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1. Introduction

The Catalan numbers C; for n > 0 form a sequence of natural numbers that occur in various
counting problems in combinatorial mathematics. The nth Catalan number can be expressed in terms
of the central binomial coefficients (2; ) by:

1 /2n\ _ (2n)!
C"n—l—l(n)n!(n—i-l)!' M

The Catalan numbers C,, were described in the 18th century by Leonhard Euler and are named
after the Belgian mathematician Eugéne Charles Catalan. In 1988, it came to light that the Catalan
numbers C;, had been used in China by the Mongolian mathematician Ming Antu by 1730 [1-9].
In recent years, the Catalan numbers C, has been analytically generalized and studied in [10-26] and
the closely related references therein. For more information on the Catalan numbers C,, please refer to
the monographs [27-30] and the closely related references therein.

2. Integral Representations of the Catalan Numbers

In this section, we recall integral representations of the Catalan numbers C,, and their reciprocals
C% and sketch their proofs as possible as we can.

2.1. Penson—Sixdeniers’ Integral Representations in 2001

In 2001, Penson and Sixdeniers [31] established an integral representation by the Mellin transform.
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Theorem 1 ([31], p. 2, Equation (10)). For n > 0, the Catalan numbers C,, can be represented by an integral:

1 4 [4—x ,
C"_E/o : x"dx. (2)

Proof. We rewrite the proof in [31] as follows. The Mellin transform of a real- or complex-valued

function f(x) is defined ([32], p. 29, Entry 1.14.32) by:

M (f;s) = /Oooxsflf(x)dx.

If f(x) is continuous on (0,00) and .# (f; 0 + it) is integrable on (—co, ), then the inverse Mellin

transform ([32], p. 29, Entry 1.14.35) reads that:

f(x) 1 /UHOO xS (f;s)ds.

- 2711 Jo—ico
Therefore, it is sufficient to compute the inverse Mellin transform:

o ETIrs-3) 1 1
R b T e

————=ds,

)

o-Hioo —545_1F(S B %)
1

where the classical Euler gamma function I'(z) can be defined by:

I'(z) = /Ooo #le7tdt, R(z) >0. 3)

From the property:
be(oh L (s+b)/n x+b
M (xf (ax );s):ﬁa M f — )i
in [33], it follows immediately that:
i X\. _415—1/2 _1 .
///<ﬁf<4>,s>—4 AN flx 5 )8 ) 4)
Applying in Equation (4) the formula:
A[(1-M s = 1B(a D), ® 0
[(1—a")) ’S]_ﬁ a5 (a),s >

in [34] (p. 1102, Section 12.43, Entry 22) and [35] (p. 151, Entry 2.2(1)) toh =1 and a = % yields:

1 x 1/2
== (1-7) 6)
/X 4/,
where:
a—1
a—1 — y i Y > 0;
(y)+ {0, y <0,

the classical beta function B(z, w) can be defined by:

1 oyl I'(z)['(w)
B = tz’ll—tw’ldt:/ dt= 6
Gw) = [ Fa-n T Y T T tw ©
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for R(z), R(w) > 0. Then the desired integral representation of Cy, is proved. [

Theorem 2 ([31], p. 3, Equation (16)). For n > 0, the sequence n!C,, can be represented by:

2n)! ! 1 1
nlC, = (75 _:)1)| :/0 {2 erf<\/2§) + ﬁe’x/‘l -5 x"dx, (7)

where erf(x) denotes the error function defined by:

erf(x) = \/2E /Ox e dt. (8)

Proof. We recite the proof in [31] as follows. This follows from applying the formula:

[ [ J (;) dyy] e

in [32] (p. 29, Entries 1.14.39 and 1.14.40) to h(x) = e * and the function f(x) in (5). O

By similar arguments, Penson and Sixdeniers [31] also derived:

(n!)2C, = @m)t _ /Ooor\g +Ei(—\/§)}x”dx

and an integral representation of the sequence B,,C,,, where B, is the Bell numbers [36-39] and Ei(y) is
the exponential integral function which can be defined by:

. e eft
—X

2.2. Dana-Picard’s Integral Representations in 2005
In 2005, using a recurrence relation and the telescopic process, Dana-Picard [40] obtained integral

representations for the Catalan numbers C,, and their reciprocals C%, respectively.

Theorem 3 ([40], Proposition 2.1 and Equation (9)). Forn > 0, the Catalan numbers C,, and their reciprocals

C% can be represented by:

2
cn:%/ 2/E— 2 dx )
0

and:

1 (2n43)2n+2)(2n+1) /02 24— 22 dx (10)

C, D4n+4

Proof. Now we sketch the proof in [40]. Let:
a
In(a):/ x"Va2z—x2dx, n>0. (11)
0

Then Iy = %az and:
on— 1

ln(a) = a n+2

In72(a)’

Using the telescopic method yields:

2143 22n+ nl(n+1)!
2n+3)2n+2)2n+1) (2n!)

2n+-2 |
Ly(a) = 77(;) n,((jnjl), and  Ipy11(a) =a
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Substituting (1) into the above equations and making use of Equation (11) result in:

1/2 2n+2 1/2 2n+2 .,
Cn = () by(a) = () / x¥1\/a2 — x2 dx
0

m\a m\a
and:
1 1 (2n+3)2n+2)(2n+1)
C, a2 YIRS Lut1(a)
1 2n+3)2n+2)2n+1) (7 5,41
= 243 220+ 1 /0 Va? —x? dx.

Further setting a = 2 leads to Equations (9) and (10) immediately. [

2.3. Dana-Picard’s Integral Representations in 2010 and 2011
In 2010, using separately three different substitutions, Dana-Picard [41] established the following

integral representations for the Catalan numbers C, and their reciprocals C%,

Theorem 4 ([41], Proposition 2.1). For n > 0, the Catalan numbers C,, and their reciprocals C% can be
represented by:

2n+2 1
cnzzn / 2/1— 22 dx (12)
0
and: .
i _ (2n+3)(2n+2)(2n+1) / x2n+1m dx (13)
Cn 22n+1 Jo

Proof. The sketch of the proof in [41] can be written as follows. For n > 0, let:
1
A, = / x"/1—x2 dx.
0
By the substitution x = sinu for u € [0, 5], we can deduce:

Ap=Sn— Sn+2/

where:
/2
S, = / sin” ud u.
0

Considering the well-known fact that:

and using the Expression (1) derive:

o @ _ =
Agp = 2202 pl(p+1)! 22p+2CP

(14)

and:
22p(p!)2 22p+l 1

Al = B p 1) 2p+3)2p+2)2p+1)Cp’

Accordingly, we acquire:

22p+2

22p+2 1
Agp = p= /0 x*P\/1—x2 dx
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and:
1 (2p+3)2p+2)2p+ 1)A
Cir; - 22P+1 2p+1
_(2p+3)2p+2)2p+1) [ opa
2 /0 PHL/1 — %2 d x.

