, y, = My, x My, in (M, tr)
with respect to the linear functional
trip = tr | M,,,, O My, .y,
satisfying
tr1o = try x tro on My, 4,.
Now, we consider My, ,-free filterization ,Sgyl’yz (Z), as a Banach x-subalgebra of ,Clg (Z).
Then, by (9.4) and (9.6), we obtain that the free blocks f:]gyl’yz () of Eglyl’yz (Z) satisty
£0"" (1) = £ (1) = £4" () * £4" (), 9:10)

in Sg’lywz (Z) (inside Sg(Z)), forallj € Z.
Note that

* My, .. My 4o . .
vt (uh) € 26" () C 24" () C X (), 9.11)

in Sg (Z),foralll =1, 2.
By (9.10) and (9.11), the subsets

{viy, (vi)*} and {52 (v32)*}

are contained in the distinct free blocks ngyl (), respectively ,ngz (), in the free block Sg ()
of Sg (Z). 1t shows that these two subsets are free in Egl (Z) (e.g., [9-11]), equivalently, the operators
y;"l] and y;‘f] of (9.8) are free in £1(‘2’I (Z).

Therefore, the statement (9.9) holds. [

The true statement (9.9) shows that the freeness conditions on (M, tr) implies the freeness on
free blocks of the M-free filterization ,Eg (Z) of Q. Note that the freeness condition (9.9) is slightly
different from the structure theorem (9.7). The above statement (9.9) shows that the “embedded” free
structures in (M, tr) affects the freeness on Sg (Z); meanwhile, the structure theorem (9.7) says the

freeness on (M, tr) affects the freeness on Slg (Z).
By (9.7), or by (9.9), we obtain the following free-distributional data.

Theorem 10. Let y1, y» be free random variables in a given W*-probability space (M, tr), and suppose that
they are free in (M, tr). Let y; ; = yll,j is in the sense of (9.8) in the M-free filterization Elg(Z) of Q, for all
1 =1, 2. Assume that
(i1, ..., in) € {1,2}", forn € N (9.12)
is an alternating n-tuple in {1, 2}. Let
¥ M
T = sgl ylisrf € ’SQ (Z). (913)

Then,

™ (T) = wnuCn ( flltr(ylis)> . (9.14)
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Moreover, if i1 7 iy in {1, 2}, where i1 and i, are the entries of the n-tuple of (9.12), then
N n N
™ (TN) = (w,,cﬂ) i (tr(yp )) ,forall N € N. (9.15)
2 s=1 ts

Proof. Suppose T be in the sense of (9.13) in Sg (Z) under the alternating condition (9.12). Then, this
operator T is contained in the free block 21(‘24 () of Sg’ (Z). By regarding T as an element in ,Cg (),
it is regarded as a free reduced word in Sg (7) by (9.9) and (9.10) (e.g., [2,3,9]). Therefore,

™ (T) = M (slillyzis,j> =7 (slill(y’is oU; ))
= () eup) = (i) (5 (1))
= (wney) r  fiu, )
= (wney) <J:I1” (yl>>

by the alternating-ness of (i1, ..., in) in {1, 2}. Therefore, the free-distributional data (9.14) holds.
Now, assume that (i1, ..., i) is not only alternating in {1, 2}, but also
i1 # i, in {1, 2}.

Under this assumption, the operators TN € )3](‘24 (Z) are understood as free reduced words in the
free block Sg (7), for all N € N. Therefore, one obtains that

™ (TN) = («M(T))N, forall N € N.
Therefore, the free-momental information (9.15) holds. [

Remark 5. Free-distributional data (8.11), (8.12), (8.13), (8.17) and (8.18) shows how the freeness on the free
filterization £ (Z) of Q affect the free-distributional data on the M-free filterization Qg (Z). In addition, the
free-distributional data (9.14) and (9.15) illustrate how the freeness on (M, tr) affects the free-distributional
information on 2?2” (Z). By combining these results with (9.7), or with (9.9), one can characterize the

free-probabilistic information of operators of Sg (Z), under freeness on (M, tr), and that on £q(Z).

