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Abstract: In spaces R", n > 2, it has been proved that a solenoidal vector field and its rotor
satisfy the series of new integral identities which have covariant form. The interest in them

is explained by hydrodynamics problems for an ideal fluid.
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1. Introduction

In [1] , Dobrokhotov and A. Shafarevich found the interesting property of solutions in the Cauchy

problem for the Navier-Stokes equations in space. If u = (uy, ug, u3) is a fluid velocity then

/ wjugder = Oks |u|*dx
3 3 Jps
where dy; is the Kronecker symbol. In other words, we have a conservation of some things close to
conformal properties. Later, in [2] , L. Brandolese confirmed this result for dimensions n > 4 (see also
[3]). In fact, this is the property of solenoidal vector fields if a potential part of a mapping

ou
i 0x;

is summaable to a power r > 1 (see [4] ). Here, the repeated index means summation.

= U

Now, I would like to consider other things connected with integral identities. A part of them
was studied by author in [4]. Every finite smooth solenoidal vector field u satisfies the following
integral identity:

/ uiﬁjuhiuk,jdx:—/ wiug, i Dugdz
n n
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(see [4] where some statements connected with this formula are given). This very simple formula implies
some new identities and applications to the 2d Navier-Stokes and Euler equations. In particular, we
obtain exact a priori estimates in Ladyzchenskaya’s and Judovich’s theorems.

1.1. Notations

Letu: R* — R", u = (uy,us, -+ ,u,), n > 2, be an arbitrary vector field. Symbols

6’&].3 82uk

uk7.:_ uk‘,:—
! ébvi’ " (9:171(9%

and so forth mean a partial differentiation or differentiation in distributions. Naturally, A is the Laplace

operator. Below, unless otherwise indicated, the repeated indices mean summation. For example,

n n n
Witk s = YUy g = Y U s i Ay =y g Ay
i=1

3,j=1 3,j=1

etc. Further, I consider rotor coordinates (for dimension n = 2, 3)
Cri(U) = Up; — Ui (1

as elements of a skew-symmetric matrix C. The Jacobi matrix in distributions of the vector field « is

denoted by Vu . As in common practice, the modulus of a matrix A is defined by the equality

A= (3 a2)’ )
W]
A symbol W;(R”) denotes the Sobolev class of vector fields which have all derivatives in distributions
until an order / and summable to a power p > 1. The norm in this space is given by formula:

HUHW;(R") = Z [ D],

o<l

where a symbol |||, is a norm in space L,(R").
Respectively, a class of infinitely smooth vector fields with a compact support is denoted by C§°(R™)

and a closure of this set in the norm of the space W)(R") is written by W/(R").

2. Solenoidal Vector Fields and Integral Identities for Dimension n > 2

A classical integral identity for these fields goes on the Helmholtz-Weyl theorem about the
decomposition of a smooth vector field by the sum of potential and solenoidal terms. Later, (see [5,6],
p. 339) it was shown that the space Lo(R?) of vector fields has decomposition Ly(R?) = J & G
where subspaces J and G are closures in Ly(R?) of finite, smooth solenoidal and potential vector
fields respectively.

The main results are described by theorems 1 and 2.
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Theorem 1. Suppose, that solenoidal vector field u € W3(R"™), n > 2. Then integral identities are true:

/ A jegi(w)eg;(u)de =0 3)
/n(cim’j(u) + Cjm,i (W) cri(w)cpjm(uw)dr =0 4)
/n Ui jm Wk im Uk, ;AT = 0 5
/ (A jug jug ; + wi AU juy, ;) de :/ w; jug Ay, jdr (6)
/n w; jcri(Au)egj(u)dr = /n w; jcri(w)cr; (Au)dr (7)
Ifue VIO/24(R”), n > 2, then
/ uiuk,iAQdex = —/ (wi jAug ug ; + Wi jug Auy ;) d (8)

The proof of this theorem relies on the following statement.