The integral representations (12) and (13) are thus proved. O

Theorem 5 ([41], Proposition 3.1). For n > 0, the Catalan numbers C,, can be represented by:

22142 roo 12
Cn = .
n= /0 (1+u2)n+2du (15)
The outline of the proof in [41]. Using the substitution u?> = 1, — 1 produces:

o0 u2 4
Ay, = ——du.
2 /0 (14 u?)p "

Combining this with Equation (14) yields (15). [

The outline of the proof in [42]. It was stated in [43] that:

L ET()
/0 Slntxdx_Tr(%), t> —1. (16)

See also ([44], p. 16, Equation (2.18)). Then it is not difficult to obtain:

m(2p)! :
1 yn /2 2+ (p1)2’ n=2p;
b, = dx = sin"udu = 2 Pz-
0 V1—x2 0 277 (p!) n=2p+1
2p+1) pr

On the other hand, using three irrational substitutions u? = xl—Z —1,u2=1—x%andu = \/%
to compute I,; produces:

I A (e Ve S LR N U (1—u?)
P= [ (1+2) du= [ (1-1) _2/ A 4 (17)

respectively. By similar argument to the proof of Theorem 4 and by the first formula in Equation (17),
the integral representation (15) is verified once again. O

A new proof the formula (15). In [34], p. 325, the fourth formula reads that:

o) u—1 u/v
/ al dx = L (P) B (1 +n— B V)
0 (P + qxv)n-H Vpn+1 q v

for0 < f <mn+1andp,q#0.Settingp =g =1,y =3,and v = 2 and replacing n by n + 1 find:

% x? 1 _/2n+1 3 T
[ o= 385 3) = et

where we used in the last step the observation:

1 13
— 22n+1 - v
Cy = —2¥+1p (n +5 2) (18)
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in [45] (Remark 6.2, Equation (6.1)). The formula (15) is thus proved. O
Theorem 6 ([41], Proposition 4.1). For n > 0, the Catalan numbers C,, can be represented by:

C, = du. (19)

22n+5 /1 uZ(l _ u2)2n
T 0 (1+u2)2n+3

The outline of the proof in [41]. Taking the substitution u = /1 17y concludes:

1—u
_8/ (1+u?) "+3du'

Combining this for even n with Equation (14), we derive the integral presentation (19) immediately. [J

The outline of the proof in [42]. By same argument as in the proof of Theorem 4 and by the third
formula in Equation (17), the integral representation (19) is verified once again. [

2.4. Dana-Picard—Zeitoun—Qi’s Integral Representations in 2012 and 2016

In 2012, Dana-Picard and Zeitoun [46] deduced an integral representation for the Catalan numbers
Cy, which was corrected and developed by Qi [47] as the following integral representations.

Theorem 7 ([46], Corollary 3.2 and [47], Theorem 3.1). For n > 0and a > 0, the Catalan numbers C, can

be represented by:
1 4" 1 @ 5, la+x
= \/ d
Cn nn+1a2”+1[ax a—x

1 22n+1 1 x
== - d
7T71+1012n/0 Va2 — x2 X

1 22n+1 /2
== sin® xd x
nn+1Jo

C = 12 1 /'” 2l [ L
" aon41a2+2 ), a—x
1 22n+2 1 a 2n+2

T w2n+ 1422 J Va2 — 2

1 p2n+2 /2

s 2142
= — sin' xdx.
n2n+1 Jo

(20)

and:

(21)

Proof. We sketch the proof in [47]. Let a be a positive number. For n > 0, define:

a
In:/ xn“{l—dex'
—a a—X

=3 (1 (5550 ) + e e (3,752 @)

Then:

and:

(23)

1+(-1" 1 14+ (=1)m 1 ]
|

no B(y3)  ntl o BG

The Catalan numbers C,, can be expressed in terms of the beta function B(x,y) b

1 4" 1 1
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Taking n = 2p in Equation (22) and utilizing Equation (24) lead to:

12p+1 +1
_ 2p+lp( L 4P _ 2t P
Jop =a B(z, 5 > a T YT Cy

which is equivalent to:

4" 1 1 4 1 a a+x
S WV S W N (PN
" n+1a2”+1n]2” ant+1a2t ), \a—x 7
The first Formula (20) thus follows.
By similar argument to the deduction of Equation (24), we can discover:

4n+1 1
C, = , n>0
T @n+1)@2n+2)B(Ln+1)

Employing this identity and setting n = 2p + 1 in Equation (23) figures out:

Topi = @042 27 1 _ 2 2 2p+D2p+2)
a 2p+2B(L,p+1) 2p+2 4pH P

which can be rearranged as:

C :Llﬁ] :lLZZPH ax2p+1 de
2 2P 2w 2p +1 2p+1 a2 22p+1 ), Va—x """

The first formula in Equation (21) is thus proved.

The rest integral representations follow from mathematical techniques and changing variable
of integration. [J

2.5. Shi-Liu-Qi’s Integral Representation in 2015

In 2015, by virtue of an integral representation of the gamma function I'(x), Shi, Liu, and Qi [23]
established an integral representation for the Catalan function:

£T(x+1/2)
Cp= X2 0.
T Att2) ¢

Theorem 8 ([23], Theorem 1). For x > 0, the Catalan function Cy can be represented by:

e dt|. (25)

B e3/24x(x+ 1/2)x /oo 1 1 N 1 e—t/2 e
o \et—1 ¢t 2

* VT (x +2)*+3/2 ex o 2 t

Proof. This follows straightforwardly from applying the well-known formula:

InT(z) = m(\/znzZ*l/zeﬂ +/0 (et1—1 — % + ;)e”dt, R(z) >0

in [48], Equation (3.22) to the logarithm of the Catalan function C,. O

2.6. Qi-Shi-Liu’s Integral Representations in 2015

In 2015, by virtue of the Cauchy integral formula in the theory of complex functions, Qi and his

two graduates, Shi and Liu, find an integral representation of the generating function —1 o for the

Catalan numbers C,,. Consequently, they derived an integral representation of the Catalan numbers C,,.
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Theorem 9 ([49], Theorem 1.4). The Catalan numbers C,, for n > 0 can be represented by:

V. 2 [ £
Cn——/o STl 7/0 GRSyl (26)

Tl (t+1/9 25 T wy (@+1/ap2tT
Proof. The Catalan numbers C,, can be generated by:

2 1-v1-4 >
= X = Z Cnxn. (27)
1++v1—4x 2x =0

By virtue of the Cauchy integral formula in the theory of complex functions, we discover:

e,
1+v1—4x 2mJo (t+1/4)(t—x+1/4)
for x € (—oo, }1] Therefore, it follows that:
co_tp d 2
T alxsoda" 1+ 4/1— 4x
n
11, d Vi y

- %EQEEW/O (t+1/4)(t—x+1/4)

_lm
= VA

Further using the substitution v/t = s yields the second integral representation in Equation (26).
The theorem is thus proved. [

2.7. Qi’s Integral Representations in 2017

In 2016, the first author discussed integral representations of the Catalan numbers C,; once again.
These results were formally published in 2017 and can be stated as the following theorem.

