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1. Introduction

For an ideal I of a commutative ring R with identity , the arithmetical rank (ara I) of the ideal I
is defined as the minimum number s of elements 4y, .. ., as of R such that VI = / (a1,...,as). For a
squarefree monomial ideal I, it is known that pdr(R/I) < ara(I) and bight(I) < pdr(R/I) (see,
for example, [1,2]). Thus,

ht(I) < bight(I) < pdr(R/I) < ara(I) < u(I)

where y(I) is the minimum number of generators of I. R/I is Cohen-Macaulay if and only if
ht(I) = pdr(R/I). Anideal I is called a set-theoretic complete intersection whenever ht(I) = ara(I).
If I is not unmixed, then I is not a set-theoretic complete intersection. However, it is possible to
have bight(I) = pdr(R/I) = ara(I). The question then arises, “For which ideal does the previous
equality hold?”

Given a polynomial ring R = K[x, ..., x,] over a field K and a simple graph G with the vertex
set Vg = {x1,...,x,} and the edge set Eg, the edge ideal of G, denoted by I(G), is the ideal of R
generated by x;x; such that {x;,x;} € Eg. The graph G is called Cohen-Macaulay over the field K if
the ring R/1(G) is Cohen-Macaulay.

It is still an open problem to find an explicit formula for the arithmetical rank of the edge ideal of a
graph. For the edge ideal of a forest, it is shown that bight(1(G)) = aral(G) = pd(R/I(G)) by Barile [3]
and Kimura and Terai [4]. In [5], Barile et al. proved that aral(G) = pd(R/1(G)) when G is a cyclic or
bicyclic graph. In [6], Mohammadi and Kiani investigated the graphs consisting of some cycles and
lines that have a common vertex. It is shown that the projective dimension equals the arithmetical rank
for all such graphs. A graph G is called an n-cyclic graph with a common edge if G is a graph consisting
of n cycles C3;, 41,-- -, C3,k1+1, Caty 42/, C3tk2 +2,C3sys0 s C3Sk3 connected through a common edge,
where kq + ky + k3 = n. Zhu, Shi and Gu proved that pd(R/I1(G)) = bightI(G) = ara(I(G)) for some
special n-cyclic graphs with a common edge [7]. For the class of generalized theta graphs, G = 0;,,...»
the authors in [8] showed that pd(R/I(G)) = bightI(G) except in the following two cases:
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1. n;=0 (mod 3) forany 1 <i <k;
2. there exists exactly one nj such that nj = 1 (mod 3), and for any 1 < i # j < k, we have n; =2
(mod 3).

For these cases, they show that pd(R/I(G)) = bightI(G) + 1.

Since bightI1(G) < ara(I(G)), it can be interesting to compare these invariants for the generalized
theta graphs. In the sequel, we compute the height of the edge ideal of generalized theta graphs based
on the number of vertices being even or odd in any path. Moreover, we show that G = 0, ,, is
Cohen-Macaulay (and unmixed) if and only if G = 03 4.

2. Arithmetical Rank of the Edge Ideal of a Generalized Theta Graph

Let k > 3 be a positive integer and 7, ..., 1y be a sequence of positive integers. Let 0y,, .., be the
graph constructed by k paths with ny, ..., ny vertices with only the endpoints in common. Since the
graphs are assumed to be simple, at most one of ny, ..., 1 can be equal to two. Throughout this paper,
we assume that x and y are the common vertices. We define the projective dimension of G to be the
projective dimension of the R-module R/I(G) and we will write pd(G) = pd(R/1(G)). The edge
ideal of a cycle of length n with the vertex set {x1,...,x,}is I(Cy) = (x1%2, X2X3, ..., Xy—1Xn, XpX1)-
The edge ideal of a line (path) with the vertex set {x1,...,x,} is I(L,) = (x1X2,X2X3,..., Xy—1Xy).
In the following, we consider the labeling below:

I(Las;) = (x1,iX2,i, X2,iX3i, - - -, X35,—1,iX3,i); fori=1,...,k3

I(Larj+1) = (V1,Y2,j: V2,193, - - -+ Yar, jYar+1); for j=1,....k
I(Lat,+2) = (21,1221, 22,1231, - - - 1 Z3t, 41,123,421 ); forl=1,...,kz

Suppose that min{ny,...,n;} = n;. One can consider the graph 6;,,. 4, as a (k — 1)-cyclic graph
with common path L,, consisting of k — 1 cycles of lengths n; +n; —2 forany 1 < i # t < k.
This generalizes the concept of n-cyclic graphs with a common edge.

For instance, let G = 9n1,--~,nk1 , be the graph consisting of lines Lz, 11, ..., L3,k1+1, L3s,, ..., L3sk3

+k
such that ki, k3 > 0. Without loss of generality, suppose that min{ny,...,ng 1} = 3s1. One can
consider G as a (ki + k3 — 1)-cyclic graph with common path Ls,, that the cycles are of lengths
351 +31’]‘+1 *2:3(51 +1’j*1) +2o0r3s1+3s; —2 23(51+Si*1)+1f01"1 <j< kiand 2 < i < k3.

Consider the following labeling for I (C3(s1 +ri-1) 42)

I(Ca(syr—1)+2) = (X1,1X2,1, -+ X35, ~1,1%35,,1, X35 1Y 381 +1,j5 Y31 +1,Y3s1 42,7+ -
Y3(sy+rj=1)+1,jY3(s1+7j—1)+2,j- y3(sl+rjfl)+2,jxl,l)

In this section, we obtain an upper bound for the arithmetical rank of the edge ideal of generalized
theta graphs. Using the big height of the edge ideal of these graphs computed in [8], we estimate an
upper bound for aral(0y,,...n, ) — bightI(6y,,. n, ). For this purpose, we consider seven cases that are
treated separately in the following theorems.

