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Abstract: In our previous work (Journal of Nonlinear Science and Applications 9: 1202-1215, 2016),
we studied the well-posedness and general decay rate for a transmission problem in a bounded
domain with a viscoelastic term and a delay term. In this paper, we continue to study the similar
problem but without the frictional damping term. The main difficulty arises since we have no
frictional damping term to control the delay term in the estimate of the energy decay. By introducing
suitable energy and Lyapunov functionals, we establish an exponential decay result for the energy.
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1. Introduction

In our previous work [1], we considered the following transmission system with a viscoelastic
term and a delay term:

t
up(x, 1) — auyx(x, ) —l—/o Q(t —s)uxx(x,s)ds
+V1ut(x/ t) + qut(x,t — T) = 0, (x, l’) c ) x (0, —|—oo) (1)

v (x,t) — boye(x,t) =0, (x,t) € (L1, Ly) x (0, 400)

where 0 < Ly < Ly < L3, Q = (0,L1) U (Lp, L3), a, b, p1, pip are positive constants, and T > 0 is the
delay. In that work, we first proved the well-posedness by using the Faedo-Galerkin approximations
together with some energy estimates when pi» < p;. Then, a general decay rate result was established
under the hypothesis that y» < p1. As for the previous results and developments of transmission
problems, and the research of wave equations with viscoelastic damping or time delay effects, we have
stated and summarized in great detail in our previous work [1], thus we just omit it here. The readers,
for a better understanding of present work, are strongly recommended to [1] and the reference therein
(see [2-33]).

It is worth pointing out that, in our previous work, the assumption “u, < p1" plays an important
role in the proof of the above-mentioned general decay result. In this paper, we intend to investigate
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system (1) with yq = 0. That is, we study the exponential decay rate of the solutions for the following
transmission system with a viscoelastic term and a delay term but without the frictional damping;:

up(x, 1) — auxx(x, t) + /Otg(t — 8)uyx(x,s)ds
+uour(x,t — 1) =0, (x,8) € QA x (0,400) )
v (x,t) — boyy(x,t) =0, (x,t) € (L1, Ly) x (0,400)

under the boundary and transmission conditions

u(0,t) = u(Ls, t) =0,

u(L;,t) =v(L;,t), i=1,2
(Li,t) = o(L;,t) 3)
t
(11 —/ g(s)ds> uy(L;, t) = boy(L;,t), i=1,2
0
and the initial conditions
u(x,0) =up(x), u(x,0)=ui(x), x€Q
ur(x,t — 1) = fo(x, t — 1), xeQ, tel0,r1] 4)

v(x,0) =vo(x), ©v(x,0) =v1(x), x€ (L1, L)

where y; is a real number, a4, b are positive constants and u1(x) = fy(x,0).

The main difficulty in dealing with this problem is that in the first equation of system (2), we have
no frictional damping term to control the delay term in the estimate of the energy decay. To overcome
this difficulty, our basic idea is to control the delay term by making use of the viscoelastic term. In order
to achieve this goal, a restriction of the size between the parameter y; and the relaxation function g and
a suitable energy is needed. This is motivated by Dai and Yang’s work [34], in which the viscoelastic
wave equation with delay term but without a frictional damping term was studied and an exponential
decay result was established. In the work here, we will establish an exponential decay rate result for
the energy.

The remaining part of this paper is organized as follows. In Section 2, we give some notations and
hypotheses needed for our work and state the main results. In Section 3, under some restrictions of
(see (35) below), we prove the exponential decay of the solutions for the relaxation function satisfying
assumption (Hj) and (Hy).

