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Abstract: The multiple zeta values (MZVs) possess a rich algebraic structure of algebraic
relations, which is conjecturally determined by two different (shuffle and stuffle) products
of a certain algebra of noncommutative words. In a recent work, Bachmann constructed a
g-analogue of the MZVs — the so-called bi-brackets — for which the two products are dual
to each other, in a very natural way. We overview Bachmann’s construction and discuss the
radial asymptotics of the bi-brackets, its links to the MZVs, and related linear (in)dependence
questions of the g-analogue.
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Apart from the “standard” g-model of the multiple zeta values (MZVs),
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introduced in the earlier works [1,2], the different ¢g-version
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has received a special attention in the more recent work [3] by Castillo Medina, Ebrahimi-Fard and
Manchon. One of the principal features of the latter ¢-MZVs is that they are well defined for any

collection of integers s1,...,S;, so they do not require regularisation as the former ¢-MZVs and the
MZVs themselves.
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In the other recent work [4,5] Bachmann and Kiihn introduced and studied a different g-analogue of
the MZVs, namely,
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The series are generating functions of multiple divisor sums, called (mono-)brackets, with the
(Q-algebra spanned by them denoted by MD. Note that the ¢-series (1) can be alternatively written
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where P;_;(q) are the (slightly modified) Eulerian polynomials:
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Since P;_1(1) = (s — 1)! it is not hard to verify that

1
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More recently [6] Bachmann introduced a more general model of the brackets
S1y.-4581 1 r1 gs1i—1 ri 3s1—1 _nidi+--+nyd,
= nrtdst el dst q11 1ay
L’l,---,m] 7’1!(81—1)!"'7‘l!(81—1)!m>;,>0 o P
di,....d;>0
— ! . i Po,a(q™) - my' Py 1 (g™) 3)
rl!(sl_1)!...7"l!(sl_1)!n1>m>nl>0 (1_qn1)s1...(1_qm)sl )

which he called bi-brackets, in order to describe, in a natural way, the double shuffle relations of these
g-analogues of MZVs. Note that the stuffle (also known as harmonic or quasi-shuffle) product for the both
models (1) and (3) in Bachmann’s work comes from the standard rearrangement of the multiple sums
obtained from the term-by-term multiplication of two series. The other shuffle product is then interpreted
for the model (3) only, as a dual product to the stuffle one via the partition duality. Bachmann further
conjectures [6] that the Q-algebra BD spanned by the bi-brackets (3) coincides with the (Q-algebra MD.

The goal of this note is to make an algebraic setup for Bachmann’s double stuffle relations as well as
to demonstrate that those relations indeed reduce to the corresponding stuffle and shuffle relations in the
limit as ¢ — 1~. We also address the reduction of the bi-brackets to the mono-brackets.
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1. Asymptotics

The following result allows one to control the asymptotic behaviour of the bi-brackets not only as
g — 17 but also as ¢ approaches radially a root of unity. This produces an explicit version of the

asymptotics used in [7] for proving some linear and algebraic results in the case [ = 1.
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where the polynomials Fy(¢) € Qle| of degree max{0, k — 1} are generated by
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is the generating function of Bernoulli numbers.

Proof. The proof is technical but straightforward. [

By moving the constant term A, to the right-hand side, we get
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and so on.

Proposition 1. Assume that s; > i+ 1and s; > r; +1forj=2,... 1. Then

as q— 17,

|:81,...,Sl:|NC(Sl_rl,SQ_TQ,...,Sl_Tl) 1
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where (1, ..., s;) denotes the standard MZV.
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Another way to tackle the asymptotic behaviour of the (bi-)brackets is based on the Mellin transform
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see [8,9]. Note that the bijective correspondence between the bi-brackets and the zeta functions
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can be potentially used for determining the linear relations of the former. A simple illustration is the

linear independence of the depth 1 bi-brackets.

Theorem 1. The bi-brackets [i}], where 0 < r; < 51 < n, s1 +1r; < n, are linearly independent

over Q. Therefore, the dimension d5P of the Q-space spanned by all bi-brackets of weight at most n is
bounded from below by | (n + 1)*/4] > n(n + 2) /4.