Theorem 1. Let G = 9n1,-~-,nk3 be the graph consisting of lines L3, ..., L35k3, ie., n; = 3s; for 1 <i <ks. Then,

0 < aral(G) — bight](G) < kz —1

Proof. By definition, one can consider G as a (k3 — 1)-cyclic graph with common path of
length min{ny,...,ni,}. Without loss of generality, we may assume min{ny,...,ng,} = 3s1.
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Since 351 +3s; —2 =3(s;1+s; — 1)+ 1 for any i # 1, by ([5], Proposition 2.3), we can construct
Q2, ..., Qk, as follows: forany 2 <i < k3, set Q; = (90, q1,i, 92 - - -, 92 (s, +5,—1)+1,;) Where

qo = X1,1%2,1

d1,i = X1,1X3(s;+s;—1)+1,i T X2,1X3,1
q2 = X4,1X51

g3 = X3,1X4,1 + X5,1X6,1

d2(s;—1) = X3s1-2,1%3s1-1,1
q2s)—1 = X35y —3,1X3s,—2,1 T X35, —1,1X3s;,1

q2s1,i = X3s1+1,iX3s1+3,i

q2(s14si—1),i = X3(s14s;—1),iX3(s14s;—1)+1,i

Observe that the sequences Q», ..., Qk, have 2s; — 1 common elements, namely g, g2, - - ., q2s, ~1-
On the other hand, by ([9] p. 249), we have \/Q; = I(Cy(s, 45,—1)+1)- Therefore, we deduce

k3 k3
aral(G) < (251 — 1)+ Y ((251+25; =221+ 1) +1) =2) 5, — 1
i=2 i=1

Similar to the proof of Theorem 2.11 of [8], we obtain that bightI(G) = 2 2?11 s; — k3, it follows that
0 < aral(G) — bight](G) < kz —1
as desired. O

Theorem 2. Let G = 6111,---,% be the graph consisting of lines L, 11, . ..,L3rk1+1, ie, n; = 3r;+1 for
1 <i<ky. Then,

pd(G) = bightI(G) = aral(G) = 2 Z ri

Proof. For 1 <i <k, a similar argument as in ([3], p. 4701), Put Q; is generated up to radical by

Y2,iY3,i
Y1,iY2,i tY3,iY4,i

Y3j-1,iY3j,i
Y3j—2,iY3j-1,i t Y3j,iY3j+1,i

Y3ri—2,iY3r;—1,i t+ Y3r,iY3r;+1,i

we have I(G) = /Q1 + ...+ Qx, by ([9], p. 249). Then, aral(G) < 22;11 r;. Similar to the proof of
Theorem 2.6 of [8], we obtain that 2 Zﬁl r;, it follows that
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ki
pd(G) = bightI(G) = aral(G) =2 r;
i=1

O

Theorem 3. Let G = 9n1,‘,,,nk2 be the graph consisting of lines Lzt 1, .. .,Lgtk2+2, ie, n; = 3t; + 2 for
1 <i<ky. Then,
0 < aral(G) — bightl(G) <k, —2

Proof. We can assume, without loss of generality, that min{nl,...,nkz} = ny. By definition,
one may consider G as a (kp — 1)-cyclic graph with common path L, that any cycle
contains only 3(#; + t;) + 2 vertices. Applying Proposition 2.4 of [5], we construct
Qi = (90,91, -+ -1 92ty —1)+17 92t,ir G2, 11, - - - G2ty +;),i) for any 2 <@ < ky as follows:

qo = 21,122,1

q1 = 22,1231 + 24,1251

q21 = 231,12314+1,1 T 2314+2,1231+3,1

g2141 = 23142,123143,1 T Z31+4,1231+5,1

92(t;—1)+1 = Z3t;-1,123t;,1 T 23t +1,1234 42,1

got,,i = 23t;,123t;+1,1 T Z3t;+2,123t;+3,i

92(ty+h),i = Z3(t+h),iZ3(t+h)+1,i T 23k +h)+2,iZ3(t;+h)+3,i

Do(ty+h)+1,i = Z3(t+h)+2,i23(t+h)+3,i T Z3(t+h)+4,i%3(t+h)+5,i

D2ty +;),i = Z1123(t+4)+2,i T Z3(t+4),i23(t +h)+1,i
We have I(G) = Zi'(iz I(C3(ty+4,)42), and it follows from ([9], p. 249) that
I(G) = \/\/ (Q2) ...+ 1/(Qk,). It is easily seen that the sequences Q»,...,Qi, have the terms

q0rG1s - - q2(t—1)+1 in common. Hence,

k3
aral(G) <2Y ti+ky—1
i=1

Similar to the proof of Theorem 2.7 of [8], we obtain that bightI(G) = 2221 t; +1, and it

follows that
ky ky

0 < aral(G) — bightI(G) <2 ti+ky—1—(2) t;i+1) =k, -2
=1 i=1

as required. 0O

Theorem 4. Let G = 9n1,,,_,nkl+k3 be the graph consisting of lines L, 11, . ..,L37k1+1,L351, . ..,L3Sk3, ie.,
n;y =3ri+1for1 <i<kqjandn; =3s;forky +1 <i < ky+ ks such that ki, k3 > 0. Then,
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1. Ifthereexists 1 < i < kq such that min{ny,... ng i, } = 3r; +1, then 0 < aral(G) — bightI(G) <
min{ks, ;i + k1 + ks — 3},

