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, 1=
Tty 2’ T I E gy 1t
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1. Introduction

This paper is devoted to study the form of the solution and periodicity of the following third
order systems of rational difference equations

Yn—2 Y1 = Xn—2
1+ YnoXnayn " ELE X oYn1Xn

Xn41 =

with initial conditions x_», x_1, xg, ¥—2, ¥—_1, and yg are nonzero real numbers.

Recently, there has been great interest in studying difference equation systems. One of the reasons
for this is the necessity for some techniques that can be used in the investigation of equations arising in
mathematical models describing real life situations in population biology, economics, probability theory,
genetics, psychology, etc. There are many papers related to difference equations systems; for example,
The global asymptotic behavior of the positive solutions of the rational difference system

Xn Yn
X == 1 + 7 = ]' +
n+1 Ynom Yn+1 X
has been studied by Camouzis et al. in [1].
The periodicity of the positive solutions of the rational difference equations systems

Yn

1
X = — = -
n+1 yn, Yn+1 Xn_1Yn_1

has been obtained by Cinar in [2].
Elabbasy et al. [3] studied the solutions of particular cases of the following general system of
difference equations:

. B aj + axyn y bz +bozy . - C1Zp—1 + C2zy
T e Faux, 1zn "N T baxaty + baxntn 1. T cax 11+ CaX1Un + CEXnl/n
3 4Xy—1 3XnY 4XnYn—1 3Xn—1Yn—1 T+ C4Xp—1Y 5XnY
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Elsayed [4] obtained the solutions of the following system of the difference equations:

1 Yn—k
Xn+1 = ﬂ, Yny1 = W
n— nYyn

Grove et al. [5] studied existence and behavior of solutions of the rational system

a
xn+1=x*+y*/ yn+1=x*+y*
n n n n

The behavior of positive solutions of the system,

Xn—1 Yn—1

— n — —
Xn+1 = 1 +xn71yn, Yn+1 1+ Y1

has been studied by Kurbanli et al. [6].

In addition, Kurbanli [7] investigated the behavior of the solutions of the difference
equation system,
Xn—1 Yn—1 1

Yny1 = Zp+1 =
Xn—1Yn — 1’ Yn—1Xn — 1’ ZnYn

X1 =
In [8], Ozban studied the positive solutions of the system of rational difference equations

n+1 yn—3l n+1 Xn—qYn—q

In [9], Papaschinopoulos and Schinas studied the oscillatory behavior, the boundedness of
the solutions, and the global asymptotic stability of the positive equilibrium of the system of nonlinear

difference equations
x
Xpp1 = A+ P, Ynt1= A+ —

Xn—p Yn—q

Schinas [10] studied some invariants for difference equations and systems of difference equations
of rational form.
El-Dessoky et al. [11] obtained the solution of the following system of difference equations
Xn41 = :tz:z:nyinliz r Yn+1 = :t;:;l:lxy:,z
Touafek et al. [12] investigated the periodic nature and gave the form of the solutions of the
following systems of rational difference equations

X _ Xpn—3 _ Yn—3
T T xayn1 " T B ks
Yy Yy

In [13,14], Zhang et al. studied the boundedness, the persistence, and the global asymptotic
stability of the positive solutions of the systems of difference equations:

1 _
Xp=A+ ’ ]/n:A"‘iynl
Yn—p Xn—rYn—s
and .
X;,H,:A—f-ynim, yn+1:A+ nom
Xn Yn

In [15], El-Dessoky obtained the form of the solutions and the periodicity character of some
systems of rational difference equations:

Zp—3 Yot = Xn—3 21 = Yn-3
7y Yn+1 — 7 4~n+1 —
a1 + b1znYn-1Xn—2Zn—3 a2 + baXpZy_1Yn—2X4—3 a3 + b3ynXy—1zn—2Yn-3

Xpn+1 =
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Alzahrani et al. [16] obtained the form of the solution and the qualitative properties of the a
rational difference equations of order two:

Xy = YnYn—1 Vil = XnXn—1
T x (El £ yaye)” T Yy (T £ xax)

For similar work to the difference equations and nonlinear systems of rational difference equations
investigated herein, see references [1-43].