Proof. Indeed, the functions

I'(s) ' Z nitdy” _F<S)C(3—$1+1)C(3—7’1)
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where 0<7ri <s <n, s +1r <n,

are linearly independent over Q (because of their disjoint sets of poles at s = sy and s = r| + 1,

respectively); thus the corresponding bi-brackets [f«} } are (Q-linearly independent as well. [

A similar (though more involved) analysis can be applied to describe the Mellin transform of the
depth 2 bi-brackets; note that it is more easily done for another g-model we introduce further in Section 3.

2. The Stuffle Product

Consider the alphabet Z = {z,, : 5,7 = 1,2,... } on the double-indexed letters z; ,. of the pre-defined
weight s + r — 1. On QZ define the (commutative) product
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is the generating function of Bernoulli numbers. Note that 5\8 = )\, for s > 2, while ;\1 = % = —)\;in
the notation of Section 1.
As explained in [4] (after the proof of Proposition 2.9), the product ¢ is also associative. With the

help of (4) define the stuffle product on the Q-algebra Q(Z) recursively by 1 mw = wm1 := w and
aw mbv := a(wmbv) + blaw mv) + (a o b)(wmwo), 5)
for arbitrary w,v € Q(Z) and a,b € Z.

Proposition 2. The evaluation map

S1y...,95]
i zey o Ze e 6

[] b o |:T1—1,...,Tl—1] ()
extended to Q(Z) by linearity satisfies [w mv| = [w] - [v], so that it is a homomorphism of the Q-algebra
(Q(Z),m) onto (BD, -), the latter hence being a Q-algebra as well.

Proof. The proof follows the lines of the proof of ([4] Proposition 2.10) based on the identity
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Modulo the highest weight, the commutative product (4) on Z assumes the form
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so that the stuffle product (5) reads
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for arbitrary w,v € Q(Z) and zy, ,,, zs,., € Z. If we set z; := 2,1 and further restrict the product to the
subalgebra Q(Z’), where Z' = {2, : s = 1,2, ... }, then Proposition 1 results in the following statement.

Theorem 2 ([4]). For admissible words w = z, ... zs, and v = Zgt t o 2t of weight |w| = s1+ -+

and |v| = s| + - -- + s, respectively,
wmuv| ~ (1 —¢) =Ple(w v as q— 17,
[wmo] ~ (

where x denotes the standard stuffle (harmonic) product of MZVs on Q(Z'").
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Since [w] ~ (1 — q)7*I¢(w), [v] ~ (1 — q)7I¢(v) as ¢ — 17 and [wmv] = [w] - [v], Theorem 2
asserts that the stuffle product (5) of the algebra MD reduces to the stuffle product of the algebra of
MZVs in the limit as ¢ — 17. This fact has been already established in [4].

3. The Duality

As an alternative extension of the mono-brackets (1) we introduce the multiple q-zeta brackets
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By applying iteratively the binomial theorem in the forms
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we see that the Q-algebras spanned by either (3) or (8) coincide. More precisely, the following formulae
link the two versions of brackets.

Proposition 3. We have
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Proposition 3 allows us to construct an isomorphism ¢ of the two Q-algebras Q(Z) with two
evaluation maps |- | and 3[- |,

S1y...,8]
5[251,r1 s Zsm“z] = 3[ :|

T1y-0-5 T
such that
[w] = 3[pw] and 3[w] = [ w).

Note however that the isomorphism breaks the simplicity of defining the stuffle product m from
Section 2.

Another algebraic setup can be used for the Q-algebra Q(Z) with evaluation 3. We can recast it as
the Q-subalgebra $° := Q + x$y of the Q-algebra §) := Q(x, y) by setting 3[1] = 1 and

51,...,5
3[xty .ty :3{ ! l].
T1y...,7

The depth (or length) is defined as the number of appearances of the subword zy, while the weight is
the number of letters minus the length.

Proposition 4 (Duality).
5{81782)‘ * '7Sl:| — 5|:Tl7rl—17 A )/rl:| )
r,T2,...,7 Sty S1—1y---,951
Proof. This follows from the rearrangement of the summation indices:

l l l l
_ / /
D_diy mi=) di ) m]
=1 j=t =1 j=t

where d} = my 1 and m); = dpyy 5. O

Denote by 7 the anti-automorphism of the algebra $), interchanging x and y; for example,
7(x?yzy) = xyxy?. Clearly, 7 is an involution preserving both the weight and depth, and it is also

an automorphism of the subalgebra $°. The duality can be then stated as
3[rw] = 3[w]  forany w € H°. 9)

We also extend 7 to Q(Z) by linearity.
The duality in Proposition 4 is exactly the partition duality given earlier by Bachmann for the
model (3).