2. If there exists 1 < j < k3 such that min{nl,...,nk]Jrka} = 3sj, then 0 < aral(G) — bightI(G) <
min{kg,sj + k3 —2}.

Proof. We have aral(Ls;,11) = 2r; and amI(Lg,sj) = 2s; by ([3], p. 4701). It follows that

ky k3
aral(G) §22ri+225j 1)
i=1 j=1

1. Without loss of generality, assume that min{ny,...,ng, 1k, } = 3r1 + 1. One can consider G as a
(ky + k3 — 1)-cyclic graph with common path Lg,, ;1 that the cycles are of lengths 3r1 + 1 4 3r; +
1-2= 3(71+Ti) 0r3r1+1+3s]-—2 = 3(1’1 —|—S]—1)+2f01'2 <i<kiand 1 < j< ks. Now,
suppose that

qo = Y1,1Y21
91,i = Y1,1Y3(r+r,),i T Y2,1Y3.1

92(r—1)+1 = Y3(r,—1),1Y3(r —1)+1,1 T Y3(r,—1)+2,1Y3(r; —1)+3,1

Q2r1,i = Y3r+1,1Y3r142,i

Q2h,i = Y3n+1,iY3n+2,i

Qoh+1,i = Y3n,iY3h+1,i T Y3n+2,iY3h+3,i

Q2(ry+1i—1)+1,i = Y3(ry+ri—1),iY3(r1+ri—=1)+1,i T Y3(r+ri—1)+2,i¥3(r; +r;—1)+3,i

Which generate up to radical I(Cy(y, 4,))- Note that the terms go, 42, . . ., 92(;, —1)+1 are in common
for any sequences generating ideal I(Cyy,4,)) up to radicaland 2 < i < k;. Forany 1 <j < k3,
we define:

‘16 = Y1121
91 = Y21Y31 + Ya1Y51

!
Go1 = Y31,1Y3141,1 T Y3142,1Y31431

!
o141 = Y31+21Y3143,1 + Y314+4,1Y31+5,1

/
Do(r,—1) = Y3r—-3,1Y3r—2,1 + Y3r—1,1Y3r; 1

!/
Dory—1,j = Y3ri—11Y3r1,1 T Y3r +1,1%3r, 42,/

!/
D2n,j = X3h,j%3h+1,j + X314+2,jX31+3,j

!/
Dn+1,) = X3h+2,jX31+3,) T X3n44,jX3h+5,j

! _
q2(71+sj—1),i = Y11%3(r ;- 1)+2,j + X3(r1+s;—1),j%3(r1+sj—1)+1,f
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and we can obtain that I(C3(r1+sj—1)+2) = \/(q{,, qy,-- ~/Q2(r1+sj—1),j)~ We can obtain that there
are the common terms ¢, 4}, . . ., qé(rl—l) in any of sequences generating ideal I(Cy,, +5,—1) 12)
up to radical for any 1 < j < k3. On the other hand, we have gy = q{, and qoy,41 = 75,,, for any
1 <m <ry — 1. Applying these arguments, we obtain

ky ks
amI(G)SZZri—I—ZZSj—i—rl—i—kl—B 2)
i=1 =1
Thus, the inequalities Equations (1) and (2), together with ([8], Theorem 2.8), imply that
0 < aral(G) — bightI(G) < min{ks,r1 + ki + k3 — 3}

2. We may assume, without loss of generality, that min{ny, ..., n, i, } = 3s1. One can consider G as
a (ky + k3 — 1)-cyclic graph with common path Lsg, that the cycles are of lengths 3s; + 3s; —2 =
3(s1+s;—1)+1forany2 <i<kszor3s; +3rj+1—-2=3(s;+r;—1) +2forany 1 < j < ky.
Applying Proposition 2.3 of [5], we construct the following sequences:

qo = X1,1X2,1

q1,i = X1,1X3(s; +5;,—1)+1,i T X2,1%3,1

92(sy—1) = X3s;-2,1%3s;—1,1
d2s1—1 = X35, —-3,1X3s,—2,1 T X35, —1,1X35;,1

q2sq,i = X3s14+1,iX3s1+2,i

A2h,i = X3h+1,iX3h+2,i

G2h+1,i = X3h,iX3n+1,i + X31+2,iX31+3,i

d2(sy+s;-1),i = X3(sy4s;—1),i%3(s1+s;—1)+1,i

We have I(Css, 15,-1)+1) = \/(qo, Qlis- -1 92(sy+5,—1),1) for any 2 < i < ks. It is easily seen
that the above constructed sequences have 2s; — 1 terms in common. Now, suppose that
I(C3(Sl+rj*1)+2) = \/(qé’ T ’q/2(51+r]-—1),]‘) where
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/
do = X1,1%X2,1

!
q1 = X2,1X31 + X41X51

!
qo1 = X31,1%X31+1,1 + X3142,1X3/+3 1

!
Qo141 = X3142,1%3143,1 T X3144,1X31+5,1

/
T2(s,—1) = ¥3s1-3,1%351-2,1 1 X35;—-1,1X35;,1

!
D25, —1,j = X3s1-1,1%3s;,1 + Y3s,+1,1Y3s,+2,

!
Don,j = Y3h,jY3h+1,j + Y3h+2,Y3n+3,

/ _
Don+1,) = Y3h+2,Y3n+3,j + Y3h+4,jY31+5,

/ —
q2(51+rj71),j = X1,1Y3(s1+r,-1)+2 + Y3(s1+rj=1),jY3(s1+7j—1)+1,f

forall 1 < j < kj. One can check that the above constructed sequences have 2s; — 1 terms in
common. On the other hand, we have gy = g, and g2,,41 = ¢5,, forany 1 < m < s; — 1. Using

the preceding arguments and the fact that I(G) = Zfiz I(Cs(sy5,-1)+1) + Z;(l:l I(C3(Sl+,j_1)+2),
we get
k3 k]
aral(G) <2 s;i4+2) rji+s —2 (3)
i=1 =1

Thus, the inequalities Equations (1) and (3), together with ([8], Theorem 2.8), yield the inequality

0 < aral(G) — bight1(G) < min{ks,s1 + k3 — 2}
O

Theorem 5. Let G = Bnlr---r”k2+k3 be the graph consisting of lines Lz, ..., L3Sk3, L3t 42, -, Lgtk2+2, ie.,
n; =3s; for 1 <i <ksgandn; =3t; +2forks +1 <i < ks + kp such that ky, k3 > 0. Then,

1. If there exists 1 < i < k3 such that min{ny,..., ng, r,} = 3s;, then 0 < aral(G) — bightI(G) <
ko + ks —2;

2. Ifthereexists 1 < j < ky such that min{ny, ..., g, } = 3t; +2, then 0 < aral(G) — bight1(G) <
min{ky + k3 + tj— 2,ky + ks —1}.