. _ Yn—2 _ Xn—2
2. The System: x,, 11 = STy, Yt = TFm, sy

In this section, we investigate the solutions of the system of two difference equations

Yn—2 Xn—2
ST L 1
—1+yn_2Xy_1Yn Ynt1 1+ x4 2Yn—1%n @)

Xnt1l =

where n € Ny, and the initial conditions are arbitrary nonzero real numbers with y_px_1y9 # 1, # %
and x_py_1xp # 1.
The following theorem is devoted to the form of the solutions of system (1).

Theorem 1. Assume that {x,, y,} are solutions of system (1). Then, forn = 0,1, 2, ..., we see that all solutions
of system (1) are periodic with period twelve and

Y2

Yn2 = Xe2 Mpel =¥l M2 = X0 M2l T T
Xiont+4 = %21 = ¥-2y-1%) ; X12n45 = 1 ,
(14 x-2y-1%0) (—1+2y_2x_190)
X12n+6 = —xo(l +x-2y-1x0) ;o X2nt7 = y—2(=1+2y_5x_110)
(1—x_2y-1x0) (—1+y_2x_170)

_yo

X - _ 1 —X_ —1X 7 X = 4
12048 y-( 2Y-1%0), X12n+9 (—1+y_2x_1y0)
and
B _ _ - X2
Yiam—2 = Y=2 Yt =Y Yian =Yoo Yonet = T n Ty
_ x(=1+y-2x_1y0) _ % -
y12n+2 = (_1 + 2y72x_1y0> 7 y121’l+3 - (1 _ xfzy_le)’ y121’l+4 - y72,
o _ - TX2
Yinss = Y_1, Y12n+6 Yo, Yizn+7 01 x2y_1%0)
_— —x_1(=1+y_2x_1Yp) Yionso = ___~%
" (—1+2y2x-1y0) 7" (1 - x-2y-1%0)

Proof. For n = 0, the result holds. Now suppose that # > 0 and that our assumption holds for n — 1.

That is,
Yo

-1+ ]/,zx_ﬂ/o) !
—yo(—1+2y—2x_1y0)

X12n—-14 = X-2, X12p—13 = X—1, X12n—-12 = X0, X12n—11 = (

X2n-10 = —Y-1(l+x_2y-1X0), X209 = (=149 2% 190)
12n-8 = —ra(1 xﬂy*lxo), X12n-7 = 1 ,
(T4 x_2y_1x0) (=142y_2x_1y0)
Yops = —x(1 4+ x_2y-1p) | X5 = y—2(=1+42y_2x_110)
(1—x_2y-1x0) (=14y—2x-1y0)
-4 = Y-1(1—x_2y_1%0), X120-3 = -1 —i—yi/;x,lyo)’
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and X
_ _ _ - rt=2
Y12n—14 Y2, Yi2u-13 = Y-1, Y12n-12 = Y0, Yi2n-11 (1 T x,zy_lxo)'
x_1(=1+y_2x_1y0) _ Xo _
Y12n—-10 (—1+2y_2x_1y0) Yi2n—9 = —(1 Xy 1x0) Yi2n—8 = —Y-2,
= — = _ . TX2
Yion-7 = Y-1, Yizn—-6 = —Yo, Yizn-5= 1+ x2y_1x0)
—x1(=1+y _2x_1y0) —X
Y12n—4

) ; Y12n-3 = (

(-1+ 2y_2x_1Yo 1-— x,zy_1xo) ’

Now it follows from Equation (1) that

Xy = Y12n—5
yep =
=1+ Y121-5X12n—4Y120-3
v,
_ (1+x_2y_1%0)
_ _TX2 _ __—X
( 1+ T 2y 1)/ 1 (1= x—2y-1%) (1—x_2y,1x0))
“x,
_ (1+x_2y_1%0) —
R R = U —2
(1+x_2y-1%0)
X12n—5
Yion—2 =