Lemma 1. If a vector field u € WpQ(R"), n > 2, p > 1, then vector field g = (g1, 92, , gn) Where
9i = CkijCr;|CIP~2 cxj from formula (1), the matrix C'is defined above, is potential i.e., for every smooth
solenoidal vector field v € C§°(R") the integral identity is fulfilled:

/ Vi (w) ckj(u)|C\p_2d:1: =0

Proof of Lemma 1. It is sufficient to see the equality:

1 0 2
Chij Ckj = Z o <Ul~c,j - Um)

k,j=1
which follows from relations of the type: u; yju;, = u; jrug ;. U

Proof of Theorem 1. Without any restrictions we assume that a vector field u € C§°(R") (see [7],
Theorem 1). In the equality of lemma 1 we take: p = 2, v = Awu. Further, we integrate by
parts with respect to variable x;. Since cy;;(u) = Awy and ¢y ;i(u) = cx;(Au) then we obtain
equation (3). Applying Au;; = Cimm;(u) for substitution to equation (3) and integrating by parts
with respect to variable x,,, we exchange summation indices ¢ and 7 in the first product. Then it follows
equation (4).

For the proof of equation (5) we note sums equality: w; jm Uk imUkj = Ui m;UkijUkm. Then

2 / Wi jon Uk im Uk AT = / Wi g (Upem U ) idT = 0
n n

since div u j,, = 0.

Now, we write equation (3) by expanded form:

/ (Auj jugur,j — A jug ity s — A ju; gugj + Au; jug gy )de = 0
n
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In the third term we exchange summation indices ¢ and k. In the forth term we make it twice. By the
first step we exchange 7 and k, after that 7 and j. The second term vanishes because

/ Au; jugu, pde = —/ Auguy ju, pdr =
mn n

1 0
= —5 /n Auia—%(uk,juj,k)d:c =0

Therefore, the previous equality reduces to formula (6).

For verification (8) we use identity:
/n UiUp jmillk, jmdT = 0
where we integrate by parts. Then
/n Wiy Uk, i Uk, jm AT + /n ik jiAuy jdr =0

Here, for every integral we apply the integration by parts with respect to variable x;. As the result we get:
2
/ wug  Afupdr = — / u; ;AU Uy jdo — / Wi 1 j Wk i W, ; AT —

— / Ui m Wk i AU T
mn

On the right hand side, the middle integral vanishes by formula (5). In the third integral in the same

place we exchange index m by index j. Hence, we have equation (8). [l

Corollary 1. Let u € WS(R™), n > 2, be a solenoidal vector field. Then the integral identity is true:

2 2 2
/ (wr,i A u; 5 + 200, jAug ; + w; jA g ;) uy jdr = / w; jug i A uy jd
'

n

Proof of Corollary 1. Let 77 = T'(t,z) be a solution of equation T = vAT with an initial data
T(0,z) = u(z). Now, we rewrite equation (6) for the solenoidal vector field 7" and differentiate it
with respect to t. A passage to the limit as ¢ — 0 gives the necessary equality. [

3. Solenoidal Vector Fields and Integral Identities for Dimension n = 2

In this case we can give more precise identities. Applying them we can obtain the exact estimates for

solutions in the Cauchy problem for the Navier-Stokes equations and Euler equations.

Theorem 2. Let u, v be solenoidal vector fields in R>.
(1) If u,v € W4 (R?) then almost everywhere there are fulfilled:

WU, j Ui V5 = 0, Ui,jcki(u)ckj(u) =0 9)
(2) If w,v € W3(R?) then the following integral identities are true:

/ vicgi(u)Augdr =0 (10)
R2
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/ (Aui,jumuk,j + ui,jAuk,iuk,j)dx =0 (11)
R2
(3)If u e W3(R?) then
/ (A2ui7jUk7iUk7j + Ui7jA2Uk7iUk,j)dlL’ =0 (12)
R2
/ uiuk,iAQ'ukdx = —/ u; jAug uy jdr = / Au; jug uy jdr (13)
R2 R2 R2