4. The Dual Stuffle Product

We can now introduce the product which is dual to the stuffle one. Namely, it is the duality composed
with the stuffle product and, again, with the duality:

wMv = @ 7 (Tow mTpv) for w,v e Q(Z). (10)

It follows then from Propositions 2 and 4 that
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Proposition 5. The evaluation map (6) on Q(Z) satisfies (wmMv]| = [w] - [v], so that it is also a
homomorphism of the Q-algebra (Q(Z), ™) onto (BD, -).

Note that (7) is also equivalent to the expansion from the right ([10] Theorem 9):

WZsy,r T VZs50y = (wrm UZSZJ”Q)ZSLTI + (wzslﬂ”l I'I'IU)ZS2,T2

1+ 19 — 2
+ ( 1T 2 : )(wmv)zsﬁsmml. (11)
L —

The next statement addresses the structure of the dual stuffle product (10) for the words over the
sub-alphabet 2’ = {2, = 2,1 : s = 1,2,...} C Z. Note that the words from Q(Z’) can be also

presented as the words from Q(x, xy) necessarily ending with .
Proposition 6. Modulo the highest weight and depth,
awmMby = a(wmMbv) + blaw M) (12)
for arbitrary words w,v € Q + Q(z, zy)zy and a,b € {x,zy}.
Proof. First note that restricting (11) further modulo the highest depth implies
WZsy oy MVZs5 9 = (WM VZs5.00) 25301 T (W25 00 TTIV) Zs 19

and that we also have

WZsy,r4+1 T VZs5 0y = (wzsm"l rm UZSQ,TQ)y + (w28177“1+1 [l U)ZS2,T2
WZsy,r+1 TTTVZs5 rp41 = (wZSM”l rm UZSQ,Tz-i-l)y + (wzslﬂ"ﬁ-l m UZSQ,TQ)U
The relations already show that
wa' mob’ = (wmub)d' + (wa' mo)’ (13)

for arbitrary words w,v € Q + Q(Z) and ', b’ € Z U {y}, where

Rs1,r1 -+ - Rsp_ym—1Rsm Y T Rsirn s - Rsp_q o1 Rspm+l

Secondly note that the isomorphism ¢ of Proposition 3 acts trivially on the words from Q(Z’).
Therefore, applying 7¢ to the both sides of (10) and extracting the homogeneous part of the result
corresponding to the highest weight and depth we arrive at

T(wmv) = TwmTv forall w,v e Q(Z").

Denoting

_ y ifa=uz,
a=7Ta =
xy ifa=uxy,
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and using (13) we find out that

T(aw T bv) = 7(aw) M7(bv) = (rw)am(rv)b

= (rwm(Tv)b)a + ((rw)amrv)b
= (rwm7(w))a + (t(aw) m7v)b = (1(wbv))a + (T(aw Tv))b
= 7(a(wmbv) + blawmMw)),

which implies the desired result. [

Theorem 3. For admissible words w = z, ... z5, and v = Zst c o Zsl, of weight |lw| = s; + -+ -+ s, and

lv| = s} + - - + s),, respectively,
[wimv] ~ (1 —q) =PI (w wv) as q— 17,

where LI denotes the standard shuffle product of MZVs on Q(Z').

Proof. Because both ¢ and 7 respect the weight, Proposition 6 shows that the only terms that can
potentially interfere with the asymptotic behaviour as ¢ — 1~ correspond to the same weight but lower
depth. However, according to (10) and (11), the ‘shorter’ terms do not belong to Q(Z’), that is, they are
linear combinations of the monomials 2y, ,, ... 2q, », Withry + -+ 417, = [ +m > n, hence r; > 2 for
at least one j. The latter circumstance and Proposition 1 then imply

lim (1 — q)‘l"m”'[zq”,1 o Zgurn =0, O

q—1—
Theorem 3 asserts that the dual stuffie product (10) restricted from BD to the subalgebra M D reduces
to the shuffle product of the algebra of MZVs in the limit as ¢ — 17. This result is implicitly stated

in [6]. More is true: using (7) and Proposition 6 we obtain

Theorem 4. For two words w = zg, ... 25 and v = Zgr + Zs, , NOL necessarily admissible,
[wmov —wmv] ~ (1 —¢) " P¢(w s v —www) as q— 17,

whenever the MZV on the right-hand side makes sense.