1+ X12n—5Y12n—4%120n—3
Y-o(=14+2y »x 1y0)
(=1+y_2x_1%0)
(1 + Y2 (=14+2y »x_1y0) —x_1(~1+y_2x_1¥o) —Yo )
(—14+y—2x_1y0) (=1+2y-2x_1y0) (—1+y-2x_1Y0)

Y—2(=1+2y »x 1¥0)

_ (Try—ox o) _ y—2(=1+2y_o>x_1y0)
Y—2X_1Y0 _ Y—2X_1Y0
(1 t (*1+y72x—1]/0)> (=1+y-22-1y0) (1 T (*1+y72x—1y0))

_ y—2(=1+42y_»x_1¥9) — Y
(=14 yoxyo+y-oxay) =7

We also see that

Xiop1 = Y12n—4
" =14+ Yi2n—4X120—3Y120—2
—x_1(=14+y »x 1¥0)
_ (=142y>x_1¥0)
. —x_1(=14+y_2x_1¥0) —Yo
( 1+ (=1+2y_2x_1¥0) (*1+y72x_1y0)y_2)
_ —x_1(=1+y-2x_1¥0)
(=14 2y_rx_1Y0) (—1 + 4(_11*22yﬁzlxyiyo))
- —x_1(—=14+y—2x_1y0)
- - x—ll
(1 —=2y_sx_1y0 +Yy—2x_1Y0)
- X12n—4
Yion-1 =

1+ X120 -4Y120-3%120—2
y-1(1—x_2y_1x0)

(1 +y-1(1- foy—lx())(l—fj;llm)x*Z)

y-1(1—x_2y_1x0)

- (1 — x_zil/,ﬂ(o) — Y

We can also prove the other relation. The proof is complete. [J
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Example 1. See Figure 1 when we put the initial conditions x_y =5, x_1 = —0.4, xg = 0.13, y_» = 0.3,
y—1 = —0.9, and yo = —2 for the difference system (1).

plot of X(n+1)=Y(n-2)/(-1+Y(n-2)X(n-1)Y(n)), Y(n+1)=X(n-2)/(1+X(n-2) Y(n-1)X(n))
15 T

x(n)
¥(n)

10 =

‘y‘v*“y‘v* i ‘y‘v*“y‘v* f

70

o
I

x(n).y(n)

&
]

-10

-15

-20

n

Yn-2 Xn—2

Figure 1. Plot of system x,, 11 = T yartnayn” Y11 = TFx, oy, i

n—2 Xn—2

. — Y —
3. The System. Xn+1 — ST Yy —2%n—1n’ Yn+1 — T2 yn_1%n

In this section, we obtain the form of the solutions of the system of two difference equations

Yn—2 Xp—2
= , = 2
Tt Yuotnayn’ T T 1= 2oy 1 @)

Xn41

where n € Ny and the initial conditions are arbitrary non zero real numbers with y_»x_1yy # £1 and

Xooy_1x0 #1,# 3.

The following theorem is devoted to the expression of the form of the solutions of System (2).

—+o0

—+o00
o> pand {yn}, ., andare

Theorem 2. Suppose that {xy, yn},'>° , are solutions of System (2). Then, {x,}
periodic with period twelve and forn =0,1,2, ...,

M2 = Xo2 M2e-1 T Xl Xim = X0, ¥ownl = 5 +i:§x71yo)’
_ Y11 —x2y-1%0) _ —Yo _
X12n+2 = (—1+2x_oy_1x0) X12n+3 = 1+ y_2x_1y0) X12n+4 = —X-2,
X12n+5 = —X-1, X12n4+6 = —X0, X12n4+7 = (—1 +;{;i_1y0),
X12n+8 —y1(1~ x-2y-100) Xiznpo = P
w (—14+2x_oy_1x0) ~ 2" T (14 y_ax_1y0)’
and
— — — — X-2
Yiozn—2 = Y-2, Yizn-1 =Y-1, Yizn = Y0, Yizn+1 = 1 xy1%0)
xo(—l + 2X72y_1xO)
= —x_1(—1+y_ox_ , = ,
Yi2n+2 1( Y-2X_1Y0), Y12n+3 (1T x 2y 1%0)
YVionys = g2l +y27-1t0) Yinys = =
e (-1+ yfzx_ﬂ/o) ! e (-1+ fozy_le) !
_ yo(=1+y 2x_1¥0) _ —xp(=1+42x_sy_1X0)
Yizn+6 = s Y12n+7 = ,