Theorem 10 ([45], Theorem 3.1 and Remark 6.6). The Catalan numbers C,, for n > 0 can be represented by:

2 2 x2n 2n+l 1 [1_¢
_ = — t"d¢t. 2
= A T e bV )
Proof. Using the substitution x = asins for s € [0,%] and employing Equation (16) for
t =n > 0 reveal:

r(e+1

Lo(a) = amM (29)
4T (5 +2)

for a > 0 and n > 0. Differentiating with respect to 2 on both sides of Equation (11) gives:

I,Q(a):a/oux/a;iixzdx. (30)

On the other hand, differentiating with respect to a4 on both sides of Equation (29) results in:

I(a) = g(n + Z)a”“ll:(i)).

N [NI=

(31)

—
NS (NI
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Combining Equation (30) with (31) and simplifying lead to:

a A r(ﬂ + l)
— dx=ma" 22 32
h T = )
fora > 0and n > 0. The first representation in Equation (28) follows from combining;:
4T(n+ 1
Cp = M, n>0 (33)
Vrl(n+2)

in [28] (p. 112, Equation (5.5)) with Equation (32).
The second integral representation in Equation (28) follows immediately from combining
Equations (6) and (18). The desired proof is complete. [

2.8. Qi-Akkurt=Yildirim’s Integral Representation
In [11] (Theorem 1.1), an integral representation:

l+2n(1-k) 2 ,(@2n+1)k-1

= d
Cn 1) Jo ok —ak

(34)

for k > 0 and n € N was established.

3. Catalan—Qi’s Function and its Integral Representations

In 2015, Qi and his coauthors generalized in [50] (Remark 1) and its formally published version [21]
(Equation (9)) the Catalan numbers C, as the so-called Catalan—Qi function:

T(b) (b\°T(z+a)
) — b > 0.
Clob2) = 1 <a> fern MR >0, R 20 (35)
It is clear that: .
When taking x = n € {0} UN, we call the quantities C(a, b; n) the Catalan—Qi numbers. It is easy
to see that: i
1, N\ o (b\ (a)
C(2,2,n> =C, and C(ab;n)= (a) OF (37)
for all n > 0, where:
n_l x(x+1)---(x+n—-1), n>1
=0 1, n=20

is called the rising factorial or the Pochhammer symbol.
It is well known [42,43,46,51,52] that the Wallis ratio is defined by:

W — (2n—1)!! _ (2n)! _ il"(n—i—l/z) neN
" (2n)!! 202 /m T(n+1) 7 '
Hence, it is easy to see that:
47[
C, = n+1W”'

The Wallis ratio, or say, the ratio of two gamma functions, has been studied and applied by many
mathematicians, see [44,51-57], for example, and plenty of literature therein.
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Now we are in a position to recall and to alternatively prove three integral representations of the
Catalan—Qi function C(a, b; x) as follows.

Theorem 11 ([17], Equation (10)). For b > a > 0and x > 0, the Catalan—Qi function C(a,b; x) has the
integral representation:

C(a,b;x) = B x/oo(l —e_”)b_u_le_(”“)”du. (38)
" B(a,b—a) 0

a
Proof. This follows from combination of the definition (35) and the integral formula:

I'(z+a) 1 o bl o
- - >
I'(z+0) F(b—a)/o (1—e™) e du, b>a>0

in [48] (p. 67) for the ratio of two gamma functions I'(z+a) and I'(z+b). O

Theorem 12 ([17], Theorem 4). For b > a > 0and x > 0, the Catalan—Qi function C(a,b; x) has integral

representations:
b—1 b—a—1
a 1 b/a b x4a—1

a a 1 0o tb*ﬂfl
Cla,byx) = <b> B(a,b—a) /0 (t+a/b)xtb dt (40)

An alternative proof. Making use of the last formula in Equation (6) and the definition (35), we can
rewritten the Catalan—Qi function C(a, b; x) as:

and:

. (b\"B(bx+a)
)= (i) Seres
d:
" Cla b ) — b\ B(x+a,b—a) 41
(El, ,X)— (11) B(a,b—a) . ( )

Applying Equation (6) into the factor B(x +a,b —a) = B(b — a,x + a) in Equation (41) leads to:

Cla,b;x) = b xlflt”“(l—t)b“dt
" a) B(a,b—a) Jo

() sk "G GG
_ (g) b1 B(a’; - /(;b/a <I; - S) b—a—lsx+u-1 .

and:

b x 1 .00 tb—u—l
C(ﬂ, b,x) = (a) B(a,b _ a) /0 (1 +t)x+b dt
B b X 1 00 (bs/a)bia*l b
=(2) swe=a b o)
a a 1 oo Sbfafl
= (b) B(u,b—a)/o G+ a/bys O

respectively. The proof of Theorem 12 is thus complete. O
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4. Discussing Various Integral Representations

In this section, we will discuss various integral representations recalled and proved above.

4.1. Discussing Equation (2)

Applying the substitution x = 4t in Equation (2), rearranging, and employing the first definition
in Equation (6) yield:

1 (1 [4—4t o2+l 1 o+l /3 1
= == 4 d4t) = / 1-)V2 129 =2 B(Z,n+=).
Cn 271/0 Vg @) =—— (-1 = ol Ty

On the other hand, letting a = %, b =2,and x = n > 0 in Equation (41) and considering the first
relation in Equation (37) give:

n
_ —*—7 - —7B ) 2 .

As a result, the integral representation (2) is a special case of the integral representation (39).
This can also be verified simpler by taking a = , b =2, and x = n > 0 in Equation (39).