10. Application

Let (M, tr) be an arbitrarily fixed unital tracial W*-probability space, and let
eMz) = (eM(Z), ™) be the M-free filterization of Q, where is the C*-subalgebra of a
Q Q &

C*-probability space (A, ) generated by mutually-orthogonal |Z|-many projections in A.
Now, we will apply our main results of Sections 7, 8 and 9 to a special case, where a von Neumann
algebra M is given to be a free group factor, i.e.,

M = L(FE,),
generated by the free group F, of n-generators for n € N1, where

def

NGt = (N \ {1}) U {e0}
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(e.g., [1,11]). For example, the free group factor L(F,) is a group von Neumann algebra generated
by F,, as a W*-subalgebra of the operator algebra B (I1*(F,)), where I?(F,) is the I>-Hilbert space
generated by the group F,, satisfying the following factor-ness.

A von Neumann algebra M (contained in the operator algebra B(H) of all operators on a Hilbert
space H) is a factor, if

*-is0

MﬁM/=C~1B(H) - C,

where M’ is the commutant of M in B(H),

d
M’ éf{TG B(H) : Tm = mT,Vm € M}.

Recall that every von Neumann algebra M is decomposed by factors of different types. For more
about von Neumann algebras and factors, see [11]. Note also that the free group factors L(F,) are
indeed well-determined factors (e.g., [1] because F, is an i.c.c. group), for all n € NZ1.

By construction, all elements m of L(F,) are expressed by

m= ) tgg witht; €C,
g€k,

in L(F,) (as finite sums or infinite sums under limit), with their adjoint,

m*= Yy tyg*= ) tg7,
g€F, g€F,

1 is the group-inverse of g (as a

where g* is the adjoint of g (as an operator in L(F,)), and g~
group-element of E,;).

The free group factors L(F,) are equipped with their canonical traces tr, on them, defined by

tr ( y tgg> “y, (10.1)
SEFR,

where e, are the group-identities of F,, foralln € Nzl ie,ifm € L(F,),asa (possibly infinite) linear
combination in F,, then tr, (m) is regarded as the process taking the coefficient t,, of m, for the group
identity e, of F,.

Therefore, every free group factor L(F,) is automatically understood as a W*-probability space
(L(E,), tr,), where tr, is the canonical trace (10.1) on L(F;,), for all n € NZ. From below, if we
write L(F,), then it means either the free group factor, or the corresponding W*-probability space

(L(Fy), try).
It is not hard to check that L(F,) forms a unital tracial W*-probability spaces, for all n € NZ1.

Thus, under our settings, one can establish the corresponding L(F,)-free filterization 23 (Fx) (Z) of Q.
Notation Denote the L(F,)-free filterizations QLQ(F”) (Z) simply by £q(n,Z), foralln € NZ1.O
It is well-known that, if # € N2, and if ny, ny € Neo = N U {0}, such that
n = ny + n2 in N,
then
L(E,) "=° L(Ey) * L(Ey,) (10.2)

(e.g., see [1,3]), where = means “being W*-algebra-isomorphic”.
More generally, if n1 +n 4 ... 1 = nin N21, with ny, ..., ny € N, for k € N, then



Mathematics 2017, 5, 74 33 of 37

*-1S0

k
L(E,) = ltl L(F,,,), (10.3)
by the induction on (10.2). For instance, by (10.3),

*-iS0

L(E,) *=° L(Z) % L(Z) % ... % L(Z), (10.3)/

n-times

for alln € NZ1, by regarding Z as the infinite cyclic abelian group (Z, +) (up to group-isomorphisms).
Radulescu showed in [8] that either the statement (10.4) or (10.5) holds true, where

L(E,,) *2° L(E,,), for all n1, 12 € N2, (10.4)
*-iS0
L(F,) # L(F,), whenever ny # ny in N1 (10.5)

Unfortunately, we do not know which one holds yet.
By (10.3) and (9.7), we obtain the following structure theorem of £¢(n,Z), forn € N2L