Proof.

1. Without loss of generality, one may assume min{ny,...,ng, 1k, } = 3s1. We can consider G as a
(ko + k3 — 1)-cyclic graph with common path Lz,, of which the cycles are of lengths 3s; +3s; —2 =
3(s1+si—1)+1forany 2 < i < k3 or 35y +3t; +2—2 = 3(sy + ;) forany 1 < j < ky.
Applying Proposition 2.2 of [5], we have I(C3(51+tj)) = \/(qé, q’l,j, . ’q/2(51+t/-)—1,j)’ where
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/
qo = X1,1%X2,1

! e .
01, = X¥1,123(s,+1)),j T X2,1%3,1

! _
T2(s1-1)+1 = *3(s;-1),1%3(s51-1)+1,1 + X35, -1)+2,1%3(s;-1)+3,1

! — .
T2s1,j = Z3s1+1,j%3s1+2,f

!/
T2n,j = Z3h+1,j23h+2,j

!/
Dn+1,) = Z3h,j23h+1,j T Z3h+2,jZ3h+3,]

D2(s1+tj-1)+1j = Z3(s1+tj=1),j%3(s1+1j=1)+1, + Z3(s1+tj—1)+2,j%3(s1+tj—1)+3,

for any 1 < j < ky. Note that, for the above constructed sequences, the elements g, 75, . . ., q’zsl_l
are in common. With the same argument as in the proof of Theorem 4, we have I (C3(s 1+7i-1) 1) =

\/(qo, o+ 2(s,+5,—1),i) for any 2 < i < k3. On the other hand, we have g0 = g and g = 43,

forany 2 < m < 251 — 1. In addition, I(G) = L2, I(Ca(s,-1)11) + L2y 1(Cas, +1))- Thus, it
follows that
ks ko
aral(G) <2 si+2) ti+ky—1 (4)
i=1 j=1

Furthermore, ([3], p. 4701) implies that araI(L3tj+2) = 2t; + 1 and aral(Lss;) = 2s;, and hence

ks
aral(G) <2 s;+2

ky
ti+ ko 5)
i=1 j=1

From the Equations (4) and (5), together with ([8], Theorem 2.9), we get
0 < aral(G) — bight](G) < ky+ks —2

as desired.

2. Without loss of generality, one may assume min{ny,..., ”k2+k3} = 3f1 + 2. One can consider
G as a (kp + k3 — 1)-cyclic graph with common path Lz, > which the cycles are of lengths
3(t1 +t;) +2forany 2 <i < ky or 3(t +s;) forany 1 < j < k3. Using the proof of Theorem 3,

we get I(Cyy, 14)42) = \/(qo, oo @2(ty41,),i) forany 2 < i < 'kp. Assume that
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/
do = 21,1421

A— .
T1,j = 211%3(ty +,),j T 22,1231

! _
Dot —1)+1 = 23(1—1),123(1—1)+1,1 T Z3(t;—1)4+2,123(t;—1)+3,1

/ _
Oot;,j = Z3t1+1,1X381+2,]

/
Q2n,j = X3h+1,jX3h+2,j

!/
Dn+1,) = X3h,j¥3h+1,j + X3h42,jX31+3,

/ _
Do(ty+sj—1)+1,) = *3(t1+sj—1),j%3(t+sj—1)+1,f + X3(ty+5;—1)+2,j%3(t +s;—1)+3,]
]

which generate up to radical I(Cy, +sj))' Observe that in all sequences generating ideal
I(C3(t1+sj)) up to the radical, the elements %’q/Z""’qé(tl—l)H are in common, for any
1<j<ks. Wehaveqy = g5 and g2,y = 3,41 forany 1 < m < t; —1. Since I(G) =

\/Zfiz Gty 4)42) + Z;'(il LGty 457/

k3 ky
araI(G)SZZsj—i—ZZti—i—tl—i—kz—l (6)
j=1 i=1

Thus, the inequalities Equations (4) and (6), together with ([8], Theorem 2.9), yield the
asserted inequality.

Theorem 6. Let G = 9n1,~~~,nk1+k2 be the graph consisting of lines Ly, 41, .. ., L3rkl+1' L3t 42, Lgtk2+2, ie.,
ni=23r;+1for1 <i<kjandn; =3t;+2fork; +1 <i < ky + kp such that ky,ky > 0. Then,

1. Ifthereexists 1 < i < kq such that min{ny,... ng i, } = 3r; +1,then 0 < aral(G) — bightI(G) <
min{2ks + k1 —2,kz};

2. Ifthereexists 1 < j < ko such that min{ny, ..., ng 1k, } = 3t; +2, then 0 < aral(G) — bightI(G) <
min{tj =+ kz + kl -1, kz}

Proof.

1. Without loss of generality, suppose that min{ny, ..., ng, 4, } = 3r1 + 1. One can consider G as a
(k1 + ka — 1)-cyclic graph with common path L3, ;1 where the cycles are of lengths 3r; + 1+ 3t; +
2-2=3(r;+tj))+1forany 1 <j<kpor3ry +1+3r,+1—-2=23(r; +1;) forany 2 < i < ky.
Applying the same argument in the proof of Theorem 5 (1), we get

kl ko
aral(G) <2Y rj+2) tj+2k+k —2 )
i=1 j=1
Hence, ([8], Theorem 2.12), ([3], p. 4701) and Equation (7) imply that 0 < aral(G) — bightI(G) <
min{zkz +k1—2, kz}.
2. We may assume, without loss of generality, that min{ny,...,ng 1, } = 3t; +2. One can consider

G as a (ki + kp — 1)-cyclic graph with common path Lz, 1». Therefore, the cycles are of lengths
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31 +2+3t+2—-2=3(t; + t;) +2forany 2 <i < ky or 34 +2+37’]‘+1—2 = 3(h +1’j)+1
forany 1 < j < ky. The same argument as in the proof of Theorem 4 (2) shows that

ky ka
aral(G) <2Y ri+2) ti+ti+ky+k—1 (8)
i=1 i=1

Using ([8], Theorem 2.12), ([3], p. 4701) and Equation (8), one derives that 0 < aral(G) —
blghtI(G) < min{t1 +ko+ k1 — 1,k2}.