4.2. Discussing Equation (7)
By Equation (33) and I'(n + 1) = n!, we obtain:

Combining this with Equation (7) and simplifying give:

(e ) = vaoen [Then(E) ¢ o2 (1) ar

=2+ [ [erf(\/f) M

—— —1|t"dt
7

Hence, we guess that:

I’<x+§> :2\/E(x+1)/0°o{erf(\/i)+—1]txdt, x> —=

which is equivalent to:

T(x) = V7T (2x + 1) /Ooo {erf(\/f) +

Actually, this can be derived from:

00 e—t 1 00
— V2= —/ et ldr = , x>0,
/0 Vot VTt Jo NG



Mathematics 2017, 5, 40 12 of 31

by the definition (3), and:

/w[erf(\/f) —l]txfl/zdt— / [erf( ) —1}%tx+l/zdt

0 x+1/2
— 1V ptl/2 4 — x+1/2
= x+1/2/ lerf(VE) — 1]t dt x+1/2/ f\[t dt
2 © (x+1) 1
=—— Pdt=———~, -,
ﬁ(Zx—i—l)/o ¢ N T .

by integration by part and the definition (8). In a word, we proved the integral
representation (7) alternatively.

4.3. Discussing Theorems 3 and 4

By the substitution x = 2¢, the integral representations (9) and (10) reduce to Equations (12)
and (13). This can also be showed by letting 2 = 1 in Equations (9) and (10). Consequently, the integral
representations (9) and (10) are respectively equivalent to Equations (12) and (13).

By the substitution x = v/t in Equation (12) and by the first definition in Equation (6), we obtain:

22n+2 1 1 22n+ 22n+1 13
Cn= /t”\/l—t— / PV —tdt = <n+,).
T Jo 2Vt 2'2

Accordingly, the integral representation (12) is a special case of the integral representation (39)
and is equivalent to Equation (2).

Similarly, by the substitution x = V't in Equation (13) and by the first definition in Equation (6),
we acquire:

1 @n+3)@n+2)2n+1) /Um/ﬁdt: (2n+3)(2"+2><2”+1)B<n+1,3>. (42)
0

a - 22142 22n+2

This implies that the integral representations (10) and (13) for reciprocals of the Catalan numbers
Cy, can be alternatively verified by using Equations (33) and (6) in sequence as follows:

1 Yal(n+2) Vam+1)(n+3)(n+3)T(n+1)I(3)

G #T(n+1) #T(3)T(n+3)
en+3)2n+2)(2n+1) 3
= 2212 B ”+1'§

_ (2n+3)(2n+2)(2n+1) /1t”\/mdt
0

22n+2

:(2n+3)(2n—|—2)(2n+1 / 2”+1\/7dx

22n+1

_ (2n+3)2n+2)2n+1) / 212 dy
0

24n+4
_ (2n+3)@2n+2)2n+1) 1 il S5
= CYTES a2n+3/0 Ve —x2 dx

@n+3)2n+2)2n+1) 1 a
= 22142 21372 /0 t'va—tdt

fora >0and n > 0.
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4.4. Discussing Equation (15)

Using the substitution u = v/ in Equation (15) and considering the second expression (6) produce:

22n+2/ 1/[2 du 227’l+2/ ¢ 1 4
T 0 (1+u2)n+2 T Jo (1+t)”+2 2\/;

22n+1 t1/2 22n+1 3 1
= dt= Bl =, - | =C,
us /0 (14 t)n+2 s (2 n+2) "

Hence, the integral representation (15) is proved once again.
4.5. Discussing Equation (19)

Letting t = %;Zi in the integral of Equation (19) gives:

/1u2(1—u2)2”du 1t (14t 3t2” NS
0 (T+u2)2 377 Jo 14+t\ 2 (1+t)2V1-t
1 1
:%/ tZ”\/l—tzdtzll—E)/ 121 =5 ds
0 0

1 3 1 1 T
16B(2 + 2) = 16 22n+1 Cn = 22n+5C”‘

The integral representation (19) is thus proved again.

4.6. Discussing Equation (25)

Currently we do not find any application of the integral representation (25) and do not derive any
property of the Catalan numbers C, from the integral representation (25).

4.7. Discussing Equation (26)

By the substitution t = % in the first integral of Equation (26) and comparing with the second
integral in Equation (6) gives:

/0 (t +1/4 md 4/ u/4+1/4 (u/4+1/4)m+2

__n2n+1 \/1’7 _ n2n+1 3 1 —
—2 /Omdu_z B(Z,n+2 — Co.

Thus, the integral representations in Equation (26) are proved alternatively.
When changing the variable of integration by t = 7 in the last representation in Equation (26),
we can recover the integral representation (15).

4.8. Discussing Equation (28)

The first integral in Equation (28) can be computed as:

2 2 2\[271 \[ o (1" 1
/Om /\/sz =2 /Oﬁﬁdt

11
:227171/ tnfl/Z(l_t)fl/ZdtZZanlB nt -, =
0 2'2
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Then from Equation (24) it follows that:

2y n+1
———dx=2""1g
/0 V4 — x2 4"

which can be rewritten as Equation (28).

Cn

4.9. Discussing Equation (34)
The first integral representation (28) is a special case of the one Equation (34). Actually,

the paper [11] was motivated by the article [45].

4.10. Discussing Equation (38)

By the substitution e™ = t in Equation (38) and by the first integral in Equation (6), we can see

that the expressions (38) and (41) are equivalent to each other.

4.11. Discussing Equations (39) and (40)

Whena = %, b =2,and x = n > 0, the integral representations (39) and (40) reduce to Equations (2)
and (26) respectively.
Letting a = %, b =2, and x = n > 0in Equation (41) results in the expression (18).

4.12. The Beta Function and Reciprocals of the Catalan Numbers

By Equation (33), the identity I'(}) = /7, and the recurrence relation T'(x + 1) = xT'(x), it is easy
to see that:

—,n+1

5 (43)

1 Jarm+2)  (n+3)n+)I(G)In+1) (2n+1)(n+1)B(1 )
Cy N 4”I“(n+%) 4n r(n_l’_%) - 22n+1

which is different from the one in Equation (42). Indeed, the Catalan numbers C,, and their reciprocals
Cin can also be represented in terms of the beta functions B(n + ¢ — %, m—+ %) and B(n+¢,m+ %) for
£, m € Nrespectively.

5. Applications of Integral Representations

Most of the above integral representations can be applied to discover properties of the Catalan
numbers C,;. Now we recall some known applications of several integral representations of the Catalan
numbers C,,.

5.1. An Application of Equation (2)

The integral representation (2) was applied in the proof of [22] (Theorem 5.1) to discover
the identity:
LG~1)/2] i— -1 j(2i—j—1
—nf(’ e =277 [ >i>1
;) ( )( , >Czél i( i1 ) iziz

This identity generalizes:

obtained in [58] (p. 2187, Theorem 2, Equation (15b)).