(—1 + xfzy_le)

(1+y_2x_1y0)

Yion+s = —x,l(l +]/_2x,1y0), Y12n+9 = m-
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Or, equivalently,

X 9, % 1,%0 y—2 y—1(1—x_zy_1%) —Yo Xy, —xg

{x, i, = T TV (1Y axoayo)’ (F142x oy _1x0) 7 (I4y—ax_1yo)” T TV
nin=-2" x —Y-—2 —y_1(1-x_py_1Xp Yo X oo XX ¢
O (ZTHy_ax1yo)” (—14+2xqy_1x0) 7 (THy—ax_qyg)’ ~ — 27—/ 207
and

X_p x0(71+2x,2y,1x0)

Y—2,Y-1,Y0, (1_x72y71x())1_x—1(_1+y72x—1y0)/ (—1+x72y71xo) ’

{yn}ie, = y—2(1+y_ox_1y0) Y1 Yo(=14y-px_1y0) —X_o(=142x_ oy 1Xp)

n=-2 (=1Hy-2xay0) 7 (=14+2x9y-1%0)”  (I4y—2xay0) * (=I+xay-1%0) /

—x1(1+y-2X-190), Ty 5z Y2 Y1 Y0,

Proof. The proof follows the form of the proof of Theorem 1, and so will be omitted. [

Example 2. We assume the initial conditions x_p = 0.5, x_1 =4, xo = =213, y_», =03, y_1 =9, and
Yo = 2 for difference system (2); see Figure 2.

plot of X(n+1)=Y(n-2)/(-1+Y(n-2)X (N-L)Y(m), Y(n+1)=X (n-2)/(1+X (n-2) Y(n-1)X(n))

10 T T T T T T T T T
— X
— ()

X(n),y(n)

-10 -

-15

0 5 10 15 20 25 30 35 40 45 50
n
. _ Yn—2 — Xn—2
Figure 2. Plot of system x,, 1 = T Yl T T
4. The System: x = =2 = 2
: y < An+l —1+yn72xn—1yn’ yn+1 _1+xn72yn—1xn

In this section, we get the solutions of the system of the difference equations

Yn—2 Xn—2
= ’ = 3
=1+ yn—2Xn_1Yn Il =9 + Xp_2Yn—1Xn ©)

Xn+1

where 1 € Ny, and the initial conditions are arbitrary nonzero real numbers such that x_,y_1x9 # 1
and y_px_1yo # 1.

Theorem 3. If {x,,y,} are solutions of difference equation system (3), then every solution of system (3)
is periodic with period six, and takes the form forn =0,1,2, ...,

YV
Xen—n = X_o, Xen-1=X_1, Xen = X0, X = ,
o2 2, Xen-1 1 Xen = X0, Xont1 = [Ty o ey
Yo
= _ —1 _ _ , - 7
X6n+2 y-1(=1+x_2y-1%0), Xen+3 ESESTETETY
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and
X_2
Yen—2 = Y-2, Yen—-1 =Y-1, Yen = Y0, Yén+1 = 1122y 1x0)
X0
(—l + X_zyfle) )

Yent2 = X_1(=1+y_2x_1Y0), Yen+3 =

Proof. The proof follows the form of the proof of Theorem 1, and so will be omitted. [

Example 3. We consider an interesting numerical example for difference system (3) with the initial conditions
Xx_p =015 x_1=7, xg=—-0.3, y_» =013, y_1 = 0.8, and yg = 2; see Figure 3.

plot of X(n+1)=Y(n-2)(-1+Y(n-2)X (-1)Y(), Y(+1)=X (n-2)/(-1+X (n-2) Y(n-1)X ()

X(n)
y(n)

X(n),y(n)
"
[

i
35 40

i " " "
0 5 10 15 20 25 30

Figure 3. Plot of system x,, 11 = %, Yni1 = %
5. The System: x4 1 = — "2 Tt
. y c Xn41 = —14yu—2Xn—1Yyn’ yn+1 —1—xy—2Yn—1%n

In this section, we study the solutions of the following system of difference equations

Yn—2 Xn—2
, = (4)
Tt Yuotnay’ T T 2 oy

Xn+1 =
where 1 € Ny, and the initial conditions are arbitrary non-zero real numbers.