Proof of Theorem 2. Direct calculations and equalities div u = 0, div v = 0 prove equation (9). Since

/ v; jCki(uw)cgj(u)de =0
R2

then integrating by parts we get equation (10). Formula (11) follows from equations (9) and (6) where
v = Awu. Identity (12) we obtain from corollary 1 and equation (9) where we must replace u by Au, v
by u. Finally, equation (13) we have from equation (8) and the first identity from equation (9). [

4. Applications

Let us consider the Cauchy problem for the Navier—Stokes equations
U+ wiu; = vAu — Vp (14)
divu = 0, u(0,z) = ¢(z) (15)

if dimension n = 2 or n = 3. We also suppose that an initial data ¢ € C§°(R"). An existence of a
weak solutions for small time interval was proved in [8] (their regularity it was shown in [9]). There are
some conditions of an existence of global regular solutions.

Now, we note only monotonicity properties of regular solutions. Every regular solution
satisfies the conditions:

1d
§%||Vu“§ = / g, Augdr — VHAUH% (16)
R2
1d 2 2 2
——||Aul|; = — wiug, (A updr — v||VAu||; 17)
Zdt R3 ’

Integrals finiteness in these formulas follows from [10].

Theorem 3. Let be an initial data ¢ € C§°(R™). Suppose, that u is a regular solution of the problem (14)
and (15). If n = 2 then a function
n(t) = | Vull3
is a decreasing function.
Ifn =3 and

43
lelglapl < =55

then a function
w(t) = [lull3]|Aull;

is a decreasing function.
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Proof. We take v = u in formula (10) then from (16) it can be deduced the inequality

1d

S ZIvul = —vAul}

Hence, we have the first statement.
To prove the second part we combine (16) and (13). Then

/ uiuk,iAQukdx: —2/ Ui Uk, im Uk jm AT
R3 R3

Further, we apply Holder’s inequality. Therefore,

s 1Au <2 [ IVulIV(T0)Pde - vVl <

< 2[[Vullo[V(Vu)|IF — v[|V Aull3
Use the estimate from [9] (see p. 74). Then

o] < V2374 o]l Vol3?

where v = V(Vu). (For n = 3 the factor 2 is omitted among intermediate calculations there.) Since
IV Vully = ||Aul2, | V(V(Vu))||2 = ||V Aul|2, then finding a function maximum f(z) = bz%/? — v22,
where z = |[|[VAul|,, we get:

3V/3 3V3

thHA ull; < —HV 2] Aullz < —HUH IVull3]| Al
Then for the function w(t) = ||ul|3]|Aul|> we have:
dw

V3
— < vy
o < Sllull2llVull2l| Aullz ( v+ 4Vw(t)>

The inequality follows from a nonpositiveness of the derivative w’. [

Remark 1. Monotonicity properties are very important for the exact a priory estimates for solutions of

Navier-Stokes equations. For example, if dimension n = 2, we get
IVull3 < Vel
in the problem (14) and (15).

Remark 2. Obvious and exact estimates may be obtained for weak solutions of Euler equations (see [4])

and Navier-Stokes equations with an outer force.

Remark 3. If dimensionn = 3 then from Gagliardo’s and Nirenberg’s inequalities (see [11] and [12])

with some constant C we get for solution in the problem (14) and (15) the following uniform estimate

IVull3 < Cllelzll Al
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Theorem 4. Let be dimension n = 2 and a solenoidal vector field u € W}(R?). Then a vector field
w = AUZ‘UJ‘ + ui,juvij
is a potential field in distributions.

Proof. It follows from the first equality (9) where a solenoidal vector field v € C§°(R?). Since

U; U Vg ;dz = 0
R2

then

/ wvpdr = 0.
R2

Therefore, the statement is proved. [
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