5.2. An Application of Equation (19)

The representation (19) was applied in [59] (p. 10) to compute several infinite series whose general
terms involve binomial coefficients.
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5.3. Applications of Equation (26)

Recall from [60] (pp. 372-373) and [61] (p. 108, Definition 4) that a sequence {}, }o<n<co is said to
be completely monotonic if its elements are non-negative and its successive differences are alternatively
non-negative, that is:

(~1) A, > 0

for n,k > 0, where:

k
AkVn = Z (=" (1];) Hntk—m-
m=0
Recall from [61] (p. 163, Definition 14a) that a completely monotonic sequence {a, },>( is minimal
if it ceases to be completely monotonic when ag is decreased.
Let A = (A, Ap,..., Ap) € R"and p = (p, a, ..., 1) € R™. A sequence A is said to be majorized
by p (in symbols A =< p) if:

k k n

n
Z/\V]SZW], k=12...,n—1 and ZM:ZM
=t =1 = =1

where Ay > Ay > -+ > Ay and ppyy > ppg) = - -+ > pipy) are respectively the components of A and y in
decreasing order. A sequence A is said to be strictly majorized by u (in symbols A < p) if A is not a
permutation of y. For example:

1 1 1 1 1 1
<n,...,n){(rl_l,...,n_l,o)‘<(n_2,...,n_2,0,0><"'
—_—— —_—— —— —_———

n n—1 n—2

111 11
-, =,=,0... =,=,0,... 1,0,...,0).
< <3r313101 ,0) < (2/2/0/ /0> -<( /0/ /0)

For more information on the theory of majorization and its applications, please refer to
monographs [62,63] and the closely related references therein.

Applying the integral representation (26), we can obtain properties and inequalities of the Catalan
numbers C,,. Some of them can be recited as follows.

Theorem 13 ([49], Theorem 1.4). The sequence {% is completely monotonic and minimal.

}nZO

Theorem 14 ([49], Theorem 1.4). If m > 1and ag,ay, ..., a be non-negative integers, then:

Cui+u/
a;+a;
455

v

-1
Cag " CE%”:o“k > Im—[ Cap+ay and
a0 ) e~ L gera

where |ey;|m denotes a determinant of order m with elements e;.

Theorem 15 ([49], Theorem 1.5). Let m € N and let n and ay for 1 < k < m be non-negative integers.
Then the Catalan numbers C,, satisfy:

’(*1)ai+ﬂjcn+a,+aj\m20 and ‘CnJra,-Jra]-‘ >0,

m

where:
C,=10Cy, €2>0. (44)
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Theorem 16 ([49], Theorem 1.6). Let m € Nand let A and y be two m-tuples of non-negative integers such
that A < . Then:

<

7

m
H CVH-/\i
i=1

m
H Cortpy
i=1

where Cy is defined by (44). Consequently,

1. the infinite sequence {Cy },>0 is logarithmically convex,

2. the inequality Cj,, < C;fﬂcg*k is valid for £ > 0 and n > k > 0.

Theorem 17 ([49], Theorem 1.7). If ¢ >0, n >k >m, k > n—k, and m > n —m, then:

CorkCronrk o (L+m)!(l+n—m)!
C€+mC€+n—m N (E + k)!(é +n— k)! ‘

Forn,m € Nand ¢ > 0, let:

Gnmt = Cotnyom (Co)* = CornsmCormCe — CornCoyamCo + Con(Coim)?,
Hiume = Coyniom (CZ)Z = 2C 14 nmCoamCr + Crayy (CHm)zr
In,m,f = C€+n+2m (Cﬁ)z - ZC€+nCZ+2mC€ + Cé+n (CEer)Zr

where Cy is defined by Equation (44). Then:

gn,m,f >0, Hn,m,é >0,

<
Hn,m,é ; gn,m,[ When m § n,

and:
Tume = Gume >0 whenn > m.

5.4. Applications of Equation (39)

Recall from [60] (Chapter XIII), [64] (Chapter 1) and [61] (Chapter IV) that an infinitely
differentiable function f is said to be completely monotonic on an interval [ if it satisfies
0 < (1) f®(x) < coon I forall k > 0. Tt is known [61] (p. 161, Theorem 12b) that a function
f is completely monotonic on (0, %) if and only if it is a Laplace transform f(t) = [;° e " d j(s) of a
positive measure p defined on [0, o0) such that the above integral converges on (0, ).

By virtue of the integral representation (39), we obtain asymptotic expansions and complete
monotonicity related to the Catalan—Qi function.

Theorem 18 ([17], Theorem 4.2). For b > a > 0, we have:

k=0
where:
_”_1 o x(x=1)---(x—n+1), n>1
<x>n—g(x k)_{l, 0

is the falling factorial. Consequently, the function:

X N B 3
<—1>Lb‘“[(§) ) - gy LV
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for N € {0} UNand b > a > 0 is completely monotonic in x € [0, o), where | x| denotes the floor function
whose value is the largest integer less than or equal to x.

For more information and details on applications of the integral representations (26) and (39),
please refer to [12-22] and the closely related references therein.

6. Power Series whose Coefficients Involve Catalan Numbers

In this section, we recall some results on sums of power series whose coefficients involve the
Catalan numbers C,; or the Catalan—Qi numbers C A b;n).

6.1. Koshy—Gao’s Result

In 2012, Koshy and Gao [65] proved the following theorem.

Theorem 19 ([65]). For |x| < 4, we have:

x(4—x)3/% 4+ 6x(4 — x)V/2 + 24./x arcsin vx

2 .
iﬁ_ 1+ G—x)p2 0<x<4 s
= Cn x| (4 — x)3/2 + 6:/]x[( 4fx +24/[x] In Y=V
1-— , —4<x<0.
Proof. We reformulate the proof by Koshy and Gao in [65] as follows. Denote:
o0 xn
=) —. (46)
5C
Then:
_ i Ll
n=1 n=0 C'rl—l—l .
Since ”C+ 2 gﬁ, by the recurrence relation, this yields:
Z 4n + 2x”,
im0 Cn n=0 Cnt1
2 on ot - 2 4(n+1) o 2 x"
— il 2T 9 ,
; Cn ; Cn n;O Cn+l n;() Cn+1
xf'(x) +2f (x) = 4f'(x) = —[f(x) = 1],
and:
x(x—4)f'(x) +2(x + f(x) = 2. @)
For x # 0, set g(x) = |:% |3/2. Then 5;((;)) = (4 5+ This implies that:
[x(x — )g(x)]' = 2(x + 1)g(x). (49)

Multiplying Equation (47) by g(x), we obtain:

x(x —4)f'(x)g(x) +2(x + 1) f(x)g(x) = 2g(x).