2. Preliminaries and Main Results

In this section, we present some materials that shall be used in order to prove our main result.
Let us first introduce the following notations:

(5= m)(0) = [ gt~ )h(s)ds
(gom(t):= [ &t = 9)(h(t) ~h(s))as
(GO0 = [ gt = 9)ln(t) —h(s) s
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We easily see that the above operators satisfy
(g6 = ( [ gs)ds) ) = (o) (o)
(gom®F < ([ lgts)ias) (Dm0
Lemma 1. Forany g,h € C'(R), the following equation holds

2lg i’ = 'O = (o2 - 5 {50 ([ gto)as ) 12}

For the relaxation function g, we assume
(H1) ¢: R4 — R, is a C! function satisfying

g(0) >0, Po ::a—/o g(s)ds=a—-g>0
(H2) There exists a positive constant ¢ satisfying ¢ > ¢y > 0 (o defined by (39) below) and

g'(t) < —¢g(t), Vt>0

According to previous results in the literature (see [1]), we state the following well-posedness
result, which can be proved by using the Faedo—Galerkin method.

Theorem 2. Assume that (H1) and (H2) hold. Then, given (ug,vg) € V, (uy,v1) € L2, and
fo € L2((0,1), H(Q)), Equations (2)~(4) have a unique weak solution in the following class:

(u,v) € C(0,00; V) N C(0, 00; £2)
where

Y= {(u,v) e HY(Q) N HY(Ly, Ly) : u(0,t) = u(Ls, 0) = 0,u(L;, ) = v(L;, t)

(o= [ s(6)as) (L) = box(ti )i = 1,2}

and
L2 =L*(Q) x L*(Ly, Ly)

To state our decay result, we introduce the following energy functional:
E(t) :1/ u?(x i,‘)dx—i-1 a— /tg(s)ds / u3(x t)dx—l—lf (¢00uy)dx
2 )oY 2 0 o 2 Ja

1 LZ t g(5s—
—|—§/L1 {v%(x,t)ntbv%(x,t)} dx+g/tq/ne 6=D32((x,5)dxds

where ¢ and { are positive constants to be determined later.

©)

Remark 1. We note that the energy functional defined here is different from that of [1] in the
construction of the last term. This is motivated by the idea of [28], in which wave equations with time
dependent delay was studied.

Our decay results read as follows:
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Theorem 3. Let (u,v) be the solution of Equations (2)—(4). Assume that (H1), (H2) and
(6)

8(Ly — Ly) 8(Ly — Lq)
> , b> ———
! L1+L3*L2'BO L1+L3*L2ﬁ0
hold. Let ag be the constants defined by (35) below. If || < ao, then there exists constants vyy,y2 > 0 such that
@)

E(t) < 726*715040), t> to

3. Proof of Theorem 3
For the proof of Theorem 3, we use the following lemmas

Lemma 4. Let (u,v) be the solution of Equations (2)—(4). Then, we have the inequality

d 1 / |.u2| / 2 ¢ ot k2l / 2
- <z B _ 1Pl _
th(t)_z/Q(g Dux)(t)dx—i—( > —|—2 Qut(x,if)dx »e > Qut(x,t T)dx ©
_%g(t)/g 2 g/t T/ (x,s)dxds
Proof. Differentiating (5) and using (2), we have
d t 1 2
T (1) —/Q Uty + a—/o <(s)ds uxuxt—ig(t)ux dx+/L ViU + buy vy dx
1
t
+/ t—s / uxt(ux(t)—ux(s))dxds—i-l/ g'Duxdx—i—E/ uy(x,t)d
Q
g/ e T (x,t — T)dx — = / / (x,s)dxds 9
t—1
f/Qg’Duxdx—Eg(t)/ uidx—|y2|/ ut(t)ut(t—r)dx+g/0ut x,0)d
_¢ e Tt (x,t — T)dx — —/ / (x,s)dxds
Q t—1
By Cauchy inequalities, we get
i _2/ (¢'Ouy) (t)dx + <|;42| + )/ (x,t)dx + <|‘le2| ge”> /Qu%(x,t—r)dx

dt
_Eg(t)/ ?C/ / 7(t=5)32((x,s)dxds

The proof is complete. [
Remark 2. In ([1] Lemma 4.1), we proved that the energy functional defined in [1] is non-increasing