In other words, the g-zeta model of bi-brackets provides us with a (far reaching) regularisation of the
MZVs: the former includes the extended double shuffle relations as the limiting ¢ — 1~ case.

Conjecture 1 (Bachmann [6]). The resulting double stuffle (that is, stuffle and dual stuffle) relations
exhaust all the relations between the bi-brackets. Equivalently (and simpler), the stuffle relations and the
duality exhaust all the relations between the bi-brackets.

We would like to point out that the duality 7 from Section 3 also exists for the algebra of MZVs ([10]
Section 6). However the two dualities are not at all related: the limiting ¢ — 1~ process squeezes the
Y.
Furthermore, the duality of MZVs respects the shuffle product: the dual shuffle product coincides with
the shuffle product itself. On the other hand, the dual stuffle product of MZVs is very different from the
stuffle (and shuffle) products. It may be an interesting problem to understand the double stuffle relations
of the algebra of MZVs.

appearances of = before y in the words x*'yx*2y . .. 2%y, so that they become 2!~ tyxs2~1y .. %71
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5. Reduction to Mono-Brackets

In this final section we present some observations towards another conjecture of Bachmann about the
coincidence of the (Q-algebras of bi- and mono-brackets.

Conjecture 2 (Bachmann). MD = BD.

Based on the representation of the elements from BD as the polynomials from Q(x,y) (see also the
last paragraph of Section 4), we can loosely interpret this conjecture for the algebra of MZVs as follows:
all MZVs lie in the (Q-span of:

s;—1

(51,52 31) = Cla™ My Ty 2t ly)

with all s; to be at least 2 (so that there is no appearance of y" with » > 2). The latter statement is
already known to be true: Brown [11] proves that one can span the (Q-algebra of MZVs by the set with
all s; € {2,3}.

In what follows we analyse the relations for the model (8), because it makes simpler keeping track of
the duality relation. We point out from the very beginning that the linear relations given below are all
experimentally found (with the check of 500 terms in the corresponding g-expansions) but we believe
that it is possible to establish them rigorously using the double stuffie relations given above.

The first presence of the g-zeta brackets that are not reduced to ones from MD by the duality relation
happens in weight 3. Itis 3 [ %] and we find out that

3(3] = 33[1] +3[1] —3[11].

There are 34 totally ¢-zeta brackets of weight up to 4,

21l 3]’
where the asterisk marks the self-dual ones. Only 21 of those listed are not dual-equivalent, and only

five of the latter are not reduced to the g-zeta brackets from MD; besides the already mentioned 3 [ %]
these are 3[31],3[51].3[ ;] and 3[ ;7). We find out that

3[3] = 13[3] + 33[1] — 23[T1],

3[on] =3[t] +33[7] =3[0 +3[07] =31 ] =3[ ],
3[1e) = —33[11] — 330 +23[ 1] +3[01] = 3[17] +3[1T]
3[21] =—-3[11] +23[11] +3[1n1],

and there is one more relation in this weight between the g-zeta brackets from MD:

$3[3] =303 +3[t] —23[11] +23[7n] =0.
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The computation implies that the dimension d5? of the Q-space spanned by all multiple g-zeta
brackets of weight not more than 4 is equal to the dimension d{'? of the Q-space spanned by all such
brackets from MD and that both are equal to 15. A similar analysis demonstrates that

diP = dy™® =28 and dg” = dy"? =51,

and it seems less realistic to compute and verify that d5? = dMP for n > 7 though Conjecture 2
and ([4] Conjecture (5.4)) support

xr —=
2% (1= 2)°(1 — 227 — 229)

=14 2z + 42% + 823 + 152* + 282 + 512° + 9227
+1652° + 29427 + 5232'° + O(2').

We can compare this with the count ¢cX'? and c®P of all mono- and bi-brackets of weight < n,

o0 1 [e.e]
nzgcgvmxnzl—Zx and ;Cgpxn:1—3x+x2 ZF?":E

where F}, denotes the Fibonacci sequence.

In addition, we would like to point out one more expectation for the algebra of (both mono- and bi-)
brackets, which is not shared by other g-models of MZVs: all linear (hence algebraic) relations between
them seem to be over Q, not over C(q).

Conjecture 3. A collection of (bi-)brackets is linearly dependent over C(q) if and only if it is linearly
dependent over Q.
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