Using Equation (48), this can be rewritten as:

[x(x = 4)f(x)g(x)]" = 28(x).
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Using Equation (48) again gives:

{x(x — () - 1g@)}’ = [x(x — HF g0 — [x(x ~ Hg(x)]
— 29(x) — 2(x + 1)g(x) = —2xg(x).

Consequently:

B B 2f xg(x)dx —a
x(x—4)[f(x) - Ug(x) = ~2 [ xg(x)dx+ar and f(x) =1+ Ya - Vg0

where a4 is a constant.
For 0 < x < 4, we have:

xg(x)dx = .x d-x 3/zdx: (=x)"" x)*2 dx =2 3/2 (x:uz)
/ (5 | a2 [

:%u(él— )3/2+3u(4 )1 2+12arcsing—|—oc2

1
= E\/§(4 —x)32 43 /x(4—x)V2 + 12arcsin§ + a,
where a5 is also a constant. Therefore, we have:
Vx (4 —x)32 +6y/x(4— )1/2+24arcsm‘f + 205 — g
X(4: )(4 x)3/2

x(4 —x)%/2 + 6x(4 — x)V/2 4 24/x arcsin f + tx\f
(4 — x)5/2

flx)=1+

where « = 2a; — a1. Since f(0) = 1 = f/(0), we have a = 0. Thus, the desired result for 0 < x < 4
is proved.
For —4 < x < 0, by similar argument to the above, we acquire:

/xg(x)dx = %\/M(4—x)3/2+3\/|x|(4—x) +121n(\/m +/14—x|) +a3

Jx[(4 = x)%/2 4+ 6/[x[(4 — x) +24/[x] In V2

(4 —x)>5/2
From f(0) =1 = f’(0), we can determine C4 = 2. The desired result is thus proved. O

and:

fla)=1-

6.2. Beckwith—Harbor—Abel's Result

In 2014, Beckwith and Harbor [66] proposed a problem: show that:
00 zn s n
2—254—%7( and 23—:22—1—8\/571.
n=0 Cu 2 n=0 Cr
In 2016, Abel [67] answered this problem by proving a general result below.

Theorem 20 ([66,67]). For 0 < x < 4, we have:

X" x(x —10) 24\/x x
g t .
L, R VS L A

(49)
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Proof. We slightly modify the proof in [67] as follows. Using the beta integral:
1 min!
M1-ptdt= ——
/0 ( ) (m+n+1)!
gives:

(n—1)n!
n+1)7(2n)!

(o) xn [e9)
B R
n=0 n=1
00 1
=1+ Zn(n—i—l)x”/ 1 — )" dt
n=1 0

1 o
:1+/ Yo n(n+1)x"" (1 —t)"dt
J0 =

for |x| < 4. Further using:

produces:
o= X" 1 1—t

Zc—n:l+2x/0 —[1—xt(1—t)]3dt'

Direct calculation of the integral yields the result (49). O

6.3. Lehmer’s Result

The editorial comment in [67] listed the formulas:

ii 47 i(—l)ﬂ_g_ﬂﬁmuﬁ
= Cy o3 = C, 25 125 2
> (-2)" 1 1 > (=3)" 10 36 5+ /21
- ——In(2+V3), =— — n .
; C. 3 33 ( ) ,1;0 Cn 49 49421 2
The editorial comment in [67] also pointed out that the result (45) had existed in [65], that the sum:
o 1 V4 — x (8 + x) + 124/x arctan \/\4{;
Lo =2 - - (50)
n=0 " (4 - x)

can be found on the website http://planetmath.org/, and that the problem by Beckwith and

Harbor [66] can be solved easily from:

© 3 473 = 3" _ 207mv/3
A EIS Z” UAERT

2 " 7T °°n2”
S am=5rr Lhm=nrs L 5-
a2 n=1 P NG 3 3

which are special cases of the general formula in [68] (p. 452, Theorem) below.

Theorem 21 ([68], p. 452, Theorem). For |x| < 1, we have:

2xarcsinx i (2x)%™ 51)

Vl_xz m=1 m(znr;z)


http://planetmath.org/
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Proof. Making use of the familiar Gregory series:

(_1)m71t2m

o0
tarctant =
2 2m —1
m=1

and setting t = ﬁ yields arctan f = arcsin x and:

X ) _ =) (_1)m71x2m B 0 (_1)11171 =) A —m o
——— arcsinx = Zl G~ 1 = ) —mZ:: 2171—12(_1)]< . )xZ(H )

1—x 1 =0 ]
i oY () PTG S e
. X ]er) = x27 .
Z:: ]X(;)< j r; mZ::1 (m—1D)!(r—m)!(2m —1)
Using Wallis” integral:
w2 2:4-6---(2r—2)
2r—1 _

/0 (sn6)™d0 = =55

results in:

(R ()= O LR (L )a
_ r(z:) /01(1 —y)dy = r<2:> I ZsinZ”l 0o =221,

The sum (51) is thus proved. O

From Equation (51), Lehmer [68] also derived:

© 0 2m o . 2
2(arcsin x)? Z (2x Z (Zx)zm :4/ Mdy
m=1 m2 ) m=1 m3( m) 0 Y

and gave a recursive formula for:
i mk—2 (Zx)Zm
m=1 (er1 )
Lehmer [68] (p. 454) pointed out that there are no known sum for interesting series of the form

Zml )fork>5

6.4. Beckwith—Harbor-Amdeberhan—Guan—[iu—Moll-Vignat's Results

In 2016, motivated by the above-mentioned problem posed by Beckwith and Harbor [66],
Amdeberhan and his four coauthors [69] also proposed a general problem: find a closed-form formula
for the series in Equation (46). They obtained the sum:

© g C2z48) Mz Az
L —n(12pg) - @—zp g ey < 2

by several methods, where > F; is the classical hypergeometric function which is a special case of the
generalized hypergeometric series:

X (ay)n... nz"
pFy(ar, ... ap;by,... byz) = ZWi (53)
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defined for complex numbers 4; € Cand b; € C\ {0, —1,—-2,... }, for positive integers p,q € N, and
in terms of the rising factorial:

(= TT(x+6) = {x<x+1>---<x+n—1>, n>1;
70 1, n=020.

We observe that the Formulas (49) and (50) are the same one, that the sums (45) and (52) are the

same one, and that, since:
x . Vx
arctan y/ —— = arcsin ——
4—x 2

for 0 < x < 4, the four sums (49) to (52) are essentially the same one.

7. Sums of Some New Series

By applying some of the above-mentioned integral representations of the Catalan numbers Cy,,
we now construct some new finite and infinite power series.

7.1. Sums of Two Finite and Infinite Series

Making use of the integral representations (12) and (13), (15) and (19), (20) and (21), we can find
the following finite and infinite power series involving the Catalan numbers C,.