Theorem 4. Assume that {x,,y,} are solutions of System (4). Then, forn =0,1,2, ...,

n-l1 (14 (6i)x_py—1x0)(1+ (6i 4+ 3)x_2y_1X0)

Yon—2 = H (1+ 61—0—1)x 2y_1%0)(1+ (6i +4)x_oy_1x9)’
. . H L (1— (6i+1)y_ox_1y0)(1 — (6i +4)y_2x_1y0)
én—1 ! 5 (1= (6i +2)y2x_1y0)(1 — (6i +5)y 2x_1¥0)’
o = " (14 (60 +2)x gy _1x0) (1 + (6i +5)x 2y 1%0)
on 0 o (14 (60 +3)x 2y 1x0) (14 (6i +6)x 2y 1x0)"
Xens1 = ﬁ 1 — (61 + 3)]/723(_1}/0)(1 — (6i + 6)]/,23(_1}/0)
" (= 1+y 2%-1Y0) jg (1 — (6i +4)y_2x_1y0) (1 — (6i +7)y—2x_1y0)’
X = y_1(=1—x_2y_1x0) ’ﬁ (1+ (6i44)x_oy_1x0) (1 + (6 +7)x_2y_1X0)
et (1 + 2x,2y_1xo) 1 + 61 + 5)x 2y 1X0)(1 + (6i + 8)X72y_1XQ)’

yo(1 —2y-2x_1y0) ' (1 (6i +5)y—2x_1y0) (1 — (6i +8)y—2x_1y0)
(=14 3y—2x_1y0) ;5 (1= (6 +6)y—2x_1y0)(1 — (6i +9)y—2x_1y0)’

Xen+3 =
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Yon—2

Yon—1

Yen

Yén+1

Yén+2

Yen+3

-1
where ] A; = 1.

i=0

y_ zﬁ 1 — 61 y 2X_ 1]/0)(1 — (6i —|—3)y_2x,1y0)
i (1— 61 + 1)y—2x-1y0) (1 — (6i +4)y_2x_1y0)”
11—[ (1 61 + 1)x,2y_1x0)(1 + (6i + 4)X72y_1X[))
Y- (1+ (6i +2)x_py—1x0) (1 + (6i +5)x_2y_1x0)”

HH

n—

0
. (1— (60 +2)y—2x_1y0) (1 — (6 +5)y—2xX_11)0)
i—g (1= (6i+3)y—2x_1y0)(1 = (6i +6)y—2x_170)’
n

! (1 + (6i + 3)X72y_1X())(1 + (6i + 6)x,2y_1xo)
(1 + (6i +4)x_oy_1x0) (1 + (6i + 7)x_2y,1x0)'

— (1= (6i +4)y—ox_1y0) (1 — (6i + 7)y_2x_1Y0)

<

X2
(=1 —x_2y_1x0) ;_

ham

\—/O

x_1(=14+y 2x_ 1Yo

xo(l +2x_oy_1x0 n- ( + (6i + 5)X72y,1XQ)(1 + (6i + 8)x,2y,1x0)
(=1—=3x_2y_1x0) 5 (14 (6i+6)x 2y 1x0)(1+ (6i +9)x 2y 1x0)

Y

(1—2y—2x_1y0) 5 (1—(6i+5)y—2x_1y0)(1 — (6i +8)y—2x_1y0)
)
)

8of 12

Proof. For n = 0, the result holds. Now, suppose that 7 > 0 and that our assumption holds for n — 1.