Theorem 7. Let G = 9”1'---/”k1+k2+k3 consist of lines L, . . .,L3Sk3, L3y 11,---, L3rk1+1/L3t1+2/ .. .,Lgtk2+2, ie.,
n; =3siforl <i<ks n =3ri+1forks+1<i<kz+kiandn; =3t;j+2fork;+k3+1<i<
k1 + ks + ko such that ki, ko, k3 > 0. Then,

1. Ifthereexists 1 < i < kg such that min{ny, ..., 0 1,4k, } = 3s;, then 0 < aral(G) — bight1(G) <
min{ky + ks +s; — 2,kp + k3 };
2. If there exists 1 < j < ky such that min{ny,..., N 1,4k} = 3r; +1, then 0 < aral(G) —
bight1(G) < min{ky + 2ky + ks +1; —3,ka + k3 };
3. Ifthereexists 1 <1 < kpsuchthat min{ny, ..., Mg, 1k, +ky } = 3t; +2, then 0 < aral(G) —bightl(G) <
min{ky + ko +ks+1t —1, ko +k3}.
Proof.
1. Without loss of generality, suppose that min{ny,..., g, 1,1k, } = 351. One can consider that
Gis a (ki 4 ko + k3 — 1)-cyclic graph with common path Lz;, where the cycles are of lengths
351 +3s; —2=3(s; +s;— 1) +1forany 2 <i < kzor3s; +3rj+1—2=3(sy + 71— 1) +2for
any 1 <j<kjor3s;+3t;+2—2=23(s; +#) forany 1 <[ < ky. Using the same argument as
in the proof of Theorems 1, 4 (2) and 5 (1), we get
ky
aral(G) <(2s1 —1)+2) tj+k
1=1
ks k
+ (251 —1)+2) si+ (251 —1)+2) 7j
i=2 =1
— (1+251 —2) e (1+Sl —1)
ky ke ks
:22t1+227]‘+225i+k2+51—2 9)
=1 j=1 i=1
It follows from Equation (9), ([8], Theorem 2.10) and ([3], p. 4701) that
0 < aral(G) — bight1(G) < min{ky + ks +s1 —2,kp + k3}
2. Without loss of generality, assume that min{ny, ..., ”k1+k2+k3} = 3r1 + 1. One can consider that

Gisa (ki + ky + k3 — 1)-cyclic graph with common path Lz, ;1 where the cycles are of lengths
3(r +rj) forany 2 < j < ki, 3(r1 +t)+1forany 1 <[ < ky or 3(r; +s; — 1) + 2 for any
1 <i < k3. The same argument as in the proof of Theorems 4 (1) and 6 (1) shows that
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ki
aral(G) <(2r —1)4+2) rj+k —1
I=1

k2 k3
+@2r1—1)4+2) tj+2k+(2r—1)+2) s
j=2 i=1
7(21’171)7(1+1’171)
ko Ky ks
=2Y H+2) rj+2) si+2ka+ki+r -3 (10)
1=1 j=1 i=1

Therefore, by Equation (10), ([8], Theoerem 2.10) and ([3], p. 4701), we conclude that
0 < aral(G) — bight1(G) < min{ky + 2ky + k3 +r1 — 3,kx + k3 }

3. Without loss of generality, assume that min{ny, ..., ng, 1k, 4k, } = 3t1 +2. One can consider that
Gis a (ki + kp + k3 — 1)-cyclic graph with common path L3; 4>, where the cycles are of lengths
3(t1 +s;) forany 1 <i < ks, 3(t; +7j) +1forany 1 < j<kjor3(t +1;)+2forany 2 < < k.
We can use the same argument as in the proof of Theorems 3, 5 (2) and 6 (2) to obtain

k3
aral(G) <2t; +2) s
i=1

ko

+ 24 +221’]‘+k1 + 2t +22t1+(k2*1)
=1 =
—2t1— (14t —1)

ky

ky

ko ks
=2Y H+2) rj4+2) si+tt+k+k—1 (11)
i i=1

l:1 ]:1 1=
Applying Equation (11), ([8], Theoerem 2.10) and ([3], p. 4701), we get
0 < aral(G) — bight](G) < min{ky +ky + ks +t1 —1,kp + k3}

as desired.
O

3. Cohen-Macaulayness of Generalized Theta Graph

In [2], Mohammadi and Kiani investigated some properties of graphs of the form 6, n,,
such as shellability, vertex decomposability and sequential Cohen-Macaulayness. The present
section is devoted to study Cohen-Macaulayness and unmixedness of these graphs, especially the
height of generalized theta graphs. The most important motivation to study this property comes
from the fact that R/I is Cohen-Macaulay if and only if ht(I) = pd(R/I). We check the equality
htI(G) = pd(R/1(G)) to verify Cohen-Macaulayness of the graph G = 6y,,... », in some cases. Since the
projective dimension of a graph in this class is computed in [8], it only remains to obtain the value
of ht1(G).
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Let us fix some notations that will be used throughout this section. By G; U Gy, we mean the
graph obtaind by the disjoint union of G; and G,. Furthermore, we suppose that the vertices of a line
graph Ly, are labeled by x1;,x2, ..., X, ; where x1; = x and x,,, ; = y. Note that

k n=2k
ht(I(L"))_{k 272k+1

Lemma 8. Let G = 0y,,...n, such that n; = 2m; for any 1 < i < k. Then,

k

htI(G) = () _m;) —k+1

i=1

Proof. Assume that A is a minimal vertex cover of G. One of the following cases may happen:
(xeAygA),(xEgAyecA), (x,ycA),or(xy¢A).