Theorem 22. For k > 0, we have the finite sums:

k
Co 2[,(11 1, .3
Y= 2 2(z2) B4+ 3)]

nio (n+1)(2n2—2|-nl)(2n—0—3)cln N % {BG;) ‘BG'” ;)}

Consequently, we have the infinite series:

pog:

and:

=1.

En _ 2 and i 2 S
n = (n+1)(2n+1)(2n+3) Cy

Proof. Dividing the integral representations (12) and (13) and summing up over 0 < n < k give:

S 1—ax2

kK C 1 r1[ Kk 1 17 — x2(k+1)
222,:;2:77/0(W)F—xzdxm/ TR e

7/ 2k+2 oy )71/2dx _ % /1(t71/2 _ tk+1/2)(1 _ t)*l/zdt
0

17./11 31 1 /11\ 1
— —|B(%,= k2, —B(2,2)==
2n{ (2’2> (+2 2)]_)27r <2’2) 2
and:
22n+1

k 1 ! £ 2n+1 ﬁd
Z(2n+3 2n+2)2n+1)Cy /0 2 x2dx

n=0

2k+2
:/196(1_") 1—x2dx—1/ — ) (1 - 11244
0 2

1— x2?

Ao
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ask — 0.
Similarly, from Equations (15) and (19), it follows that:

k
1 o[ 1 1
- - - d
;22’1*2 / nZ%) 1—i-u2 2 d 7'(/0 [1+u2 (1+u2)k+2] !
1 1 o 712 1 1 /1 3 1
—-—— | ————dt=-——B(s,k+>) ==
2 27r/o A+0F2 ' "2 21 (2 +2>%2
and:
2k+2
= G 71/1 2 k1w f7/ -G
=225 o (1+u2)3 =\ 1+ u? 1+u2 G;ug)z

_l/ll—t 1T4+£\°1— 242 /1+tdt_ Lot

oo 14+t\ 2 1—#2 (1+t)2V1—t N
11— 1 1 [

- —d :7/ 1_¢)-1/24-1/24 7/ k17201 _ g)-1/24
1671/0 = 5 s 167r[0( s)"/%s 5= (1—5) s

1 11 1 3 1
= 1671[B(2’2> _B<2’k+2>] ~ 16

as k — co. The proof of Theorem 22 is complete. [

7.2. Sums of Three Finite Series

Applying the last integral expressions in Equations (20) and (21), we can obtain sums of three
new finite series.

Theorem 23. For k > 0, we have:
k k
n+1 2n+1 1
2 —Cy=—, E ——Cp=2|—— -1,
=2 T B(L k1) =y 2 T {B(%,kjtz) }

and: )
22n 1 1
=~ —(k+1B(Zk+1)-1.
; G, - kD (2’ + )

When k — oo, these three series diverge.

Proof. Applying the last expressions in Equations (20) and (21) yields:

k 2U+2
1 /2 /21 — +
2”2% " —/ Zsm xdx——/ sin Y dx

n=0  cos?x
B E\/Er(k-i-j) _ 2 .
o Tk+1)  B(Lk+1)

and:

k k
M1 4 2 4 2
Y %Cn = —/ ) sin?" 2 xdx = —/ tan? x (1 — sin2k+2 x)dx
n=0 2 7T Jo n=0 7T Jo

R

T(k+2) 2

VAT(k+2) 2 )‘1] o

1
B(Lk+2

as k — oo.
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From Equation (43), it follows that:

1 —B<1 n+1> —/1(1—t)’1/2t”dt
2n+1)(n+1)Cy, \2’ —Jo '

Summing up over n from 0 to k leads to:

k 2n+1 1 k 1 k+1
2 1 1-—t
—_—— = 1-— _1/2 t”dt—/ 1-— t‘lmidt

= @2n+1)(n+1)Cy 0
_/ 321 -4 t—2/ — N[ -n712] at
:—2+2(k+1)/ tk(l—t)1/2dt:2[(k+1)B<2,k+1> —1] — 00
0

as k — co. The proof of Theorem 23 is complete. [

7.3. Sums of Three Infinite Power Series

Now we use Equation (52) to derive sums of three infinite power series involving the reciprocal
of the Catalan numbers C,,.

Theorem 24. The reciprocals CL,, of the Catalan numbers C,, satisfy:

=) ik o N 4 4ﬁ ﬁ
- - + arcsin Y=, |z| < 4, (54)
n;o (n+1)Cy ,EO (3 4—z (4-2)32 >
3 Z 2 8 . z
1/122()(271+1)Cn o 4_Z+ \/2(4_2)3/2 aI'CSInT, |Z‘ <4/ (55)

and: . Y
z" 4 Z
= arcsin —, |z| < 4.
,;) (2n+1)(n+1)Cy z(4—z) 2 g

Proof. Integrating on both sides of Equation (52) from 0 to ¢t with |¢| < 4 yields:

=] t"+l t 24\[ \/2
in-—d
nX::o 1+ 1)C, /0 /4_2 +/ 5/2arcsm > z
6t arcsin Y- 24V/4sin’ s . V4sin?s
= —+21n( —t) — 4ln2+/ —S/ZSSlnscossarcsmids
4- (4 —4sin?s) 2
n Yt .2
6 arcsin
= % om@ —t)—41n2—|—12/ P S ds
4—t COs* s
6t arcsm\ﬂ /
4f—i-Zln( —t)— 4ln2+4/ s(tan’s) ds
v
t t arcsin
= 4%+21n( —t) — 4ln2—|—4arcsm§tan arC51nf—4/ " tan®sds
6t 4t3/2 ) \/E ~arcs1n§ 5
:r+21n( )74ln2+marcsln774./o (tanssec S*tans)ds
6t 44372 Y 4t 1
4f—i-Zln( )—4ln2+(4_t)3/2arcs1n2—8_2t+4{ln2—21n(4—t)

_ 4 + 4872 arcsin—t
44—t (4—1)3/2 2
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The Equality (54) is thus proved.
The Formula (52) can be rewritten as:

i 2" 2(22+8) 24z
= Ci (4—29)  (4—z2)52

arcsin g, |z| < 2.

Integrating on both sides of the above equality gives:

%) 2n+1 ) 2 24
Z ! —/ {((Z +8) + z arcsin — }dz
0

= (2n4+1)Cy 4—22)2  (4—z2)5/2
3t 1, 2+t aresin(t/2) gin y
T4 41 27+3/o cos4uudu
3i’ 1 24t 8 ot arcsin(t/2) 1
74—t2+‘11 5 —|—(4_t2)3/2arcsm§—/0 o
= 3t 11 2+t+ 8 arcsini—;—llnﬁ
4—2 42—t (4—2)32 2 4-12 42—t
2t 8 .
=17 + TEAEE aresin 5

which can be rewritten as Equation (55).