that is,

X6n—8

X6n—7

X6n—6

X6n—5

X6n—4

X6n—3

Yen—8

Yen—7

Yen—6

Yéen—>5

Yen—14

Yen—3

n

2 (14 (6i)x_py_1x0) (1 + (6i +3)x_2y_1x0)

Y2 ;l—‘[ (1 + 61 + 1)x 21— 1X0)(1 + (6i + 4)x_2y,1x0)'
- h (1—(6i+1)y_—ox_1y0)(1 — (6i +4)y_2x_1Y0)
o (1= (60 +2)y—2x_1y0) (1 — (6i +5)y_2x_1Y0)’
X n—2 (1 + (6i + Z)X,Zy_lJCo)(l + (6i + S)szy_le)
Pis (1+ (61 +6)x—2y-1x0)’

+ (61 + 3)x_2y,1x0) 1+
n

2 (1 — (6i + 3)]/ 2X_ 1y0)(1 — (6i + 6):!/,2X_1y0)
(1= (6i +4)y—2x_1y0) (1 — (6i +7)y—2x_1y0)

Y2
(—14+y-ox_1y0)

ltam

~ o

y_1(—=1—x_y_1x9

71—[2 1+ 6z+4)x 2y 1x0)(1+(6i+7)x,2y_1x0)
(1+2x_2y-1x0)

yo(1 —2y-2x_1y0) ' (1 — (6i +5)y—2x_1y0) (1 — (6i +8)y—2x_1y0)
(- 1+3y 2x- 1y0) img (1= (6i+6)y—2x_1y0) (1 — (6i +9)y—2x_1y0)’

¢ 6i)y—2x_1y0)(1 — (6i +3)y—2x_1Y0)
61 +1)y—2x_1y0)(1 — (6i +4)y 2x_1y0)’
) )

-I— 6l +1 X,nylﬁ(fo)(l + (6i +4 x,zy,lxo)

n

=

Y-2 | 1
1

o I} “:1

Q
,_\

"o (
2 (
(14 (6i +2)x_2y_1x0) (1 + (6i +5)x_oy_1x0)”

:
NH

0
(1 — (6 +2)y_2x_1y0)(1 — (6i +5)y_2x_1Yo)
5 (1= (60 +3)y 2x_1y0) (1 — (6i +6)y 2x_1Y0)’

X2 "F (14 (60 +3)x 2y _1%0) (1+ (6i + 6)x 2y _1X0)
(=1 —x_2y_1x0) ;g (1 + (6i +4)x_oy—1x0)(1 + (6i +7)x_2y_1x0)
n—

X1 (=1 +y-2xqy0) ' (1 (6i +4)y—2x_1y0) (1 — (6i +7)y—2x_1y0)

Yo

\-/O

(1+ (61 +5)x_oy—1x0) (1 + (61 +8)x_2y_1x0)’

x(1+2x_oy_1x0) "=2 (1 + (6i +5)x_2y_1x0) (1 + (6i + 8)x_2y_1%0)
(—1—3x,2y_1x0 ; 0 1+ 6z+6)x,2y_1x0)(1+(6i—|—9)x,2y_1x0)'

Y

(1 -2y 2x_1y0) 45 (1—(6i +5)y_2x 1y0)(1 — (6i +8)y_2x_1y0)’
)
)
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It follows from Equation (4) that

Yéen—5
—1+ Yen—5X6n—aYen—3

Xon—2 =

xop " (14(6i43)x_y_130) (1 (6i+6)x_y_1x0)

(=1=x—2y1x0) ;- (1H(6i+4)x 2y 1%0) (1+(6i+7)x—2y 1))

71+ X_p H l+ 61+3 X 2y 1XO)(1+(61+6)X 20— ]Xo)
(—1—x_2y_1%0) (1+( 6l+4)x 2y -1%0) (1+(6i+7)x 2y 1x0)

yo1(=1-x_py_ 1xo) H (1+ 6i+4)x_py_1%0)(1+(6i+7)x_py_1%p)
(1+2x_ny_1x0) (14 (6i45)x oy _1x0) (1+(6i+8)x_2y_1x0)

l_

xo(142x_py_1x9) " H (1+(6i+5)x_oy_ 1x0)§1+(6i+8)x,2y,1x0)