12|

However, since ( > + 2) / u%dx > 0, E(t) may not be non-increasing here

Now, we define the functional Z(t) as follows

L
2(t) :/ uutdx+/ 2vvtdx
o) JL

Then, we have the following estimate:
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Lemma 5. The functional 9 (t) satisfies

L, t
t</ 24 +/ 24 +(5 L2+5—<—/ d))/ 24
)< [ [ odars (il 46— (a- [ go)as) ) [ adas

+i/t (s)d /(Du )dx+|y2| u(xt—T)dx— Lzbvzdx
43y Jo 8% o\ ST Ty Jo M L, Do

(10)

Proof. Taking the derivative of Z(t) with respect to t and using (2), we have

L L
%@(t) :/Qu%dx - /Q(aux — g% Uy ) Uydx — |p2| /Q u(x, t — T)udx + ./lev%dx - ./le bo2dx

t
2 2
— [ wdx— —/ d/d—/o dx — / = 1)ud 1
/Qut X (a Og(s) s) qu X Q(g Uy ) uydx — |po| Qu,g(x Judx (11)
L L
+/ 2v%dx—/ 2bvffdx
L L
By the boundary condition (3), we have

x 2 L
u?(x,t) = (/ uy(x, t)dx) < L1/ ' ud(x,t)dx, x€[0,L]
0 0

L
2 (x, 1) < (Lg—Lz)/ “2(x,)dx, x € [La, Ly
Ly

which implies

/ u?(x,t)dx < LZ/ utdx, x€Q (12)
O (@)

where L = max{Lj, L3 — L,}. By exploiting Young's inequality and (12), we get for any J; > 0

|;42|/ up(x, t — t)udx < Z?' ut(x,t—T)dx+51|y2\L2/qudx (13)
1

Young’s inequality implies that
: t
l/ﬂ(goux)uxdx <& / u2dx + E g(s)ds ./Q(gl]ux)dx (14)

Inserting the estimates (13) and (14) into (11), then (10) is fulfilled. The proof is complete. O

Now, as in Lemma 4.5 of [24], we introduce the function

L
x—%, X € [O,Ll]
L1 L1+ Ls3—1Lp
Y S N s Bk Y (UG Y L, L
‘7(3‘) 2 2(L2 _ Ll) (x 1) X e ( 1 2) (15)
Ly + L
_%, x € [Ly, L]

Ly Ly—L
It is easy to see that g(x) is bounded, that is, |g(x)| < M, where M = max { 21 = 5 2 } isa
positive constant. In addition, we define the functionals:

Ly
F(t) = — /Qq(x)ut(aux —gxuy)dx, Fp(t) = —/L g(x)vyvpdx (16)

Then, we have the following estimates.
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Lemma 6. The functionals F1(t) and F,(t) satisfy

d q(x) 2 a 2 a M 2

Ejl(t) {—z(aux — gk ly) “ — [Eq(x)ut}aﬂ + + 1, / uydx

+

t
2+ M | + 220062 + (4 + 8] ( [ s0s) | [ s
0 0 17)

MZ
+ {f52|}42|M2 + Z?J + “ZLZ ] /Qu%(x,t —7)dx

+ <4+ 4Vz522|) (/Otg(s)ds> /Q(gDux)dx —g(0)5, /Q(g’Dux)dx

and

d . Li+L3— L L2 5 La 5 Ly o Ly —Ly
— < - - - = . - =
dtJQ(t) 4L N /L1 Utdx+/L bvidx | + 1 vi(Ly) + ) v; (L)

b

7 (L = L2)23 (Lo ) + Liod (L, 1)) (18)

Proof. Taking the derivative of .7 (t) with respect to t and using (2), we get

%Jl(t) — / g(x)ug (avy — g * uy)dx — / q(x)ur (auxr — g(t)ux(t) + (8 o ux)(t)) dx