Since o +1§ T = 2n2+1 - +1’ by Equations (54) and (55), we have:

oo xn o) n xn
E_O(ZHH)(HH ; 2n+lC - (n+1)Cy
[e9) zxn [e9) x 4 ] \/E
= T LA = arcsin —.
n;o (2n+1)Cy Z L (n+1)Cr  \/2(4—2)

The proof of Theorem 24 is complete. [

7.4. A New Proof for the Sum of a Power Series

Now we supply a new proof for the following conclusion in [69] (pp. 115-116, Section 6).

Theorem 25 ([69], Section 6). For x > 0, we have:

ié x+\/8E(x+6)\/§e’f/4erf<\é§>.

:‘R
..M)—\

Proof. In [21] (Theorem 1.5), it was obtained that:

[e¢] n
Z C(a,b,'n)% =15 (a;b,' Zx).

n=0

Lettinga =2and b = % in Equation (56) gives:

Since:

24 of 31

(56)
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see [34] (p. 889, 8.253) or [32] (p. 162, 7.6.2), it is straightforward to verify that:

1F1<2'1'x) :1+1x+ﬁ(x+6)f "/4erf<\£§>.

"274 4 8

The proof of Theorem 25 is thus complete. [

7.5. More Sums of Series Involving Catalan or Catalan—Qi Numbers

Except [21] (Theorem 1.5), some series such as:

zFl(a1b> ECabn , a,b>0; (57)
© a\" a
and: )
ad x" o 1 b 2
; abnrz)!_1F2<a’2’b’4ax ), a,b>0 (59)

were also established in the papers [13] (Theorem 1) and [17] (Theorem 10).
In [24], among other things, it was obtained that:

> (n+1)@m)'C, 7
; "2n+1)2(2n + 1)1 ¢

and:
o0 n — —
24— ) (\/ x ++4 x>+(42x 1 xe(-40,

LG, c n
t Cu 4—x)5/2 2

where {(z) denotes the Riemanian zeta function:

ikl R(s) > 1.

8. An Alternative Proof of the Formula (51)
Substituting Equation (1) into the left-hand side of Equation (51) and making use of the identities

in (36) and (37) give:
R I 2 R S T 2 I (2x)*"

S (2% 1.\ & (@) (\"(2)m
=L ¢ 2’2”’") =L m(m+1) (4) ).,

m=1 m(m+1) =1 5
_ v @D 2 i 2w (A"
i (3), m(m+1) = (4) m(m+1)
) 2\m 0 2\ m+1
S E O 1R O ) Ly
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Differentiation and utilization of Equation (53) reveal:

and:

This implies that:
(21 ()] = Hy(t) = oF (1,2; ;;t) 1.

Combining this with the right equality in Equation (52) leads to:

2(4t +8) 24/4t V4t t+2 3Vt _

21,/ !

1= = :
(1 ()] + @—an2 T @_apn arcsin — 20— 1) + 211572 arcsin v/t

Integrating with respect to t over [0, x| for 0 < x < 1 yields:

X[ t42 3Vt :
20 _
x°h (x)—l—x—/o {2(1_02 + AN arcsm\/f} df
3x 1 s
= 20— %) E1 n(l—x) +3/ maresmsds
3x 1 arcsmf usin® u cos u
- S In(1— 3/ d
2(1- )+2 0 (1 —sin?u)5/2 !
3x 1 arcsm\f usin? u
- S In(1— 3/ d
2(1 —x) 2 x)+ costu
3y 1 arcsin y/x ,
= 2 In(1 — 3
20— ) +3 n( x)—i—/o u(tan® u) du
3y 1 arcsin y/x
=+ - In(1 — x) + arcsin /x tan® arcsin y/x — / tan® udu
21—x) "2 Jo
3 1 3/2 arcsin /x
:ﬁ—l—iln(l—x)—i-(lfﬁarcsm\/}—/o (tanusec® u —tanu) du
- + 1lrl(l —x)+ Larcsmf L sec? arcsin v/x — Incosarcsin \/x + !
“2(1-x) 2 (1—x)3/2 2 2
2x+1 1 x3/2 1 1
=_——+-In(1— — i ————-In(1—-
20— x) + 5 n(l—x)+ A= arcsin v/x -2 2 n(l-x)
x x3/2 .
=1 + TEEE arcsin /x .
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Furthermore, similarly integrating gives:

t1 X x3/2 .
h(t)—/o ch[l_x+(1_x)3/2arc51n x—x]dx

o1 1
:/0 [ + 3/2arcsinﬁ]dx

1—x  x1/2(1-x)

arcsin v/t 25 si
=—In(1 —t)+/ Ssmscf/zs ds
0 (1— sin? s)” “sins

aresinvt g
:—1n(1—t)+2/ ds
0

cos?s
arcsin v/t
= —In(1 —t) + 2arcsin v/t tanarcsin v/t — 2/ tansds
0

t
=—In(1—#)+2 T arcsin v/t + 2 In cos arcsin v/t
=2 f arcsin v/t
V11—t '

The proof of the Formula (51) is complete.

9. Remarks

Finally, we list several remarks on closely related results.

Remark 1. It seems that there are close and similar ideas in [66,69] and that the paper [69] is almost an
expanded version of [66]. Great minds think alike!

Remark 2. In [68] (p. 452, Theorem), it was established that:

> (2x)¥™  2xarcsinx
Y = —, |xl <1
m=1 m( m ) V1-—x
This can be rearranged as:
i (2x)®™  2xarcsinx 2 <1
=y m(m+1)Cp Vi—2 ' )

Remark 3. Letting a = % and b = 2 in Equation (57) and comparing with Equation (27) leads to:

oF 1,1;2;43( :1_7 V1_4x,
2 2x

x| <

=

This can also be deduced from the formula:

1 1 thfl(l _ t)cfbfl
2R hi62) = g /O g4t R >RE) >0

in [70] (p. 558, 15.3.1) and [34] (9.111).
Remark 4. Letting a = % and b = 2 in Equation (58) gives:

>

n=1

‘ O

n_q
n

B
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which can be rewritten as:
(2n+ 1) 1

[e¢]
; a2

Remark 5. Tokinga =2and b = % in Equation (59) results in:

¥ G m R (B pie) — 1+ erla(3) ren(3)]

where:

z v+1 X 1 z 2n
L, =(z =
. <2) =T+ 3T (n+v+3) <2>
denotes the modified Struve function, see [32] (p. 228, 11.2.2).

Remark 6. This paper is a slightly modified version of the preprint [71].
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