1. Suppose that x € A,y ¢ A. We are going to find the minimum cardinality of minimal vertex
cover of G which do not contain y, so it suffices to cover the disjoint lines L,,, 2,..., L, 2 with
the minimum number of vertices such that Ng(y) C A. We claim that

k
htI(Lnl_z Uu...u Lnk—Z) = E(Tﬂl - 1)
i=1

Note that n; — 2 = 2(m; — 1). Furthermore, there exists a minimal vertex cover B; for L, _, with
the minimum cardinality m; — 1 such that x,; ¢ B; and x3;,x,,_1,; € B; forany 1 < i < k. Hence,
in this case, the minimum number of vertices of such A to be equal to

k

1+Y (mi—1)=(Ym)—k+1

i=1 i=1

.

The number 1 appears in the above equality because x € A.

2.  Suppose thaty € A, x ¢ A. We can apply the same argument as in the previous case.

3. Assume that x,y € A. To obtain a minimal vertex cover of G with minimum cardiality, we
may cover the disjoint lines L,,; _»,..., Ly, > with the minimum number of vertices such that
Ng(x) and Ng(y) are not contained in A. Since n; — 2 = 2(m; — 1) and there exists a minimal
vertex cover B; for L, » with the minimum cardinality m; — 1 such that x; ;, x,,,_1; ¢ B; for any
1 <i <k, we deduce that

1=

htI(Ln1,2U...ULnk,2) = (Wli —1)

1

It follows that the minimum cardinality of such A to be equal to

k

2+£(mi—1):(2mi)—k+2
i=1

i=1

The number 2 appears in the above equality because x,y € A.

4.  Assume that x,y ¢ A. Applying the same argument, we may cover the disjoint lines
Ly,—2,...,Ly,—2 with the minimum number of vertices such that A contains Ng(x) and Ng(y).
There exists a minimal vertex cover B; of cardinality m; for the line L,, > having an even number
of vertices such that x ;, x,, _1,; € B; forany 1 < i < k; therefore, we obtain the minimum number
of vertices of such A to be equal to Z{»‘Zl m; because x,y ¢ A.

Now, by comparing the above cases, we get
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&

Il
-

nI(G)=(y m;)—k+1
as desired.
O

Lemma9. Let G = 0y,,...n, such that n; = 2m; + 1 forany 1 < i < k. Then,
k
htI(G) = ()_m;i) —k+2
i=1

Proof. The techniques used in this proof are similar to the previous lemma. Suppose that A is a
minimal vertex cover of G. The only possible cases for x,y are (x € A,y ¢ A), (x ¢ A,y € A),
(x,y € A),or (x,y ¢ A).

1. Suppose that x € A,y ¢ A. We have Ng(y) C A. There exists a minimal vertex cover B; for
the line L,, > having an odd number of vertices such that x,; ¢ B; and x,,,_1, € B; where the
minimum cardinality of B; is m; for any 1 < i < k. Therefore,

k
htI(Lnl_z U...u Lnk—Z) = Z m;
i=1

Hence, we get the minimum number of vertices of such A to be equal to

k

1+Zm,’

i=1

The number 1 appears in the above equality because x € A.
2. Suppose thaty € A, x ¢ A. We can apply the same argument as in the previous case.
3. Suppose that x,y € A. There exists a minimal vertex cover B; for L, » such that x5, x,, 1, ¢

B;, and, furthermore, the minimum number vertices of such B; is m; —1 forany 1 < i < k.
Sincen; —2=2(m; — 1) +1,

k
htI(Lnl_z U...u Lnk—2> = (Z TYZZ') —k
i=1

It follows that the minimum cardinality of such A is equal to

z+f;(mi—1):(fmi)—k+z
i=1

i=1

The number 2 appears in the above equality because x,y € A.

4. Suppose that x,y ¢ A. Applying the same argument, we may cover the disjoint lines
Ly,—2,...,Ly,—> with the minimum number of vertices such that A contains N (x) and Ng(y).
There exists a minimal vertex cover B; of cardinality m; for the line L,, _» having an odd number
of vertices such that x; ;, x,,_1,;, € B; forany 1 < i < k; therefore, we obtain the minimum number
of vertices of such A to be equal to Zi'(:l m;, because x,y ¢ A.

Since k > 3,2 — k < 0. Now, we compare the results obtained from the cases above to get
k
ht1(G) = (Y m;) —k+2
i=1

as required.
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O

Lemma 10. Let G = 0y, u, such that n; = 2m; for any 1 <i < ky and n; = 2I; +1 for any ky +1 < i < k. Then,

htI(G) = (fmi) +( f; I) —k+2
i=1

i=k1 +1

Proof. Assume that A is a minimal vertex cover for G. Applying the same argument in lemma 8§,
the only possible cases for the common vertices x,y are (x € A,y ¢ A), (x € A,y € A), (x,y € A),
or (x,y ¢ A).

1.