Q
= [q(zx)(aux — g ly) ] 3 / )(auy — g % uy)2dx — [gq(x)uf
/ dx—/ q(x)|pa|ue(x, t —T)(g * 1y)dx

—l—/ x)avy|po|u(x, t — 7)dx — /Qq(x)ut[(g/oux)(t) — g(t)uy]dx

} o0 (19)

We note that

1
5 /Q q'(x)(auy — g * uy)>dx

<2/ azuzdx+2/ * Uy )2dx
= /4 x Q(S x)

gz/ﬂa2u§dx+2/0 (/Otg(t—s)(ux(s)—ux(t)+ux(t))ds)2dx 20

§2g2/0u§dx+4(/Otg(s)ds)zfﬂu?;dx+4 (/Otg(s)ds> /Q(gDux)dx

Young’s inequality gives us for any d, > 0,

/Q (x)auy|po|us(x,t — T)dx < ,M2a 2|y2|/ u2dx + Zﬁ;' u?(x,t —7)dx (21)

[ a0l (x, = 7)(g < x)dx

t
=lpa| [ (g0 un)a(x)un,t = T)x + || [ g()ds [ a(ym(xt = tjusds
. ¢ 2 (22)
<52M2|y2|/ u(x,t —7)dx + ZZ' g(s)ds/()(gDux)dx+52|ptz| (/0 g(s)ds) /Qu,%dx

|p2| M

2
200 4
+ 16, /Qut(x,t T)dx
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and
- / A(x)url(g” o 1) (1) — g(E)usdx
_45 / uzdx 4 ¢%(0 / u%dx—g(O)Jz/Q(g’Dux)dx (23)

Inserting (20)—(23) into (19), we get (17).
By the same method, taking the derivative of .%7 () with respect to ¢, we obtain

d Ly L,
%Jz(t) —/L q(x)vxtvtdx—/ g(x)vxvpdx

1 Lq
_ 11 2 o1 oh 1 2 b 2 =
= [ gort| o [ aestaxs [ osacs [-Sawet]
Li+Lz— Lo /LZ 2 /L2 2 Ly » Ly—1Ly ,
<_1TET 2 L1
>~ 4(L2—L1) ( Ll ‘Utdx‘k. L bvxdx + 4 Ut (L])+ 4 Ut(LZ)

b
+ 1 ((La = L2)od (Lo, 1) + Liod(Ly, 1))
Thus, the proof of Lemma 6 is finished. O

In [1], the authors pointed out that if y < p1, then the energy is non-increasing. Thus, the negative

term — / u?dx appeared in the derivative energy can be used to stabilize the system. However, in this

paper, the energy is not non-increasing. In this case, we need some additional negative term — / uzdx.
Q

For this purpose, let us introduce the functional

F3(t) = — /Q ur(gou)dx

Then, we have the following estimate.

Lemma 7. The functionals F3(t) satisfies

t t 2
;t%(t)g—(/o g(s)ds—?)/ﬂu%(x,t)dx—i— Oq + 04 (/0 g(s)ds) ]/Qu,zc(x,t)dx
2
raul [t —odc [ (804 g+ 2 122 M| [ (gouar @9

gO)L 1
- /Q(g Ouy )dx

2&4

Proof. Taking the derivative of .Z3(t) with respect to t and using (2), we get

%93() —/. utt(gou)dx—/(:g(s)ds/nu%(x,t)dx—/Qut(g’ou)dx

7/ (ﬂuxx x,t) / §(t = s)uxx(x,s)ds — P‘2|“t(x/t7)> (gou)dx

—/0 g(s )ds/ﬁut (x, t)dx—/ﬂut(g'ou)dx (25)
:7/0 (/(;tg(ts)ux(x,s)ds) (goux)dera/qu(gOMx)dx

el [t =) (gonds— [ go)ds [ ndx— [ mlg ondx
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Young's inequality implies that for any J4 > 0:

- /Q (./otg(ts)”x(xfs)dS) (goux)dx

5 /Q </Ot8(t — ) (ux(t) —ux(s) — ux(t))ds>2dx + 2174 Q(gOMx)zdx
.t 2 ) _

<é4 (/0 g(s)ds) /Q u2(x, t)dx + ((54 + 254) '/Q(goux)zdx

<é4 (/Otg(s)ds>2/0u;2c(X, fdx + ((54 + 2;4) /Otg(s)ds /Q(gl:lux)dx

2t
a/qu(goux)dx §54/Qu§(x,t)dx—l—4{174/o <(s)ds /Q(gDux)dx (27)

By Young's inequality and (12), we get for any d4 > 0, a3 > 0

(26)

and

2 ot
_ < 2 _ ’VZlL / /
|‘uz|/0ut(x,t T)(gou)dx_54|y2\/0ut(x,t T)dx+7454 A g(s)ds Q(gDux)dx (28)
and
~ [ulg oudr < % [ dv 5 [(-g/(6)ds [ (~gTu)dx
~ 2 Ja o 204 Jo
&4 2 g(O)LZ/ /
< = _
<3 /qu(x,t)dx T Q(g Ouy )dx (29)

Inserting (26)—(29) into (25), we get (24). O
Now, we are ready to prove Theorem 3.

Proof. We define the Lyapunov functional:
L(t) = NiE(t) + N2 2(t) + Z1(t) + NaFp(t) + N5.73(t) (30)

where Nj, Ny, Njy and Nj are positive constants that will be fixed later.
Since g is continuous and g(0) > 0, then for any t > t; > 0, we obtain

t fo
| s> [ gs)ds = go (31)
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Taking the derivative of (30) with respect to t and making the use of the above lemmas, we have

d ay lpal ¢ a M2 / >
el < _ _ 4 2l 5 _(ZL 2
dl’L(t) < {N5 (go 2 ) Ny ( 2 + > Ny 3 + 5, Qutdx
— {NaBo — Na(d1 + L2601 |pa|) — (20> + 48> + 62| 2| §* + 52 M?a® | o | + §%(0)52)

—N5(54+54g2)}/0u§dx
M_g —0T NZWZ‘ 2 |V2‘(1+M2) / 2 _
+{N1( 5 5¢ + 16, + ( 2| p2| M +7452 + N504|p2| Qut(x,t T)dx
b(Ll + Lz — Lz) } Ly 5 {Ll + Lz — Ly } Ly 5 (32)
— =Ny + Npb / vidx — ¢ ————= Ny — N, / vydx
{ 4L, — L) Ty R 4Ly —Ly) ¢ Ty !

—-(b- N4)§ ((L3 — Lo)vy (Lo, t) + lei(Ll,t)) —(a—Ny) {%vf(h, t) +

Nog _, lmalg 1 (@ ||L?) /
+[451+<4g+—452 48 (0004 o+ I o (o)

_ ng(O)Lz / /
T Q(g Ouy )dx

At this moment, we wish all coefficients except the last two in (32) will be negative. We want to
choose N, and N, to ensure that

Lz —L
2 zvf(Lz,t)}

+ {% —8(0)é2

a— N4 >0
b—Ns>0
te (33)
Li+Ls— L,
— Ny, — N>, >0
4L, —Ly) 7
I(L, — L
For this purpose, since M < min{a, b}, we first choose Ny satisfying
L1+ L3 —Ly
8I(L, — Ly) .
=z U <
L+l < Ny < min{a, b}
Then, we pick
Bo 1
g =99, <= and &H < ——
§ 8 $2(0)
such that

ay N 7N
Ns (go _ 74) - 52g0, NoBo — Nody > ;ﬁo, and ¢2(0)5, < 1

Once 0, is fixed, we take N, satisfying

8(2a2 + 43 + g%(0)5,)