(—1-3x_py_1x0) o (1+(6i46)x_py_1x0) (14 (6i+9)x_2y _1x0)

X =2 (14(6i+3)x_ay_1x0) (1+(6i+6)x_2y_1%0)

(—1=xay-1%0) ;= (14+(6i+4)x 2y 1%0) (1+(6i+7)x 2y -1%0)
2

n— .
_ XY-1X-2 (1+(6i+3)x_py_1x0)
< 1 + (71733{,2]/,13{0) 11;10 (1+(6i+9)x2y1x0)>

n—2 (

X_o 14+ (6i+3)x_oy_1x9) (14 (6i4+6)x_oy_1x0)
(—1=xay-1%0) ;- (1+(6i+4)x2y-1%0) (1+(6i+7)x 2y -1%0)

(_1 _ X—2Y—1X0
(T (61-3)x2y_1%0)

H (1+(6i+3)x oy _1x0) (1+(6i+6)x 2y _1%9)
(=1-x_ zy 1X0) (1+(6i+4)x oy _1x0) (1+(6i+7)x_2y _1%0)

( 1 (671 3)x,2y,1x0—x,2y,1x0>
(1+(6n—3)x_2y_1x9)

”ﬁz (14(6i+3)x_2y_1%0) (1+(6i46)x_oy_1%0)

i:O (14(6i+4)x oy _1x0) (1+(6i+7)x_2y_1x0)

1+(6n—2)x_py_1x9
1+(6n—3)x_2y-1x9

(1+x zy 1X0)

n—2
_ 1—[ (1+(6i43)x_py_1x0) (14(6i+6)x_2y_1x0) <l+(6 73)x,2y,1x0)
(1+X 2y 1%0) P 1+(61+4)X 2y-1%0) (14(6i+7)x 2y _1x0) \ 1+(6n—-2)x_2y_1x0

" (14 (60)x_ay_1%0) (1 + (6i +3)x 2y _1X0)
0 (1 + (6i + 1)x,2y_1xo)(1 + (6i + 4)9(,2]/_1360) )

= x_2

We also see from Equation (4) that

Xon—4
—1 — Xen—aYen—3Xen—2

Yon—1

yoa(=l-x oy 1x0) 1:12 (1+(6i+4)x_oy_1x0) (1+(6i+7)x_2y_1%0)
(1+2x_2y_1x0) im0 (1+(6i45)x_oy_1x0) (1+(6i+8)x_2y_1x0)

—1-x_py_1Xp) H2 (1+(6i+4)x_oy_1x0) (1+(6i+7)x_2y_1%0)
1+2x 2Y—1Xp) Pl O (14 (6i+5)x_py—_1%0) (14 (6i+8)x_oy _1x0)

x0(1+2x 2y_1x9) " H (1+(6l:+5)x,2y,1x0)(1+(6l:+8)x,2y,1x0)
—1-3x_2y 1x0) i—o (1 (6i46)x 2y 1x0) (1+(6i+9)x 2y 1 %0)

X H (1+(60)x_2y1%0) (1+(6i+3)x_py_1x0)
2 1+ 61+1)x 2y —1x0) (14 (6i+4)x_oy_1x0)

ya(=1-x oy 1x0) HZ (1+(6i+4)x_2y_1x0) (1+(6i+7)x_py_1%0)