Assume that x € A,y ¢ A. We have to cover the disjoint lines L,;, -2, ..., Ly, 2 with the minimum
number of vertices such that Ng(y) € A. We have n; —2 = 2(m; — 1) for 1 < i < k; and
nj—2=2(l; —1)+1fork; +1 < i < k. It is easily seen that there exists a minimal vertex cover B;
for Ly, _» having an even number of vertices, and the minimal vertex cover C; for L, _» having an
odd number of vertices such that xp; ¢ B; for1 <i <kq, xp; ¢ Cjforky +1 <i <k, x,,_1; € B;
for1 <i<kjand x,,_1,; € C;fork; +1 <i < k. The minimum size for B; and C; is m; — 1 and
I;, respectively. Hence, in this case, we need at least 21'11 (mj—1)+ Zi‘(:kl 41 li vertices to create a
minimal vertex cover for the disjoint lines L, 5, ..., Ly, 2. Then, the minimum size of such A is

k k
(Yom)+( )Y, )=k +1
i=1 i=k;+1
Assume thaty € A, x ¢ A. We can apply the same argument as in the previous case.
Assume that x,y € A. To obtain the minimum cardinality of such A, it suffices to cover the
disjoint graphs L, 2, ..., Ly, > with the minimum number of vertices such that x;;, x,._1; ¢ A
forany 1 <i < k. There exists a minimal vertex cover B; for the line having an even number of
vertices L,, > with the minimum number of vertices m; — 1 such that x5, x,, 1, for 1 <i <k
are not contained in A. Moreover, there exists a minimal vertex cover C; for the line having an
odd number of vertices L, » with the minimum number of vertices /; — 1 which does not contain
X2, Xp;—1,i for ki +1 < i < k. With this argument, to make a minimal vertex cover with the
minimum number vertices for the disjoint lines L, 2, ..., Ly, 2 we may have
kq k
Ymi—1)+ ) (Li—1)

i=1 i=ky+1

vertices. Then, the minimum cardinalty of such A is equal to

ky

Y (mi—1)+ i (I —1)+2=

i=1 i=ky+1

ky k

(Cm)+( Y L)~k —(k—k)+2=
i=1 i=ki+1

ki k

(Yomi)+( ), L)—k+2

i=1 i=k1+1
Assume that x,y ¢ A. In this case, we may cover the disjoint lines L, »,...,L, 2> with
the minimum number of vertices such that A contains Ng(x) and Ng(y). For any line L,,_»
(1 <i < k1) containing even number of vertices, we can find the minimal vertex cover B; with the
minimum number of vertices m; which contains x5 ;, x,,, 1, for 1 < i < ky. In addition, there exists
a minimal vertex cover C; with the minimum number of vertices I; which contains x, ;, x,,, 1, for
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k1 +1 <i < k. Therefore, in this case, the minimum number of vertices for covering the disjoint
lines Ly, —2,..., Ly, 2 is equal to 2511 m; + Zi'{:kl 11 li- Hence, the minimum cardinality of such A

equals

kq k

2 m; + Z li

i=1 i=ky+1
Since k > 3and k; > 1,1 — (k — k1) < 0. We compare the results obtained from the above cases
to obtain

kq k

hI(G)= (Y m)+( ), L)—k+2

i=1 i=ky+1

as desired.

O

To verify Cohen-Macaulayness and unmixedness of the generalized theta graphs, we consider
only seven possible cases that are described in the following theorems.

Theorem 11. Let G be the graph Gn],m,nkl consisting of lines L3r1+1,...,L3rk1+1, ie, n; = 3ri+1 for
1 <i < ky. Then, G is not unmixed and hence not Cohen-Macaulay.

Proof. Applying Theorem 2.6 of [2], one can conclude that G is not sequentially Cohen-Macaulay.
This implies G is neither Cohen-Macaulay by ([10], Lemma 3.6) nor unmixed by ([8], Theorem 2.14). O

Theorem 12. Let G be the graph 9”1/---/”k2 consisting of lines L3t 4o, .. .,L3tk2+2, ie, n; = 3t; + 2 for
1 <i < ky. Then, G is not unmixed and hence not Cohen-Macaulay.

Proof. It suffices to show that G is not unmixed. We distinguish the three following cases:

1. There exist positive integers my, ..., my, such that n; = 2m; forany 1 <i < ky;
2. There exist nonnegative integers r1, . . ., Tk, such thatn; = 2r; +1forany 1 <i < kp;
3. There exist positive integers mj, ..., my such that n; = 2m; for any 1 < i < k and nonnegative

integer numbers 741, ..., 1y, such that n; = 2r; + 1 forany k +1 <i < k.

Using proof of Lemmas 8-10, it is readily seen that there exist two minimal vertex covers of
different sizes in any case, and then G is not unmixed. [

Theorem 13. Let G be the graph 9111,-~,nk1+k3 consisting of lines L3r1+1,...,L3rk1+1,L351,...,L3Sk3, ie.,
ni=3r;+1for1 <i<kqjandn; = 3s; for k1 +1 < i < ky + k3 such that ky,ks > 0. Then, G is not
unmixed and hence not Cohen-Macaulay.

Proof. We have to verify the following cases:

e Theset {ny,...,n 1k, } does not contain {3,4}. Applying Theorem 2.6 of [2], G is not sequentially
Cohen-Macaulay, and then G is not Cohen-Macaulay by ([10], Lemma 3.6). We therefore get G is
not unmixed by ([8], Theorem 2.14).

o {3,4} C {ny,..., N 4k, }- There exist positive integers m; such that n; = 2m; forany 1 <i <'s
and there exist nonnegative integers /; such that n; = 2l;+1 forany s +1 < i < ki + ks.
Using cases 3 and 4 of Lemma 10, we obtain two minimal vertex covers A and B of cardinalities
24+ (i ,m) +1+ (Zﬁﬁz i) = (k1 +ks) +2and 2+ (L;_,m;) +1+ Zi‘iﬁ I;, respectively.
Since k1 + k3 > 3,5 — (k1 +k3) # 3. Hence, G is not unmixed. Moreover, G is not Cohen-Macaulay.

O

Theorem 14. Let G be the graph 9”1/~~-/”k2+k3 consisting of lines L3, . '-/L3Sk3/L3t1+2/--'fL3tk2+2' ie.,
ni=23s;for1 <i<ksand n; = 3t; +2 for ks +1 < i < kg + ky such that ky, ks > 0. Then, G is not
unmixed and hence not Cohen-Macaulay.
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Proof. It suffices to replace {3,4} by {2,3} in the proof of Theorem 13 and apply the same argument. [

Theorem 15. Let G be the graph Ony,...ny,, consisting of lines L3, ..., Las, e, nj = 3s; for 1 < i < k3.
Then, G is not unmixed and hence not Cohen-Macaulay.