Corollary 7. Let £ (n,Z) be the L(F,)-free filterization of Q, for n € NZ, and assume that

n=n1+ ..+ ny in Neo, for ny, ..., nx € Neo. (10.6)
Then,
7) "= i L(E '
2o(n2) 2 4 (& (L(Fy) ®c 2o())
(10.7)
*-i50 n
= L(F £0(7) ),
(5 eE) )
where £q(f) are the j-th filtered probability spaces, the free blocks of the free filterization £g(Z) of Q.
Furthermore, one obtains that
gonz) % (5 (L@n®cLa())
1=1 \jEZ
(10.8)

£ p (121 (L(Z)1 ®c 9Q(i))> ,
with

L(Z); = L(Z),foralll =1, ..., n,
foralln € NZL

Proof. The structure theorem (10.7) are immediately obtained by (9.7) with help of (10.2) and (10.3),
under the assumption (10.6). In addition, the structure theorem (10.8) is shown by (9.7) and (10.3)’. O

The above isomorphism theorems (10.7) and (10.8) let us have the following corollary.

Corollary 8. Let n € N3, and let £¢(n, Z) be the L(E,)free filterization of Q.
Ifn =mn1 + ..+ nyasin (10.6) in Ne, then

*-iso k

Lo(n,Z) = x (Lo(n,Z)), (10.9)

where £g(ny, Z) are the L(Fy, )-free filterizations of Q, foralll =1, ..., k.
We have that



Mathematics 2017, 5, 74 34 of 37

*-iso M

Lo(n,z2) = X (£0(1,2)), (10.10)
where £ (1, Z) is the L(Z)-free filterization S(LQ(Z) (Z) of Q.
Proof. By (10.7), one has that

gonz) = % (&, (L) 8c 20()))
= l£1£Q (111, Z)/

under (10.6). Therefore, the statement (10.9) holds.
In addition, the statement (10.10) holds as a special case of (10.9). O

From below, let’s fix n € NZ! and the corresponding L(FE,)-free filterization £¢ (1, Z).
Corollary 9. Let ) = g1 ® U}; '€ £o(n,Z), where gy € F, (and hence, they are generating operators of

L(F,)), and U;, € £q(j1) are semicircular elements in the free filterization £g(Z),and n; € N, forall 1 =1,
... N, for N € N. Let

N
T =1l T; € 2o(n,Z). (10.11)

Assume first that N = 1in N, and hence T = g1 ® Uj';l € L£o(n,Z). Then,

L) (TH) = L) ((ryk) = | “ClmCi &1 =en (10.12)
0 lfgl # €n,
forall k € N, where e, is the group-identity of F, (and, hence, the identity element of L(E,)).
Suppose N > 1in N, and assume that T is in the sense of (10.11) in £qo(n, Z), and the corresponding
N-tuple (j1, ..., jN) is alternating in Z. Then,

N
ZL(F) (T) = ll;Ilw,,lc% ifgr=ey Vl=1,..,N,
otherwise, (10.13)

= L) (T%).

Under the same hypothesis of (10.13), assume further that j1 # jn in Z. Then,

N ko
ZL(F) (Tk) _ lgl (wn,c%) ifgr=en, VI=1,..,N,
0 otherwise, (10.14)

— L(F) ((T*)k) ,
forall k € N.

Proof. LetT=g1 ® LI].';1 € £9(n,Z), for g1 € F,, Uj; € £g(j1). Then, this operator T is contained
in the free block Sé(F") (j1) in the L(F,)-free filterization £ (#n,Z). Thus,

k L(E,) , .
Tk = <g1 ® u].';l) =¢® U].kl"l € SQ( (1),
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in £¢(n,Z), and, hence,
(T*)k — gl_k ® u}inl € £Ié(Fn) (]'1)’

for all k € N, where g7 = (g7 1)¥ in E, (and, hence, it is identical to (g¥)¥ in L(F,)). Therefore, one
can get that

~L(F1) (Tk) = (wknlcknl) try (g{‘)
z
by (8.17) and (8.18)

= <wkn1Ckzl> (sgiclen’
where § is the Kronecker delta

_ wk,,lck% ifgr =eyinF,, (10.15)
0 ifg1 #eqyinE,,
forall k € N.
Similarly, one obtains that
o =1 .

n - F, ,
LB ((Tryk) = { i 8 o (10.16)

0 ifg; #e,inkFE,

forall k € N.