Np >
’ Bo
such that N
(20 + 45 + g*(0)82) < ZTﬁO
Furthermore, we choose Nj satisfying
N5g() a M2
3 > Ny + 5 + 13,
such that
Nspo a _NsBpp M? _ Nspo Nsgo a M
N< ——, < ——, — < — d ——-—-N,— [ =+ —
2S7g 2578 1 x5, S g M4 T3 272t )70
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Then, we pick ¢, satisfying
BoN2

0y < ————
47 8N5(1+¢2)

such that
N> By
8

Once the above constants are fixed, we choose Nj satisfying

N5 (05 + 048%) <

N
71>g( )02 +

Nsg(0)L?
2&4

Now, we need to choose suitable || and { such that

|}42|
K N1<2 ) >0
5B80N>

22— Kalpa| > 0 (34)

|,u2| g —0T
K e — —
3 > NiZe <0

where

N: M?
Ky = 5%30—1\] ({1 —|-> K2:N2(51L2+(52g'2+(52M2a2

8 46,
N, , 1 M?
K3 N1+g+2§M +@+ 2, + 2N504
We first choose  satisfying
2Ky
0
N C7

Then, we pick | 2| satisfying

. [5BoN2 N1& 2K n
|H2| <mln{ 8K2 ng‘” N] g T a() (35)

From the above, we deduce that there exist two positive constants a5 and a¢ such that (32) becomes

d

L) < —asE(t) + 16 [ (s0my)dx (36)
Multiplying (36) by ¢, we have

d

2L () < —asCE() + a6g [ (50uy)dx

On the other hand, by the definition of the functionals 2(t), % (t), %»(t), #3(t) and E(t), for Ny
large enough, there exists a positive constant a3 satisfying

(N2 2(t) + N3F1 () + Ny Fo(t) + F5(H)| < mE(¢)

which implies that
(Ny —m)E(t) < L(t) < (N1 +m)E(t)
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Exploiting (H2) and (8), we have

d 2K
é‘/ﬂ(gDux)dx < —/Q(g’Dux)dx < —2ZE(N)+ Wll/oufdx (37)

Thus, (36) becomes

d d 4K1 173

¢ L(t) = —asCE(t) — 26 E(t) + N,

E(t) (38)

We add a restriction condition on ¢, that is, we suppose that

4K1 Xe

= o (39)

Then, (38) becomes, for some positive constants

d

§EL) < —arfE(H) — as TE()

dt

Now, we define functionals .#(t) as
ZL(t) = CL(t) + agE(t)

It is clear that
ZL(t) ~ E(t) (40)

Then, we have

& 2(0) < —argE®) @)

A simple integration of (41) over (fo, t) leads to
L(t) < L(tg)e SN, > ¢ (42)
Recalling (40), Equation (42) yields the desired result (7). This completes the proof of Theorem 3. [

4. Conclusions

The main purpose of present work is to investigate decay rate for a transmission problem with
a viscoelastic term and a delay term but without the frictional damping term. It is based upon our
previous work ([1]), in which we studied the well-posedness and general decay rate for a transmission
problem in a bounded domain with a viscoelastic term and a delay term. The main difficulty in dealing
with the problem here is that in the first equation of system (2), we have no frictional damping term to
control the delay term in the estimate of the energy decay. To overcome this difficulty, our basic idea
is to control the delay term by making use of the viscoelastic term. In order to achieve this target, a
restriction of the size between the parameter yo and the relaxation function g and a suitable energy is
needed. This is motivated by Dai and Yang’s work [34], in which the viscoelastic wave equation with
delay term but without a frictional damping term was considered and an exponential decay result
was established. In Section 2, we give some notations and hypotheses needed for our work and state
the main results. In Section 3, because the energy is not non-increasing, we introduce the additional

functional to produce negative term — / u?dx. Then by introducing suitable Lyaponov functionals,

we prove the exponential decay of the solutions for the relaxation function satisfying assumption (Hy )
and (Hp).
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