Proof. In order to show that G is not unmixed, we use the same argument of Theorem 12. O

Theorem 16. Let G be the graph Gnlp,,,nkﬁkz consisting of lines Ly, 41, ., L3,k1+1, L3t 42, -, Lgtk2+2, ie.,
ng=3r;+1forl <i<kjandn; =3t;+2fork; +1 <i <ky+kysuchthat ki, ky > 0. Then, G is not
unmixed and hence not Cohen-Macaulay.

Proof. From ([2], Lemma 2.6), we obtain that G is not sequentially Cohen-Macaulay and hence G is
not Cohen-Macaulay by ([10], Lemma 3.6). Applying Theorem 2.14 of [8], one concludes that G is
not unmixed for k; > 2. To complete the proof, it remains to prove that G is not unmixed for k; = 1.
In this case, the same argument of Theorem 12 holds. [

Theorem 17. Let G be the graph Gnl,--.,nk] bk consisting of lines
L371+1,. . ~/L3rk1+1/ L3t1+2r cevy L3tk2+2’ L351,. . -/L3Sk ,i.e., n; = 31’1‘ + 1f01’ 1<i< kl, n; = 3t1‘ + 2f01’
k1 +1<i<ki+kyandn; =3s;forky +ky+1 <i <ky+ky+ ks suchthat ky,ky, ks > 0. Then, G is
Cohen-Macaulay (unmixed) if and only if G = 053 4.

Proof.
<) Suppose that G = 634. Set I(Ly) = (xy), I(L3) = (xe,ey) and I(Ly) = (xz,zt,ty).
Using CoCoA, I(G) has the minimal primary decomposition as

I(G) = (y,z,e) N (x,y,t) N (x,y,2z) N (x,te)

Hence, G is unmixed and Cohen-Macaulay by ([8], Theorem 2.14).

=) We know that G is Cohen-Macaulay (and hence unmixed) if and only if htI(G) = pd(G).
It is not difficult to see that htI(G) changes according to being even or odd the numbers 7;, t;, si
(1<i<k,1<j<ky,1<m <ks). By the description given above, there are only nine possible
cases. By checking all cases, it is seen that the equality htI(G) = pd(G) holds only for one case. In the
following, we examine two cases that seem more important.

e Suppose that there are nonnegative integers r;,t; and s, such that r; = 2I; +1, t; = 2¢; and
Sm=2hy+1forany1 <i<ky,1<j<kyand1l <m <k;. By Lemma 10, we get

kq ky

k3
htI(G) =Y (3L;) + ) _(3g)) + Y (Bhm) + ki +2
i=1 j=1 m=1

39, 3&, 3¢ ki 3
=5 ittty Zsm—%—§k3+2
i=1 j=1 m=1
Similar to the proof of Theorem 2.10 of [8], we obtain that pd(G) = 22;11 ri + 22;21 ti +
2 21;3:1 sm — k3. Applying Theorem 2.10 of [8], we have
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O

htl(G) = ) = > Zr1+ Zt+ Z mf—ffk3+2722r,+22t+2>:sm—

m=1

<~ Zrﬁ—ZtH— Zsm :4—k1—k3
i i m=1

ko
<:>k1:k3:1<:>7’1+2t]'+51:2
j=1
<:>7‘1251:1,k2:1,t1:0
<:>G:92,3/4

Suppose that there exist nonnegative integers /;, g; and hy, such that r; = 2; forany 1 <i <waandr; = 2[; +1
forany a 41 gigkl,t]- :2g]-forany1 gjgﬁandt]- :2g]-+1foranyﬁ+1 <j < ky, s = 2hy, for any
1 <m < yandsy = 2hy + 1 forany v + 1 < m < k3 which at least one of &,  and <y is non zero. Note that
we choose &, § and 7 such that any of the other cases do not occur. Using Lemma 10, we obtain

[ kl ,B kz k3
hI1(G) =Y (BL)+ Y. GBL)+Y (3g)+ Y. (3g)+ i(3hm)+ Y. (Bhm)
i=1 i=a+1 j=1 j=B+1 m=1 m=y+1

+ki+hky—20—B—y+2=72 Zrl+ Zt +3 Zsm

Lk k3 by @
2 2 2B TET;Toa
Applying Theorem 2.10 of [8], we have
WIG) = p(G) e 2V r 23142 3 s L .
—F 25T 28T T2 T 2722

kq ko ks
zzzri—i—Zth—i—Z Z Sm — k3
i=1 =1 m=1

181 1 & —a)  (ki+katk
<:>7Zri+72tj+fzsm:2+(‘8+,y )7(1—’— 2+ 3)
2t Llity L 2 2

b ks
<=>Zn+;tj+ Z_;Sm=4+(,3—k2)+(7—k3)—(04+k1)

By assumption, we have § —k; < 0, vy —k3 < 0 and a« +k; > 1. Then, it follows that
4+ (B—ky)+ (y—ks) — (a + k) < 3. Furthermore, we know Zi-q ri+ ZkZ b+ Zm 1Sm > 2.
Assume Zill ri + Z;(il ti + 212:1 Suw = 3. Sincer; > 0,t; > 0and s, > 0, we conclude
(m=s1=H=1),(n=1,H = 0 s =2)or (rp = 2,t; = 0,517 = 1) which are contradictions
by assumption. Suppose that Zl 1t E;‘il ti+ Zﬁle Sm = 2,thenwehaver; =1, =0and
s; = 1. This implies that « = v = 0 and = 1, a contradiction. Hence, G is not Cohen-Macaulay
(unmixed).

By considering the nine previous theorems, we get the following result:
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Corollary 18. Let G = 0y,,...n,. Then, the following conditions are equivalent:
(a) G is Cohen—Macaulay;

(b) G is unmixed;

(C) G= 92[3[4.

4. Conclusions

We have shown that algebraic invariants of the ideals associated to combinatorial structers
are computable.
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