1+2x 2Y—1X0) -0 (1+(6i+5)x_oy_1x0) (1+(6i+8)x_2y_1X0)

x_2Xoy—1(1+x_2y_1%0) ﬁz (1+(6i+4)x 2y _1x0) (1+(6i+7)x 2y_1%0)
(I+3x—2y-1x0) = (1+(6i+6)x—2y—1%0)(1+(6i+9)x—2y 1)

n b (14 (6i)x 2y—1%0) (1+(6i+3)x oy _1x0)
(1+(61+1)X 2y—1%0) (1+(6i+4)x 2y _1x0)
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yo1(Lx gy 1x9) "= (14(6i+4)x_py_1x0) (14(6i47)x_py_10)
(1+2x,2y_1x0) =0 (l+(6i+5)x,2y_1x0)(1+(6i+8)x,2y_1x0)
1

n—

n—2
t <x‘2x°y -1 [L(+ (614 4)x-0y-1%0) [T <1+<6f+4>1x2y1xo>>
=

y_1(1+x_2y_1%0) ”ﬁz (14 (6i+4)x_oy_1x0) (14(6i+7)x_2y_1%0)
(I+2x2y-1x0) 3 (1+(6i+5)x—2y_1%0) (1+(6i+8)x 2y -1x0)

o XooXgy1

T+(6n—-2)x_2y_1x9
(143 oy 1x0 ﬁz (1+(6i-+4)x oy _1%0)(1-+(6i+7)x oy _1%)
(I+2xgy-1x0) 13 (1H(6i45)x 2y -1%0) (1+(6i+8)x -2y -1x0)

14+ (6n—2)x_py_1x0+x_pXoY_1
1+(6n72)x 2Y—1X0
y_1(1+x oy 1xo T (1+(6i+4)x_oy_10) (1+(6i+7)x_y_1x0) (1+(6"—2)x—2y719f0>
1

(14+2x_oy_1x0) 70 +(6i+5)x_py_1x0) (1+(6i+8)x_oy_1x9) \ 1+(6n—1)x_sy_1x0

IZ[ 6i+1)x_oy_1x0)(1+ (6i +4)x_2y_1x0)
6i +2)x_oy1x0) (1 + (61 +5)x 2y _1%0)

We can prove the other relations similarly. This completes the proof. [

Corollary 1. If x_p,x_1,X0,Y—2,Y—1, and yq are arbitrary real numbers and let {x,,y,} are solutions of
System (4), then the following statements are true:

(i)

(ii)

(iii)

(iv)

(v)

(vi)

Ifx_p =0, y_1 # 0, x9 # 0, then we have x¢,_y = Yeu+1 = 0 and x¢, = X0, Xen+2 = —Y—_1,
Yen—1 = Y-1, Yen+3 = —Xo-

Ifx 1 =0,y 2#0, yo # 0, then we have x¢y 1 = Ysnt2 = 0 and Xy 11 = —Y—2, Xen+3 = —Yo,
Yen—2 = Y-2, Yen = Yo-

Ifxo =0, y_1 # 0, x_p # 0, then we have x¢;, = Yeu+3 = 0and Xgn—p = X_2, Xen+2 = —Y—1,
Yen—1 = Y1, Yen+1 = —X-2.

Ify_2 =0, x_1 #0, yo # 0, then we have yg,_» = Xep+1 = 0and Xgn_1 = X_1, Xen+3 = —Yo,
Yen = Yo, Yen+2 = —X_-1.

Ify1=0,x0 # 0, xo # 0, then we have Y1 = Xen+2 = 0 and xen—2 = X2, Xen = Xo,

Yen+1 = —X—-2, Yon+3 = —Xo-
Ifyo =0, y2 # 0, x_1 # 0, then we have Yo, = Xen43 = 0 and Xey_1 = X_1, Xen41 = —Y-2,
Yen—2 =Y-2,Y6n+2 = —X_-1.

Proof. The proof follows from the form of the solutions of System (4). O

Example 4. Figure 4 shows the behavior of the solution of the difference system (4) with the initial conditions
Xx_p =015 x_1=—-4, xg=—-05y_»=03y_1 =0.28,and yy = 2.

plot of X(n+1)=Y(n-2)/(-1+Y(n-2)X (n-1)Y(n)), Y(n+1)=X (n-2)/(-1-X (n-2) Y(n-1)X ()
T T T T

X(n).y(n)

" " " " " " " "
0 10 20 30 40 50 60 70 80 90

1 _ Yn—2 _ Xp—2
Flgure 4, Plot of SyStem Xpn+1 = m, Yn+1 = m.
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