Note that the conditions for (10.15) and (10.16) are obtained by the very construction of free groups.
For example, the generators of free groups have no relations.

Therefore, by (10.15) and (10.16), the statement (10.12) holds true.

Now, let T be in the sense of (10.11), and suppose (ji, ..., jN) is an alternating N-tuple in Z.
Then, this operator T forms a free reduced word in £¢g(n,Z). Thus, by (8.17) and (8.18), one can
get that

N
L(E,) _ L(E,) 1y
) (1) = 1o (g @ Ut

1

N N
= lI=—[1 try (g1) (wnlc%l) = ll;Il 5gl,enwnlc%. (10.17)
Similarly,
TLE) (T*) = Mo Wy Cny - (10.18)
I=1 & +°n 2

Therefore, by (10.17) and (10.18), the statement (10.13) also holds true.

Finally, a given operator T of (10.11) is a free reduced word of the L(FE, )-free filterization £ (n, Z),
as in (10.13). Assume more now that

jl ;é]N in Z.

Then, one can check that the operators T* and (T*)* are free reduced words in £¢(n,Z). It
allows us to have

TL(E) (Tk) = (TL(Fn>(T))k,
and
ZL(En) ((T*)k) _ (TL(Fn)(T*))k’

forallk € N.
Therefore, by (10.13), the statement (10.14) holds true. O
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The above corollary characterizes how to compute free-distributional data. Different from the
above corollary, we also obtain the following free-moment computations from (9.14) and (9.15).
Corollary 10. Let j € Z,and N € N be fixed, and let £q(n,Z) be the given L(F,)-free filterization of Q. Let
Yy =5 LI;” € SQ(TL, Z), withn; €N,

where g; € L(F,), foralll =1, ..., N, and let

N
T= My € Lo(n,L). (10.19)
Then,
TLE) (T) = LB (T*) = &, Wy, (10.20)

with

N N ’
8T = 11;[1‘?’ € Fy,andny =Y ;_;ninN.

Moreover, we have that:
if N =1, then TL(F)(T) = nglenw,,lc%l. (10.21)
if N > 1is odd in N, and if
(g1, . gN) €EFy X + -+ X E, (10.22)
contains either no identity element e,, as its entry, or even-many identity elements as its entries, then T-(F) (T) = 0.
if N is even in N, and if there exists x1, ..., Xy € FE,, such that
(81, &2, - 8N) = <x1, xfl, X2, xz_l, s XN x?) (10.23)
inE, X +++X F,, then
TLE)(T) = Wy Crp = L) (T*),
where nt is in the sense of (10.20). For the fixed even number N,
TLE)(T) = 0 = vL(F) (T%),
otherwise.

Proof. Suppose T is an operator (10.19) in £¢(#n,Z). From the very construction (10.19) of T, one

can realize that this operator T is contained in the free block Slé(P”) (j) of £g(n,Z), for the fixed
integer j, since

N
T = (lﬂlgl) ® U}'T, withny =YN n €N,

. o GL(E)
is contained in ,CQ( ) ().

Therefore by (9.14) and (9.15), one has that

N
LB (T) = WnpCuy try (l[[lgl) .
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Similarly,

N —1
THE(T*) = wapcny tr <<l£llgl> ) '

Therefore, the free-distributional data (10.20) holds.
The statements (10.21), (10.22) and (10.23) are nothing but a re-expression of (10.20). O

The above free-distributional data (10.12), (10.13), (10.14) and (10.20) provide the general ways to

compute free distributions of operators in the L(F,)-free filterization £¢ (1, Z), for n € NZ1.
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